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Dynamics of A þ B ! C Reaction Fronts in the Presence of Buoyancy-Driven Convection
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The dynamics of A þ B ! C fronts in horizontal solution layers can be influenced by buoyancy-driven
convection as soon as the densities of A, B, and C are not all identical. Such convective motions can lead
to front propagation even in the case of equal diffusion coefficients and initial concentration of reactants
for which reaction-diffusion (RD) scalings predict a nonmoving front. We show theoretically that the
dynamics in the presence of convection can in that case be predicted solely on the basis of the knowledge
of the one-dimensional RD density profile across the front.
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When separate solutions of chemicals A and B, reacting
according to the simple kinetic scheme A þ B ! C, are
brought into contact, a reaction front, i.e., a spatially
localized region with nonzero production rate, is formed.
The RD properties of such fronts have been thoroughly
studied due to their ubiquitous appearance in physical,
biological, and chemical systems. In particular, the pioneering work of Gálfi and Rácz [1] and subsequent other
theoretical approaches [2–4] have considered the scalings
of the one-dimensional (1D) RD profiles when A and B
(with diffusion coefficients Da and Db , respectively) meet
with initial concentrations a0 and b0 , respectively. It has
been shown that the reaction front position xf (defined as
the location of maximum production rate) moves if one of
the reactants is in excess and/or the two reactants have
different diffusion coefficients (i.e., if a20 Da Þ b20 Db ) [1–
4]. In that case, xf scales for large times as t1=2 while the
reaction front width scales as t1=6 . The reaction front speed
depends then on the ratio b0 =a0 but not on the magnitudes
of a0 and b0 . Experimental work on reactions of the form
A þ B ! C in gels both validate these RD scalings and
quantitatively agree with the theoretically predicted positions of the reaction front [5,6].
However, these RD predictions break down if buoyancy
effects due to differences in density of A, B, and C come
into play. As an example, the reaction studied in [6] was
next examined by Park et al. [7] in the absence of a gel in a
solution contained between two horizontal slides separated
by a narrow gap. Their results show a discrepancy with the
theoretically predicted RD front positions and an experimental front traveling faster, effects likely due to
buoyancy-induced convection. Deviations from the classical RD theories have further been made evident recently by
Shi and Eckert [8] in their experimental study of an acidbase reaction front propagation in a horizontal Hele-Shaw
cell. They found
pﬃﬃ that the front position still scales asymptotically as t. However, the front travels faster when the
gap width of the cell is increased and its speed depends on
the initial concentrations at fixed ratio b0 =a0 . The larger
the initial concentrations, the faster the front moves, an
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observation pointing to the influence of increasing convection related to buoyancy effects.
Even though the effect of such buoyancy-driven flows
upon autocatalytic RD fronts has been extensively investigated experimentally and numerically (see [9,10] and
references therein), no equivalent analyses have been devoted until now to the case of the simpler A þ B ! C
fronts.
In this context, it is the objective of this Letter to analyze
by a theoretical approach the influence of buoyancy-driven
convection on the properties of A þ B ! C fronts. To do
so, we numerically solve Stokes equations coupled to
reaction-diffusion-convection (RDC) equations for the
concentrations a, b, c of the reactants A, B, and of the
product C in the case a0 ¼ b0 with equal diffusion coefficients. The dynamics are classified as a function of the
Rayleigh numbers Ra;b;c of the species A, B, C. We show
that natural convection dramatically affects the problem
and invalidates the RD properties. Fortunately, a correlation between the numerical results and analytical inspection of the density profile across the front shows that the
RDC dynamics can be fully predicted solely on the basis of
the knowledge of the Rayleigh numbers of the problem.
We consider a two-dimensional solution layer oriented
horizontally with z pointing upwards in the gravity field g
and x horizontal, in which the A þ B ! C reaction takes
place upon contact between two solutions each containing
one of the reactants. The governing RDC equations are
coupled to the 2D incompressible Stokes equations for the
velocity field v by a state equation for the solution density
 assumed to depend linearly on the concentrations as
 ¼ 0 þ

@
@
@
aþ
bþ
c;
@a
@b
@c

(1)

where 0 is the density of the solvent and @=@ci the
solutal expansion coefficient of species i. The dynamic
viscosity , chemical rate constant k, and diffusion coefficients Da;b;c of species A, B, and C, are assumed constant.
Dimensionless equations are obtained by using the
charpﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
acteristic RD scales: time c ¼ 1=ka0 , length Lc ¼ Da c ,
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pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
velocity Uc ¼ Da =c , pressure pc ¼ =c , and for concentration, a0 . Defining a dimensionless pressure gradient
which includes the hydrostatic term, we obtain the dimensionless governing equations with r  v ¼ 0:
@a
þ v  ra ¼ r2 a  ab;
@t

(2)

@b
þ v  rb ¼ b r2 b  ab;
@t

(3)

@c
þ v  rc ¼ c r2 c þ ab;
@t

(4)

rp ¼ r2 v  ðRa a þ Rb b þ Rc cÞiz ;

(5)

where b;c ¼ Db;c =Da and iz is the unit vector along z. The
dimensionless Rayleigh numbers Ra;b;c are defined as
Ri ¼

@ a0 gL3c
;
@ci Da

(6)

where ci is the dimensionless concentration of the relevant
species and g ¼j g j . The Rayleigh numbers Ra;b;c are
positive because the solutes are all supposed to increase
the density of water. We require zero-flux boundary conditions for the concentrations and no-slip boundary conditions for v. The initial conditions are separated reactants
such that for all z, ða; b; cÞ ¼ ð1; 0; 0Þ for x < 0 while
ða; b; cÞ ¼ ð0; 1; 0Þ for x > 0. To highlight the influence
of convection, the initial concentrations are chosen as
equal (a0 ¼ b0 ) and all species are set to diffuse at the
same rate, i.e., b ¼ c ¼ 1. In that case, the RD front is
stationary (i.e., xf ¼ 0 in the course of time) in the absence
of convection [1–4]. Numerical simulations of Eqs. (2)–(5)
are carried out in a domain of height Lz and width Lx using
the numerical procedure described in [10]. The width was
chosen sufficiently large that the solutions are unaffected
by boundary effects along the x direction. The domain
height, Lz , affects all of the quantitative scalings in this
problem but is qualitatively not important for the parameters investigated here.
The RDC dynamics depends on the relative values of the
densities i ¼ Ri ci of the three species A, B, and C involved. In Fig. 1, density plots of a, b, c, and production
rate ab are illustrated for the case where species C is the
least dense and so rises to the top, while the more dense A
and B sink to the bottom. This generates a strong convective roll turning clockwise on the right where B sinks below
C and a second shorter and weaker counterclockwise convective roll on the left where A sinks below C [Fig. 2(a)].
The asymmetry in the intensity of convection and in the
deformation of the concentration fields is due to the fact
that the density difference between B and C is here larger
than between A and C. This asymmetry yields a global
acceleration to the left as seen in Figs. 1 and 2(a) superimposing velocity vectors on a density plot of the produc-

FIG. 1. Density plots of a, c, b, and production rate ab
focusing on the reaction zone at time t ¼ 50 for Ra ¼ 2, Rb ¼
4, and Rc ¼ 1 with Lx ¼ 90 and Lz ¼ 10. Dark regions correspond to high concentrations.

tion rate ab. In Fig. 2(b), the density of C in the reaction
zone is intermediate to that of the reactants. A single
standing convective roll is present and turns clockwise as
the heavier B is sinking below A and C. In Fig. 2(c), the
density of C is further increased. Now there are again two
convective rolls, a strong clockwise convective roll on the
left and a shorter and weaker counterclockwise roll on the
right giving a global acceleration to the right. This situation
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FIG. 2 (color online). Fluid velocity field superimposed on the
density plots of the production rate ab at time t ¼ 50 for Ra ¼ 2
and Rb ¼ 4 with (a) Rc ¼ 1, (b) Rc ¼ 6, and (c) Rc ¼ 10. x ¼ 0
denotes the initial position of the front and gravity points downwards.
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is the opposite to that in Fig. 2(a) since C is now the
heaviest species. The maximum production rate is localized where the two convective rolls meet in Figs. 2(a) and 2
(c) and in the middle of the single convective roll in Fig. 2
(b).
We recall that the position of the reaction front xf is
defined in 1D RD systems by the location of the point
where the production rate is maximum. However, two
coordinates x and z are needed to localize such a point in
the RDC dynamics because of convective front deformation in the height of the layer. We define therefore here the
front position Xf as the point where the vertically averaged
production rate reaches its maximum in order to compare
with the 1D RD value xf [11]. Xf takes negative, zero, or
positive values, respectively, in Figs. 2(a)–2(c), although
the RD analysis predicts that this position should not move
(xf ¼ 0) when the two reactants diffuse at the same rate
and have initially the same concentrations as in the present
analysis [1].
A close examination of the RDC dynamics for various
sets of Rayleigh numbers shows that the number of convective rolls, their relative size, and rotational direction can
all be predicted on the basis of the 1D RD density profile.
Indeed, as the flow field is driven by the density gradient,
we find that two convective rolls are present when the
density profile ðx; tÞ is nonmonotonic, i.e., its gradient
x ðx; tÞ changes sign in the x direction. On the contrary,
only a single convective roll is present when ðx; tÞ is
monotonic, i.e., its gradient is single signed.
This monotonic feature of ðx; tÞ is independent of time
and can actually be predicted from the simple 1D RD
concentration profiles and from the values of the
Rayleigh numbers. Indeed, as we have equal diffusion
coefficients with initially equal concentrations, the appropriate sums of Eqs. (2)–(4) with v ¼ 0 and with the initial
conditions show that a þ b þ 2c ¼ 1 for all times. Thus,
cðx; tÞ ¼ 12 ½1  aðx; tÞ  bðx; tÞ. This allows the density
 ¼ Ra a þ Rb b þ Rc c to be reconstructed and taking its
derivative with regard to x, we obtain




R
R
x ðx; tÞ ¼ Ra  c ax ðx; tÞ þ Rb  c bx ðx; tÞ: (7)
2
2
As the gradients of a and b are single signed with ax  0
and bx  0, x is single signed when Rc lies between 2Ra
and 2Rb . Further, as the concentration of a and b are not
symmetric about the reaction front, x will change sign
whenever Rc lies outside the range between 2Ra and 2Rb .
In Fig. 3, a sketch of the 6 different possible types of
density profiles are illustrated in the Rb  Rc plane at fixed
Ra . The shaded regions corresponding to 2Ra < Rc < 2Rb
or 2Rb < Rc < 2Ra have monotonic density profiles yielding fluid flows with only one convective roll. This single
vortex turns clockwise when Rb > Ra , i.e., when heavy B
sinks below lighter A and counterclockwise when Rb < Ra .

week ending
22 AUGUST 2008

FIG. 3. Classification of the different RDC dynamics in the
(Rb , Rc ) parameter plane at fixed Ra . Typical density profiles in
the absence of convection as well as a sketch of the expected
vortex dynamics are illustrated within the corresponding regions.
The shaded region corresponds to monotonic density profiles
with one single vortex. Outside the shaded region, nonmonotonous density profiles and two vortices are obtained. The arrow on
the circles indicate the rotation direction of the vortex. The
dashed arrow indicates whether C is rising or sinking in the
gravity field while the dark filled arrow shows the initial direction of propagation of the front.

The unshaded regions feature nonmonotonic density profiles for which two convective rolls are observed.
When Rc ¼ Ra þ Rb , the loss in density by the consumption of a and b in the reaction is equal to the gain in
density by the production of c so that the density profile is
antisymmetric with regard to x ¼ 0, i.e., the density gradient is symmetric: x ðx; tÞ ¼ x ðx; tÞ. On the basis of
Eq. (7) and noting that, from symmetry, we have bðx; tÞ ¼
aðx; tÞ, this property implies that ðRa þ Rb  Rc Þ 
½ax ðx; tÞ  ax ðx; tÞ ¼ 0 which confirms that Rc ¼ Ra þ
Rb yields an antisymmetric density profile. When Rb ¼
Ra , the reactants A and B have equal densities with either
lighter or heavier C so that the density profiles along x
(both in the absence and in the presence of convection) are
symmetric. In those two cases, denoted by the solid lines in
Fig. 3, the front remains stationary (Xf ¼ 0) even if convection is present in the system. The strength of this
convection decreases when one approaches the peculiar
point Rc ¼ 2Ra ¼ 2Rb where the density is constant
everywhere, no fluid flow is obtained (v ¼ 0), and the
planar RD stationary front with Xf ¼ 0 is recovered. For
any values of Ra , Rb , Rc outside of the 2 solid lines, the
density profile is asymmetric along x, giving rise to asymmetric convection. This results in the propagation of the
front in the opposite direction of the most intensive fluid
flow which is located at the left (x < 0) or at the right (x >
0) depending whether the density jump between the solution of C and, respectively, the solution of A or B is the
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FIG. 4. Xf against time with Ra ¼ 2 and Rb ¼ 4 for various
values of Rc .

largest. Hence, when Rb > Ra , the reaction front moves to
the right if Rc > Ra þ Rb (the strongest fluid flow is on the
left) and to the left if Rc < Ra þ Rb (the strongest fluid
flow is on the right). The reverse is true when Rb < Ra .
When two vortices are present, their relative strength depends on the relative position with regard to the horizontal
line Rb ¼ Ra . When Rb > Ra , the strongest roll located at
the side where the density jump between one of the reactant and C is the largest rotates clockwise while it turns
counterclockwise when Rb < Ra . When Rb ¼ Ra , both
rolls are of the same size and strength (and hence Xf ¼
0) since the reactants A and B have equal densities with
lighter C rising in the middle if Rc < Ra þ Rb ¼ 2Ra and
heavy C sinking otherwise.
To sum up part of the predictions of Fig. 3, Xf is plotted
in Fig. 4 against time with Ra ¼ 2 and Rb ¼ 4 for various
values of Rc . When Rc ¼ 6, i.e., on the line Rc ¼ Ra þ Rb ,
the front remains effectively stationary with Xf ¼ 0 as
explained above. As Rb > Ra , the front moves to the left
(Xf < 0) for Rc < Ra þ Rb ¼ 6 and to the right (Xf > 0)
when Rc > 6.
Finally, Fig. 4 indicates that, in the course of time, the
driving force of convection decreases as the density gradients are weakening. Hence, the reaction front slows down
and changes direction to return at infinite time to its initial
position Xf ¼ 0 (diffusive limit predicted by Gálfi and
Rácz [1]) while the convective deformations shown in
Fig. 1 decrease in time. Notice that this change in direction
of the reaction front due to a weakening in time of convection vs diffusion has nothing to do with the change in
direction of a pure RD front observed for unequal diffusion
coefficients and initial concentrations [12].
To conclude, as soon as density asymmetries exist across
an A þ B ! C reaction front, buoyancy-driven convection
sets in and leads to a global movement of the front in the
direction of the smallest density gradient. This occurs even
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if A and B have equal diffusion coefficients and initial
concentrations in which case the RD front remains immobile. Fortunately, the whole RDC dynamics can in that case
be predicted solely on the basis of the 1D RD density
profiles across the front. Thus, a simple experimental
measure of the solutal expansion coefficient (and hence
of the Rayleigh number) of each chemical species is in
practice sufficient to reconstruct the 1D density profile and
to predict (see Fig. 3) whether one or two convection rolls
will be present and whether the front will be convected to
the left or to the right. Unfortunately, comparison with
available experimental data in absence of gels [7,8] is not
possible yet. Values of solutal expansion coefficients are
not given in Park et al.’s experiments [7] while diffusion
coefficients are not equal in the system of Shi and Eckert
[8]. However, we hope that the simplicity of the experimental methodology suggested here to test our theoretically predicted RDC dynamics will trigger new
experiments on A þ B ! C in simple horizontal covered
solution layers. From a theoretical point of view, a parametric study of the intensity of the convective acceleration of the fronts and of its influence on the classical
RD scaling needs now to be undertaken to allow for
comparison with foreseen experiments done in the absence
of gels. Eventually, let us note that for unequal diffusion
coefficients with unequal initial concentrations, there are
32 different types of density profiles. A first inspection
shows that acceleration and reversal of the front propagation direction in time can be obtained in some situations.
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