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Abstract

As decomposer organisms, pathogens, plant symbionts and nutrient cy-
clers, fungi are of fundamental importance in the terrestrial environment.
Moreover, in addition to their well-known applications in industry, many
species also have great potential in environmental biotechnology. The
study of this important class of organisms is difficult through experimen-
tal means alone due to the heterogeneity of their natural growth habitat
and the microscopic scale of growth. In this work we present a math-
ematical model for colony expansion that is derived through considera-
tion of the growth characteristics on the microscale. The model equations
are of mixed hyperbolic-parabolic type and are treated with a numerical
scheme that preserves positivity and conserves mass. The resulting nu-
merical solutions are compared against experimental results in a variety
of environments. Thus the effect of different translocation mechanisms on
fungal growth and function are identified. The derivation and analysis of
an approximation to the full model, yields further results concerning ba-
sic properties of mycelial growth. Finally, the acidification of the growth
habitat is considered and the model thus provides important predictions
on the functional consequences of the redistribution of internally-located
material.

1. Introduction

In the terrestrial environment, fungi are of fundamental importance as decom-
poser organisms, pathogens and plant symbionts (mycorrhizas), playing im-
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portant roles in carbon, nitrogen, phosphorus and other biogeochemical cycles
(Wainwright, 1988; Gadd, 1999). The formation of mycorrhizas with the major-
ity of plant species allows transfer and redistribution of nutrients over far wider
spatial scales than would be possible in their absence (Boddy, 1999). Free-living
fungi are often dominant in acidic conditions (Morley et al., 1996), and in soil
can comprise the largest pool of biomass (including other microorganisms and
invertebrates) (Metting, 1992). This, combined with their branching, explorative
growth habit and high surface area to mass ratio ensures that fungi are an in-
tegral component of major environmental cycling processes. Furthermore, apart
from their established importance in industry, e.g. alcohol, antibiotic and citric
acid manufacture, many species have great potential in areas of environmental
biotechnology including biological control (Jin et al., 1992; Trujillo, 1992) and
bioremediation of soil and water contaminated with organic and inorganic pollu-
tants (Gadd, 1992, 1993, 2001; Gadd and White, 1993; Burgstaller and Schinner,
1993; Alexander, 1994; Tobin et al., 1994; Gadd and Sayer, 2000).

The spatio-temporal distribution of nutrients and minerals is heterogeneous
in most natural environments. In soils, where the complex particulate structure
further enhances environmental heterogeneity, this is especially true. Filamen-
tous fungi (i.e. species that form a mycelium consisting of an indeterminate
system of apically-extending branching tubes termed hyphae) are well adapted
to growth in such environments as their thread-like hyphae can grow across sur-
faces, through pores and across air gaps. Translocation – the redistribution of
internally-located material through the hyphal network – further enhances the
ability of certain fungi to grow in such patchy environments. Indeed, it is now
known that many fungi are able to grow in low-nutrient or other inhospitable en-
vironments by exploiting the resources available to other parts of the mycelium
and using translocation to supplement colony growth (see, for example, Olsson,
1995; Ritz, 1995; Boddy, 1999). In this paper we consider the growth dynamics
of mycelial fungi in general, and Rhizoctonia solani in particular, and construct
a model that relates the microscopic behaviour of individual hyphae to colony
growth and function.

The detailed review by Prosser (1995) summarizes much of the mathematical
modelling of fungal growth up to that date. In general, modelling has either
focussed on the macroscopic level, using quantities such as biomass yield (e.g.
Paustian and Schnürer, 1987), or has focussed on growth on the microscopic level
by considering events such as hyphal tip growth, branching and anastomosis –
the fusion of hyphal tips into hyphal walls (e.g. Heath, 1990). In the former,
spatial properties are in general ignored while in the latter, temporal effects are
neglected.

In a series of papers, Edelstein (1982), Edelstein and Segel (1983), Edelstein-
Keshet and Ermentrout (1989) (hereafter collectively referred to as Edelstein-
Keshet et al.) link the microscopic behaviour of individual hyphae to the macro-
scopic behaviour of the fungal colony as a whole. Their models are systems of
partial differential equations (PDEs) where the variables denote hyphal density,
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hyphal tip density and the concentration of a growth-limiting substrate. The
substrate exists in two forms, either located within the mycelium or free in the
external environment: the distinction between internal and external substrate al-
lows translocation to be explicitly modelled (the variables depend on both space
and time).

Davidson et al. (1996), Davidson (1998), Davidson and Olsson (2000) and ref-
erences therein (hereafter collectively referred to as Davidson et al.) provide an
alternative description of fungal growth by focusing on the macroscopic devel-
opment of fungal mycelia. In Davidson (1998) the system comprises three main
elements: a biomass density, an internal substrate concentration and an exter-
nal substrate concentration, and translocation is assumed to occur purely by
diffusion inside the biomass network. Fungal growth and subsequent substrate
depletion is modelled by a system of reaction-diffusion equations, where the flux
and reaction terms are chosen to represent important qualitative features asso-
ciated with mycelial growth. An active translocation mechanism was introduced
in Davidson and Olsson (2000) where the flux of internally-located material is
modelled via a convection term (where the velocity is substrate dependent) and
is directed towards the edge of the fungal colony. The results are in good qualita-
tive and quantitative agreement with experiments on out-growth of Arthrobotrys
superba in nutrient-free environments (Persson et al., 2000).

More recently, Boswell et al. (2002) derived a fungal growth model by com-
bining elements from the work of Edelstein-Keshet et al. and Davidson et al.
and by reformulating the manner in which certain processes are modelled. In
particular, the mechanisms responsible for substrate translocation are reconsid-
ered giving rise to a model having bi-directional active and passive translocation.
The solution of this model is highly non-trivial and thus a suitable numerical
method was developed and is described in Boswell et al. (2003). The model para-
meters were carefully calibrated for the fungus Rhizoctonia solani via a specific
set of growth experiments resulting in very good qualitative and quantitative
agreement between model and simple experimental systems.

In this work we consider a more general growth model which again focuses on
the properties of Rhizoctonia solani. In particular, unlike previous studies, our
model includes a mechanism that generates the directed (but non-chemotactic)
growth typically exhibited by fungal hyphae and thus allows the modelling of
mycelial growth in all spatial dimensions.(In previous studies, mycelial growth
was modelled either as a purely diffusive process or as a purely convective process
directed away from the site of inoculation.) Therefore, this model allows for a
much more detailed comparison with complex experimental assays comprising
heterogeneous distributions of nutrients and minerals (see Jacobs et al., 2002).

In Section 2, a model of fungal growth is derived by considering growth char-
acteristics at the microscopic level. The resulting model equations are of mixed
hyperbolic-parabolic type and require great care in their solution to obtain mean-
ingful and accurate results. Therefore, in Section 3 (and more fully in Appendix
A), we describe the numerical method developed to obtain solutions of the model
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equations. The model is calibrated using data provided by growth experiments
for the fungus R. solani at 30◦C in a standard medium. Various growth habi-
tats are considered in Sections 4 & 5 and we compare model solutions with
experimental observations. In addition, the acidification of the growth habitat
is modelled since this property is important for the solubility of toxic metals
and their compounds, and in agricultural applications (solubilisation of metal
phosphates). Finally, in Section 6, the implications of the modelling results are
discussed and we comment on the biotechnological uses of fungi.

2. Physiology and Modelling

Fungi are well adapted for growth in soils due to their branching networks and
explorative filamentous growth habit. With few exceptions, hyphae elongate
strictly by apical deposition of wall skeletal polysaccharides, especially chitin
and β-glucans (Gooday, 1995). Inherent in apical growth is the forward trans-
port of a range of types of vesicles, which provide new cell membrane material.
The vesicles carrying materials such as membrane-bound enzymes and extracel-
lular enzymes, accumulate in the apical body also known as the Spitzenkörper.
Steady movement forward of the vesicles gives rise to an extending hypha (Goo-
day, 1995). The extension of the hyphal tip enables the hyphae to penetrate
solid substrata such as chitin, and excretion of lytic enzymes by the growing
tips digests external polymers, converting them into products small enough to
be taken up as nutrients by the fungus (Wessels, 1993; Sietsma et al., 1995). The
transport of nutrients in the form of solutes into and out of the cytoplasm across
the plasma membrane and assorted endomembranes of fungal cells is essential
for their survival (Garrill, 1995).

Rhizoctonia solani J. G. Kühn is an economically important species of fungus
as it can infect a wide range of host plants and occurs throughout the world
in both cultivated and non-cultivated soils (Ogoshi, 1987). Strains of R. solani
are categorized on the basis of pathogenicity on specific host plants and by
anastomosis groups. Fusion of two mycelial isolates via the tip cells indicates an
anastomosis group and allows gene transfer between different strains (McCabe
et al., 1999). Although R. solani is an asexual fungus, it can persist in soils for
long periods of time by the production of sclerotia, which are hardened masses
of hyphae (Alexopolous et al., 1996).

R. solani is predominately known as a plant pathogenic fungus. However non-
pathogenic binucleate strains of R. solani are currently being developed for bi-
ological control purposes (Cartwright and Spurr, 1998). The strong saprophytic
capabilities of R. solani have also been recognised (Thornton and Gilligan, 1999;
Bailey et al., 2000) as transmission of disease by pathogenic fungi is dependent
on their ability to grow through soils in the absence of a host (Otten et al., 1999).

Translocation is an important process that allows the redistribution of metabo-
lites within the fungal mycelium. The ability of R. solani to translocate has long
been acknowledged (Littlefield et al., 1964) while more recent studies have fo-
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cussed on the role of translocation for the growth of R. solani in heterogeneous
environments (Olsson, 1994; Ritz, 1995; Jacobs et al., 2002). In particular, Olsson
(1995) showed that at least two translocation mechanisms were responsible for
nutrient reallocation in R. solani: simple diffusion, and the active movement of
intracellular metabolites from regions of local excess to regions of local scarcity.

We will model the interaction of the fungal mycelium with its (heterogeneous)
environment in the following way. The mycelium will be considered as a contin-
uous distribution consisting of three components: active hyphal density, inactive
hyphal density and hyphal tip density. Active hyphae refer to those hyphae in-
volved in the translocation of internal metabolites while hyphal tips denote the
ends of these hyphae. Inactive hyphae denote hyphae no longer directly involved
in translocation, branching or anastomosis representing, for example, vacuolated
hyphae.

We distinguish between nutrients located within the fungus (internal) and
those free in the outside environment (external). Internally-located material is
used to extend hyphal tips and effectively is converted into the biomass “trail”
left behind a tip as it moves. In most environments, a suitable combination of
nutrients is required for growth: of particular importance are carbon and nitrogen
as well as phosphorus, sulphur and trace elements. In this paper, we assume that
a single, generic substance is limiting for growth. We consider this substance to
be carbon not only because of its central role in fungal heterotrophy, but also
because (i) nitrogen was abundant (not “limiting”) in the experimental system
used to calibrate the model (Boswell et al., 2002), and (ii) R. solani possesses
both active and passive translocation mechanisms for carbon (Olsson, 1995).

The model thus consists of five variables: active hyphal density m(x, t); inac-
tive hyphal density m′(x, t); hyphal tip density p(x, t); internal substrate con-
centration si(x, t); and external substrate concentration se(x, t).

The growth dynamics of R. solani (and indeed all fungi) are greatly influenced
by the presence of physical boundaries. In this paper we will not consider the
effects of such boundaries and instead focus on nutritional heterogeneity. The
growth experiments discussed in this paper were conducted in a circular 9 cm
diameter Petri dish by inoculating the test fungus at the centre of the dish. All
observations were made before the fungus reached the edge of the dish. In this
system, the external nutritional environment (the tessellations of agar droplets,
see below) can be modelled as being essentially two-dimensional. (We are as-
suming that the depth of the agar is sufficiently small as to allow the gradient in
substrate concentration in that direction to be neglected.) One can also view the
mycelium as being essentially two-dimensional. As has been observed, the struc-
ture of a mycelium is generally fractal, typically having a dimension between 1.4
and 2.0 (Ritz and Crawford, 1990). Hence, once nutrients are absorbed into the
mycelium, they must move within this fractal network. Transit times of substrate
molecules are consequently reduced i.e., the time taken for a substrate molecule
to diffuse a given distance within the network is less than the corresponding time
in the external environment (see, for example, Segel, 1980). However, to fully
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include the fractal structure into the model would vastly increase its complexity
and render it almost unusable in application. Hence, as a reasonable alterna-
tive, we view the mycelium as a two-dimensional structure but with an effective
diffusion coefficient that captures the expected decrease in transit times (the
substrate diffusion coefficient will be larger for internal substrate than external
substrate). Note that approximate planar mycelial growth in ‘natural’ environ-
ments is quite common, e.g. on plant, animal and other surfaces.

The interactions between the components of the model are given by the fol-
lowing equations, which are obtained through standard mass conservation laws:

∂m

∂t
= fm(m, m′, p, si, se),

︸ ︷︷ ︸

new hyphae−inactivated hyphae

(1a)

∂m′

∂t
= fm′(m, m′, p, si, se),

︸ ︷︷ ︸

inactivated hyphae−degradation

(1b)

∂p

∂t
= −∇ · Jp(m, m′, p, si, se)

︸ ︷︷ ︸

tip migration

+ fp(m, m′, p, si, se),
︸ ︷︷ ︸

branching−anastomosis

(1c)

∂si

∂t
= −∇ ·

(
J

pas
i (m, m′, p, si, se) + J

act
i (m, m′, p, si, se)

)

︸ ︷︷ ︸

passive & active translocation

+ fi(m, m′, p, si, se),
︸ ︷︷ ︸

uptake−growth costs−trans. costs

(1d)

∂se

∂t
= −∇ · J e(m, m′, p, si, se)

︸ ︷︷ ︸

diffusion

+ fe(m, m′, p, si, se)
︸ ︷︷ ︸

−uptake

, (1e)

where J and f respectively denote the flux and reaction terms for each variable.
We now describe the form of the reaction and the flux terms, commencing with
fm. In all that follows | · | will denote the standard Euclidean norm in R

2.
Tip extension is the primary means of fungal growth. A single hypha may

therefore be regarded as the “trail” left behind a hyphal tip as it moves. Conse-
quently the amount of hyphae created in a region over a given interval of time
is simply the number of tips in that region multiplied by the averaged distance
moved, i.e. |Jp|, the absolute value of the tip flux. It is common that parts of
the mycelium cease to be involved in translocation (for example, through vac-
uolation) as new hyphae are created. In certain species of fungi this inactivation
seems to be an age-related property. However, no direct experimental evidence
exists for such inactivation in R. solani. Moreover, we have observed that dor-
mant (i.e. inactive) hyphae can be “revitalized” producing new branching and
growth by additions of fresh nutrients (Jacobs et al., unpublished observations).
In the absence of detailed experimental evidence, we model the inactivation by
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a Poisson process of constant rate da. Thus we model fm as

fm = |Jp| − dam. (2)

In certain circumstances, inactive hyphae can autolyse and/or degrade in the
environment to provide nutrients for plants, other micro-organisms or for the
fungus itself. Again in the absence of further experimental evidence, we model
this transition by a Poisson process of constant rate di. Consistent with the
formulation of (2), we therefore set

fm′ = dam − dim
′. (3)

Now consider the reaction term fp, corresponding to the creation and loss
of hyphal tips. In filamentous fungi there are three distinct types of branching
process: (i) dichotomous branching – the splitting of one tip to produce two tips;
(ii) apical branching – the emergence of a new tip immediately behind a current
tip; and (iii) lateral branching – the emergence of a new tip some distance behind
a current tip. In R. solani new tips emerge from hyphal walls, such as in (ii) and
(iii) above. However, the exact underlying mechanisms responsible for branching
are unknown, although turgor pressure, possibly resulting from a build-up of
tip-growth vesicles, and ionic gradients, have been implicated (see, for example,
Prosser and Trinci, 1979; Gow and Gadd, 1995; Watters and Griffiths, 2001,
and references therein). Consistent with the above hypotheses, we assume that
the branching rate depends on the internal concentration of the growth limiting
substrate. For simplicity (and in the absence of any experimental evidence to
the contrary) we assume a linear relationship between the internal substrate
concentration and the branching rate. Hyphal tips are lost through anastomosis
with hyphal walls and similarly we assume a linear relationship between the
anastomosis rate and the hyphal density. Therefore, we model fp as

fp = bsim − fmp, (4)

where b denotes the branching rate per unit length of hypha per mole of internal
substrate and f the per tip anastomosis rate per unit length of hypha.

Internal substrate is most generally absorbed autocatalytically, that is, sub-
strate is used to acquire further substrate by active transport across the plasma
membrane. The acquisition rate of the external substrate must therefore depend
on the amount of internal substrate available to perform the active transport,
the amount of external substrate available for absorption, and the hyphal surface
area over which the absorption occurs. In previous models different approaches
have been adopted. In Edelstein-Keshet et al., the uptake rate of substrate is
viewed as being linearly proportional to hyphal density (representing the total
area over which substrate is absorbed) and limiting with respect to the exter-
nal substrate. However, no account is made of the uptake process being active.
In Davidson (1998), account is taken of this energy requirement with the rate
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being viewed as linearly proportional to si. However, the differing surface areas
over which the absorption may occur is neglected. We combine these approaches
by assuming the uptake rate depends (linearly) on both si and m. Moreover,
in the experimental protocol under discussion here, the external substrate lev-
els are such that limiting behaviour is unlikely to be observed. Indeed, most
fungi are unlikely to encounter saturating conditions in natural growth habitats.
Hence we model the uptake rate of substrate by c1simse where c1 is a positive
constant. The fungus expends energy (substrate) through uptake, translocation,
growth and maintenance. The cost associated with substrate uptake is accounted
for in the choice of the parameter c1 (see below). Although passive translocation
(i.e. diffusion) is a non-metabolic process, the active translocation of metabolites
requires energy. We make the reasonable assumption that the cost of actively
translocating material is proportional to the flux of that material (|Jact

i |) with
c4 being the constant of proportionality. As previously explained, the extension
of hyphal tips is the primary mechanism responsible for fungal growth (i.e. in-
crease in biomass). Hence we assume the cost of growth is proportional to the
flux of tips and is therefore modelled by c2|Jp| where c2 is a non-negative con-
stant. Encapsulated also in this term are maintenance costs associated with such
growth since, essentially, we assume that there is a maintenance cost associated
with each tip. This is in line with the concept of a hyphal growth unit (Prosser
and Trinci, 1979) and is a reasonable assumption where mycelial stasis does not
occur. (This was the case in the experimental system over the observed time
frame.) With these assumptions we model fi as

fi = c1simse − c2|Jp| − c4|Jact
i |. (5)

The final reaction term fe corresponds to the rate of substrate depletion from
the external environment. This term must have a similar form as the substrate
uptake process derived above and therefore we set

fe = −c3simse, (6)

where c3 is a positive constant. To account for the imperfect conversion of ex-
ternal substrate to internal substrate (the cost of substrate uptake) we demand
that c1 < c3.

Now we consider the flux terms, starting with Jp, the term modelling tip
movement. Migrating hyphal tips of many fungi (including R. solani) do not in
general react to gradients of external nutrients (Gooday, 1975) although they
may react to gradients of toxic metals (see, for example, Fomina et al., 2000).
Indeed, hyphal tips in most mycelial fungi, including R. solani, grow predom-
inantly in a straight line but exhibit small directional changes at seemingly
random moments in time (see, for example, Dix and Webster, 1995). Essentially
this directed growth is due to the structure of the hyphal walls and the way new
wall material is incorporated at the tip. We therefore assume that two processes
are involved in tip movement: a dominating deterministic (i.e. convective) com-
ponent, accounting for the directed nature of tip movement, and a stochastic
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(i.e. diffusive) element accounting for the small changes in the direction of hy-
phal growth. A consequence of the random element of tip movement is that the
model captures the observed possibility of anastomosis in sparse mycelial net-
works: in the absence of this randomness, an individual model hyphal tip would
not only avoid its own hyphae (grow in a straight line) but also avoid all other
hyphae thus precluding anastomosis. We note however, that when the mycelial
network is dense, a purely convective movement of tips would be sufficient to
allow for the possibility of anastomosis.

It is clear that hyphal tip growth is possible only when energy (internal sub-
strate) is supplied to the tip and, in particular, the tip velocity must be zero
whenever the internal substrate concentration is zero. Consequently, we assume
that both the convective and diffusive fluxes are zero whenever si = 0.

As commented previously, a single hypha may be regarded as the “trail” left
behind a tip as it moves. Therefore, at the microscopic level, the directed na-
ture of tip movement can be modelled by a convective flux acting such that a
hyphal tip avoids its own biomass trail. At the continuum level, we therefore as-
sume hyphal tip density convects in the direction of decreasing biomass density,
capturing the commonly observed space-filling growth characteristic of many
species of fungi. This general property is therefore modelled by the convection
term−v(si,∇m)p. We assume the velocity vector v(·, ·) is a bilinear function (see
also Prosser and Trinci, 1979, who likewise assumed a linear relationship between
internal substrate concentration and tip velocity but neglected the directional
nature of individual tip movements). The small variations in the growth direction
of individual hyphal tips can be modelled at the continuum level by diffusion.
We therefore include in tip movement the flux −Dp(si)∇p where the diffusion
coefficient Dp(·) is assumed to be a linear function. Therefore, combining the
above observations, we model Jp as

Jp = −vsip∇m − Dpsi∇p, (7)

where v and Dp are non-negative constants.
Now consider the flux J

pas
i corresponding to the diffusion of internal substrate

inside the fungal mycelium. Recall that the internal substrate moves through a
network of tubes. Therefore more material can diffuse through a dense network
than through than a sparse network. Consequently the flux J

pas
i is assumed to

depend on the density of active hyphae. For simplicity and in the absence of any
experimental evidence to the contrary, we assume this is a linear relationship.
Hence we model passive translocation as

J
pas
i = −Dim∇si, (8)

where Di is a species-dependent non-negative constant describing the diffusion
of internal material.

Now consider the flux J
act
i corresponding to the active translocation of inter-

nal substrate through the fungal mycelium. In line with experimental evidence
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(see, for example Olsson and Jennings, 1991), we assume that the fungus has the
ability to move metabolites to mycelial regions exhibiting a demand for the re-
source. Since hyphal tips are primarily responsible for filamentous fungal growth
(and are therefore likely to be the largest energy sinks), it is reasonable to as-
sume that hyphal tips create this demand and thus we assume the active flux
of internal substrate is directed up p-gradients. The substrate is translocated
through a network of hyphae and, as in the formulation of J

pas
i , the amount

of material moved will depend on the density of hyphal network. Thus, making
similar assumptions used in the derivation of J

pas
i in (8), we set

J
act
i = Damsi∇p, (9)

where Da is a non-negative constant describing the strength of the active translo-
cation.

The external substrate is assumed to obey standard laws of diffusion and so
we set

J e = −De∇se, (10)

where De is a non-negative constant depending on the substrate and the growth
medium.

Substituting (2)–(10) into (1) yields the model equations

∂m

∂t
= |vsip∇m + Dpsi∇p| − dam, (11a)

∂m′

∂t
= dam − dim

′, (11b)

∂p

∂t
= ∇ · (vsip∇m + Dpsi∇p) + bsim − fmp, (11c)

∂si

∂t
= ∇ · (Dim∇si − Damsi∇p) + c1simse

−c2 |vsip∇m + Dpsi∇p| − c4 |Damsi∇p| , (11d)

∂se

∂t
= De∇2se − c3simse. (11e)

The model equations are to be solved in the square domain (0, L)2 for some
positive constant L with appropriate boundary conditions and initial data. Con-
sistent with typical experimental protocol, we apply zero-flux boundary condi-
tions since material (such as substrate) neither enters nor leaves the domain.
The initial data is chosen to resemble a plug of mycelium placed onto a fresh
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substrate medium and so we set

m(x, 0) =

{
G1(|x − x̂|)m0, if |x − x̂| ≤ λ,
0, otherwise,

(12a)

m′(x, 0) =

{
G1(|x − x̂|)m′

0, if |x − x̂| ≤ λ,
0, otherwise,

(12b)

p(x, 0) =

{
G2(|x − x̂|)p0, if |x − x̂| ≤ λ,
0, otherwise,

(12c)

si(x, 0) =

{
G3(|x − x̂|)si0, if |x − x̂| ≤ λ,
0, otherwise,

(12d)

se(x, 0) = se0
(x), (12e)

for some distribution se0
(x). The quantity λ represents the radius of the inoculum

while x̂ denotes the centre of the inoculum and is taken to be at (L/2, L/2),
the midpoint of the square domain. The functions Gi, i = 1, 2, 3, have compact
support and take a maximum value of unity. We henceforth set Gi = 1, i = 1, 2, 3.

The above model includes the following key advancements on previous mod-
elling studies. For the first time, the directed nature of hyphal tip extension (the
major cause of mycelial expansion) is modelled in a mechanistic way that allows
for the possibility of straight-line growth in any spatial directions in response to
environmental factors. (Previously, such directed growth had been modelled as
being confined to predetermined directions). Furthermore, translocation is mod-
elled as comprising active (metabolically-driven) and passive (diffusive) compo-
nents that both allow for internal substrate movement in all spatial directions. In
turn, this means that fungal growth on various experimental assays (see, for ex-
ample, the agar tessellations described below) can be more accurately modelled
and thus more quantitative predictions can be obtained.

The PDE system (11) is of mixed hyperbolic-parabolic type and describes
the spatio-temporal evolution of densities. Any meaningful solution must there-
fore both “conserve mass” (that is, there is no “mass leakage” due to numerical
approximation of the flux) and, importantly, preserve the positivity of all the
variables. Many commonly used methods of numerical solution fail to simulta-
neously preserve both of these important properties (see examples in Roe, 1986;
LeVeque, 1992; Boswell et al., 2003). Gerisch et al. (2001) considered a general
system comprising a reaction-diffusion equation and a reaction-convection equa-
tion and developed a numerical method which preserved the positivity of the
variables. The method was extended in Boswell et al. (2003) to treat a more
complex system consisting of coupled reaction-diffusion-convection equations in
one spatial dimension. In the following section we summarize an adaption of these
methods which was employed to solve (11) while a more detailed description of
the numerical scheme is given in Appendix A.
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3. Model Calibration and Solution Method

3.1. Calibration and Rescaling

For direct comparison with experimental results, a specific calibration experi-
ment was conducted to determine values for the model parameters and initial
data. This calibration experiment concerned the growth of R. solani Kühn anas-
tomosis group 4 (R3), (IMI 385768), in 2% glucose-mineral salts medium (w/v)
(MSM) at 30◦C. The medium was inoculated and after 15 h the mycelium was
examined by visually inspecting enlarged images of several different regions. The
approximate length of hyphae and number of hyphal tips per unit area were thus
obtained. By counting the number of branches and anastomoses in a given region,
the corresponding branching and anastomosis rates were estimated. Hyphal tip
velocity was similarly estimated. Carbon concentrations in the growth medium
were known and hence the uptake rates were calculated. See Boswell et al. (2002)
for full details. The values obtained are replicated in Table 1, Appendix A.

As is detailed in Appendix A, the system variables and parameters have vastly
different magnitudes. Large differences in the magnitudes of the system variables
provide further complications in the accurate integration of the numerical scheme
discussed below. To overcome this, the model variables (and consequently, model
parameters) are rescaled (see Appendix A). However, the rescaled system is iden-
tical in structure to (11) and henceforth we simply refer to the latter unless
specifically noted otherwise. In particular, all the figures below refer to the un-
scaled variables and thus represent predictions and hypotheses concerning the
observed qualitative and quantitative properties of mycelial growth and function.

3.2. Summary of Numerical Solution Method

The model system is solved as follows. The domain [0, L]2 is discretised into an
N × N grid and the rescaled version of system (11) is discretised using a finite
difference scheme based on the method of lines. Flux limiters are employed in
the treatment of the convection terms to ensure the positivity of the solution
while general flux schemes ensure mass conservation. During the spatial discreti-
sation, the convective and diffusive fluxes are separated into x- and y-directed
components and each component is treated independently in a similar fashion
to that described in Boswell et al. (2003). The discretised system thus comprises
an ODE system having stiff (reaction and diffusion) and non-stiff (convection)
parts. A splitting method is used to integrate the ODE system where the stiff and
non-stiff components are considered separately. The non-stiff terms are treated
using an explicit, three-stage, second-order, Runge-Kutta method where the R-
K matrix and weights are chosen to preserve positivity. The stiff components
are treated using an implicit method based on the trapezoidal rule. The implicit
method involves the solution of a linear system incorporating the Jacobian of
the stiff terms in the ODE system. Since the stiff terms correspond to diffusion
and reaction in both spatial directions, the Jacobian of the system will have a
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bandwidth of O(N) irrespective of the ordering of the discretised variables in the
construction of the Jacobian. A sparse solver is therefore used in the solution of
the linear system. A variable time step method based on Richardson extrapola-
tion is used to perform the integration and, consequently, linear interpolation is
used to obtain numerical solutions at specific times. (See Appendix A for further
details.)

4. Growth in Homogeneous Environments

4.1. Numerical results

The model equations (11) were solved using the method discussed above with
initial data corresponding to a 4 mm diameter inoculum plug of R. solani placed
in the centre of a 9 cm-diameter Petri dish uniformly filled with MSM. After an
initial transient phase, the total hyphal density distribution m + m′ expanded
from the initial data in a radially symmetric manner with constant radial velocity
corresponding to approximately 0.5 cm day−1. The total hyphal density was
greatest at the point of inoculation and monotonically decreased towards the
edge of the distribution ranging from 700 cm hyphae cm−2 at the centre to 0 at
the edge. This quantitative and qualitative behaviour is entirely consistent with
that observed in the calibration experiment and in line with many other similar
experiments.

4.2. Approximation to biomass growth

After the rescaling the system parameters are still of different orders (see Ta-
ble 1). This feature can be exploited by making suitable approximations and
hence reducing (11) (or more properly its rescaled equivalent) to a more analyt-
ically tractable system.

The scaled parameters b̂ and f̂ , the scaled branching and anastomosis rates
respectively, are significantly larger than all other scaled parameters. Upon di-
viding the scaled version of (11c) by f̂ and hereon dropping the hats for ease of
exposition, we obtain

1

f

∂p

∂t
=

1

f
∇ · (vsip∇m + Dpsi∇p) +

b

f
sim − mp. (13)

From (13), if the gradients of m and p are not too large, the following approxi-
mate relationship can be derived:

si ≈
f

b
p. (14)

On comparing this relation with solutions of the full system derived by numerical
integration, it was found that (14) is indeed a good approximation in the centre
of the biomass distribution where m and p are approximately spatially uniform.
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(It holds for model growth in both homogeneous environments (see above) and
heterogeneous environments (see the figures below).)

In the following analysis, we shall assume that (14) holds throughout the
biomass distribution. If we also assume that the small terms associated with the
cost of both biomass growth and the active translocation of internal substrate
are negligible, then on substituting (14) into the scaled version of (11d) yields

∂p

∂t
≈ ∇ ·

(

Dim

(

1 − Da

Di

p

)

∇p

)

+ c1pmse. (15)

As a further simplification, we assume that both biomass density and the external
substrate concentration are constant. Furthermore, for fungal growth in uniform
environments, the component of active translocation is significantly smaller than
the diffusive component of translocation, i.e. Da ≪ Di (Boswell et al., 2002) and
hence we assume Da/Di = 0. Thus, by introducing the constants D ≡ Dim and
α ≡ c1mse, equation (15) reduces to

∂p

∂t
= D∇2p + αp. (16)

Here, the parameter D represents the “effective” diffusion coefficient of the in-
ternal substrate inside the biomass network and α represents the rate of tip
creation in response to substrate uptake.

When augmented with initial data having compact support, as is the case in
(12), the approximation (16) exhibits (asymptotically) a solution with whose
leading edge is of wavefront form that travels with speed

c ≈ 2
√

αD, (17)

(see, for example Britton, 1986; Murray, 1989). With the calibration given in
Table 1, we obtain c ∼ 0.6 cm day−1. This compares well with the experimen-
tally observed colony radial expansion rate of 0.5 cm day−1 (also predicted by
the full model). We note, however, that (16), combined with positive initial data
with compact support, will produce a solution that continues to increase in the
centre of the distribution. Although an initial increase in tip density throughout
the support of the biomass is observed experimentally and predicted by the full
model, the tip density subsequently forms a distinct, large peak at the expand-
ing outer edge of the biomass distribution with a uniform, quasi-steady value
maintained in the interior. Hence, these properties are clearly a result of the
more complex interactions detailed in the full model.

5. Heterogeneous Environments: Tessellated Agar Droplet

System

5.1. Growth behaviour

A tessellated agar droplet system is described in Jacobs et al. (2002) where fungal
growth was considered in a heterogeneous environment. Molten agar (MSM) was
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pipetted onto the bases of 9 cm-diameter Petri dishes forming a hexagonal array
comprising 19 circular droplets. Each agar droplet was 10 mm in diameter and
the droplets were separated at their closest point of contact by a nutrient-free
gap of 2 mm (see Fig. 1). In the current study, four combinations of tessellations
are considered corresponding to using standard and glucose-supplemented MSM
to form the interior and exterior droplets (see again Fig. 1). A 4 mm diameter
inoculum of R. solani was placed onto the central droplet and the Petri dish was
then sealed to prevent dehydration and contamination and inspected daily over
a period of seven days.

Fig. 1 near here.

The numerical method outlined in Section 3.2 and Appendix A was applied
to solve (11) using a spatio-temporal discretisation such that the numerical ap-
proximations were not significantly improved by further grid refinement. We set
L = 8 (ensuring the domain was sufficiently large to contain the agar droplet
tessellation), λ = 0.2 (the radius of the inoculum), while se0

(x), the initial distri-
bution of the external substrate, was defined appropriately for each tessellation.
In the experimental system the diffusion of nutrients into the gaps between the
agar droplets was not observed and therefore, as a first approximation to prevent
such diffusion in the model system, we set De = 0.

In all four tessellations considered certain general properties were observed
as follows. The model biomass covered the central droplet (see, e.g. Fig. 2) and
expanded into the surrounding substrate-free space by translocating substrate
from the central droplet region towards the “explorative” tips at the biomass
edge. These tips subsequently bridged the narrow gap separating the droplets
making a new substrate source available to the biomass. Through the uptake of
this new resource, the sudden increase in internal substrate caused a profusion
of branching (see equation (4)) and a marked increase in local tip density (see,
e.g. Figs. 3 & 4). The active hyphal density increased in accordance with the
higher tip density and resulted in greater hyphal densities on the droplet regions
than in the substrate-free gaps (see, e.g. Fig. 2). (The highest tip and hyphal
densities were recorded on supplemented MSM droplet regions with marginally
greater hyphal densities on the droplet edges.). Subsequently material absorbed
from these droplet regions (see, e.g. Fig. 4) was redistributed around the biomass
network and used to support further growth in the substrate-free gaps (see,
e.g. Fig. 2). All droplet regions were eventually covered.

Figs. 2,3,4,5 near here

As observed in Jacobs et al. (2002), greater biomass developed in regions rep-
resenting low substrate droplets when high substrate droplets were also present
in the tessellation (Fig. 5). For example, when the outer droplets represented
unsupplemented MSM the final biomass density in this region was greater when
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the inner droplets corresponded to glucose-supplemented MSM. The reverse case
(i.e. when the central droplets were chosen to emulate unsupplemented MSM)
yields similar observations upon varying the substrate used to make the outer
droplets.

Further differences arose between the tessellations over the uptake rates of ex-
ternal substrate. The uptake rate in regions corresponding to the outer droplets
was greatest when the inner droplets corresponded to glucose-supplemented
MSM and least when the inner droplets corresponded to unsupplemented MSM.
The active translocation of internal substrate further enhanced the ability of the
biomass to uptake external substrate, a result in agreement with earlier mod-
elling work (e.g. Boswell et al., 2002).

5.2. Acidification of the underlying media

Fungi produce various substances, for example acids, enabling the solubilisation
of otherwise insoluble metal compounds (i.e. compounds that are insoluble in
water) and that subsequently can be used to supplement colony growth (Gadd,
1999). This ability to solubilise metals is particularly influential in bioremedi-
ation and soil nutrient recycling. An accurate prediction of acidity levels may
enhance the effective use of fungi in these roles.

Acidity is measured using the well-known pH scale

pH = − log10[H
+], (18)

where H+ denotes the concentration of free hydrogen ions. Jacobs et al. (2002)
investigated acidity produced by R. solani in the tessellated agar droplet system
described above. The agar was supplemented with a pH indicator (bromocresol
purple) to give a visual guide to the acidification of the growth medium (Fig. 6
(a),(b),(c)). In particular, Jacobs et al. (2002) showed that acidification could
only occur if glucose was present in the tessellated system, but, because of the
translocation ability of R. solani, the carbon source need not be local to ensure
acidification.

The acidification of the external substrate can be modelled by considering the
processes responsible for proton (free hydrogen ion) production. We assume that
protons originate from either the fungus or that they are already present in the
growth medium. In addition, we reasonably assume that these protons undergo
no further reactions and thus remain free in the environment during the modelled
time interval. We denote the initial proton distribution in the external substrate
by B(x). Since a carbon source is necessary for the production of acidity by
R. solani, it is therefore reasonable to relate the concentration of the internal
substrate in the model system to the quantity of protons excreted by the fungus.
To this end, we assume the creation of protons is linearly proportional to the
internal substrate concentration. Thus the quantity of protons produced during
the time interval (0, t) is proportional to the integral of the internal substrate
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concentration over that time interval. Therefore, consistent with the empirical
definition of pH given in (18), we define the model pH as

model pH at (x, t) = − log10

(

B(x) + k

∫ t

0

si(x, ξ)dξ

)

, (19)

where k is a non-negative constant. The integral in (19) can be approximated
using a variety of methods but in all that follows we use the Trapezium rule
with the discretised time steps introduced in the numerical discretisation (see
Appendix A).

A simple experiment was conducted to calibrate (19) (see Jacobs et al., 2003,
for a detailed description). A 9 cm diameter Petri dish was uniformly filled with
glucose-supplemented MSM and the initial acidity of the medium was measured
and recorded as pH 4.6. Therefore, the initial data for this calibration experiment
gives B(x) ≡ 10−4.6. The medium was then inoculated with R. solani in the
manner described above and the pH at 2 cm intervals along a diameter of the
dish was measured and recorded after 4 days growth. The acidity was uniformly
distributed across the dish with pH 3.9093 ±0.02 (mean ± s.d.). The model
equations (11) were solved in what represented a homogeneous environment and
the model acidity expression defined in (19) was compared to that measured
experimentally for a range of orders of k after a time corresponding to 4 days
growth. The value of k giving the best fit between model and experimental
acidity was determined to be k = 10−5.

In the agar droplet experiments depicted in Fig. 6(a)–(c), the agar was buffered
to have a neutral pH (i.e. pH 7) and consequently we set B(x) ≡ 10−7. The model
equations (11) were solved using the above calibration and results compared to
experimental observations (see Fig. 6). The pH indicator used in the experi-
ment, bromocresol purple, has an operational range between pH 5.2 and pH 6.8
whereas the model expression (19) has no such limitation. For this reason, the
model acidity is plotted with a colour scheme representing the limited pH range
of bromocresol purple (Fig. 6 (d)–(f)) while a second colour scheme is applied
showing the full acidification range (Fig. 6 (g)–(i)). The model acidification was
determined at time intervals representing 24 h of biomass growth up to 72 h
(Fig. 6 (d)–(i)). Initially, the model acidification was confined to regions repre-
senting the central droplet but as the biomass spread other droplets regions were
covered and “acidified”. The modelling predicts that the regions corresponding
to the nutrient-free gaps separating the agar droplets are acidified to the same
extent as the agar droplets themselves (Fig. 6 (g),(h),(i)). This could not be ob-
served in the experimental system because of the gaps separating the droplets.

Fig. 6 near here.

6. Discussion

In this work we have developed a mathematical model that relates the prop-
erties of a fungal mycelium at the microscopic level to the growth and func-
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tion observed at the macroscale. In particular, the movement of hyphal tips
and translocation of internal substrate were carefully chosen to emulate known
physiological properties. The model equations are of mixed hyperbolic-parabolic
type and it is essential to the application that mass is conserved and positivity
maintained. A numerical method was hence constructed that satisfied these de-
mands. The model was calibrated for the fungus Rhizoctonia solani growing on
glucose-mineral salts medium (MSM) and solved in both homogeneous and het-
erogeneous environments, the latter representing the agar droplet tessellations
considered in Jacobs et al. (2002) (see also Fig. 1).

Model growth in uniform conditions reproduced the commonly observed radial
expansion of biomass. Qualitative and quantitative features of the model solution
compared well with those observed in the calibration experiment (and other
similar experiments). An accurate approximation for the basic statistic, radial
growth rate, was obtained from a simplified model which encapsulated colony
growth at its simplest level. This perhaps suggests that colony expansion rate
is dependent onlyon basic properties such as the average nutrient content of the
environment and the connectedness of the network. Indeed, as suggested before
(see Boswell et al., 2002), it may be that details such as tip distribution behind
the leading front are more connected to exploitation of new resources than to
explorative expansion of the mycelium. It would be interesting to test this easily
verifiable method of calculating radial expansion for other species of fungi in a
variety of habitats. However, this crude simplification is unable to capture the
variety of observable phenomena produced by the full model and hence a study
of the full system is essential with regards to the application.

For growth in tessellated droplet system, the model biomass density reflected
the underlying substrate concentration; biomass was greatest on high substrate
regions (corresponding to MSM augmented with glucose) and least on substrate-
free regions. However, as in the experimental system, the translocation of inter-
nal substrate resulted in increased biomass on low substrate domains when high
substrate patches were included in the tessellation: for example, the tessella-
tion corresponding to the interior droplets formed using unsupplemented MSM
and the exterior droplets formed using glucose-augmented MSM (see Figs. 2–4).
In that tessellation, early biomass expansion occurred in a low substrate envi-
ronment and consequently resulted in low biomass densities. When the outer
droplets were encountered by the expanding biomass, a large resource pool be-
came available and this was used to reinforce biomass on the inner droplets
(Fig. 2). This biomass reinforcement occurred through either back-growth or
reverse translocation (i.e. translocation in the opposite direction of growth). If
the latter was responsible, then since active translocation moves substrate in the
direction of increasing tip density and the tip density declines from the outer
droplets towards the inner droplets (Fig. 3), it follows that reverse-translocation
must have occurred through diffusion alone. This provides further evidence of the
differing roles each component of translocation plays: diffusive translocation for
explorative growth; active translocation for exploitation of resources. Although
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biomass reinforcement was observed in Jacobs et al. (2002), no conclusions could
be drawn on which process was responsible.

Irrespective of the tessellation, the final distribution of internal substrate be-
hind the leading biomass edge was nearly uniform (e.g. Fig. 4). Indeed, once the
entire tessellation had been covered by the model biomass, there was no indica-
tion of the original growth habitat from the internal substrate distribution. This
common distribution arose despite the differences in biomass densities across
the four tessellations (Fig. 5). A possible advantage of such an internal substrate
distribution in a mycelium becomes clear when the environmental heterogeneity
is viewed not only spatially, but also temporally. Recall from (6) that the uptake
rate of external substrate in the model depends on the concentration of the in-
ternal substrate (as well as external substrate and active hyphal density). Hence,
when the internal substrate is uniformly distributed there is an equal quantity
of energy available for substrate uptake, irrespective of position behind the lead-
ing biomass edge. Therefore if internal metabolites are uniformly distributed in
established fungal mycelial, this suggests that the mycelium is best equipped for
the rapid exploitation of any newly encountered nutrient resource independent
of where and when it arises.

The processes responsible for proton and acid production in fungi are com-
plex (Gadd, 1999) although it is known that a carbon source is necessary to
produce such metabolites (although, because of translocation, this carbon source
need not be local, Jacobs et al., 2002). The production of acidity was easily ob-
served in the experimental tessellated system by augmenting the growth medium
with a pH indicator (bromocresol purple), with a colour change representing a
change in acidity. In the current study, acidification is modelled by assuming
that the production of protons is proportional to the concentration of internal
substrate (which, recall, is considered to represent a carbon) and that the acidity
at a point in space is proportional to the time integral of the internal substrate
at that point. The model was calibrated via a specific growth experiment con-
ducted in a homogeneous environment and then applied to the tessellated agar
droplet system considered in Jacobs et al. (2002). The model made quantitative
predictions extending those measurements made experimentally. In particular,
the model generated data on the acidification in the gaps between the agar
droplets and, importantly, gave data on pH values that lay outside the range
of the pH indicator used in the experiment. Thus the model can be used to
predict accurate levels of acidity in the growth medium in areas distant from
nutrient (i.e. carbon) resources. Such predictions are clearly useful: the use of
fungi as bioremediation/nutrient recycling agents may be improved by utilizing
the deterministic link we propose between resource quantity and position and
acidification of the surrounding environment. In particular, the use of fungi as
bioremediation agents may be improved by making suitable amounts of carbon
readily available to the fungus and exploiting its translocation abilities.

Certain fungi have significant uses as biological control agents against pests
and diseases of plants (Whipps, 2001). Moreover, further experimental work is
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ongoing to investigate their ability to transform toxic metals in the context of
bioremediation (see, for example, Gadd, 1999). As nutrient recyclers, biocontrol
agents and bioremediation agents, fungi are growing in environments exhibiting
spatio-temporal heterogeneity. The modelling discussed above enhances the un-
derstanding of translocation processes and concomitant fungal function and may
therefore assist in their biotechnological application.
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Appendix A. Numerical Solution

A.1. Model Calibration and Rescaling

A calibration experiment providing estimates for the magnitude of system vari-
ables, parameter values and initial data for the model is outlined above and de-
scribed in Boswell et al. (2002) (see also Table 1 below). Certain variables have
vastly different magnitudes which complicates the procedure required to accu-
rately and efficiently solve the system numerically. In particular, the adaptive
time step integration procedure (see below) uses relative and absolute tolerances
to compare approximations of the system advanced over a small time interval
τ . In order to minimise the number of different tolerances required, the system
variables are rescaled so that they are of the same order of magnitude and hence
single relative and absolute tolerances may be applied for all variables (see also
Boswell et al., 2003). The original model variables are hence recovered by a sim-
ple rescaling and so quantitative comparisons between model and experimental
systems are possible.

We introduce the scaling factors ms, ps, ss and define

m̂ = mms, m̂′ = m′ms, p̂ = pps, ŝi = siss, ŝe = sess. (A1)

We choose the rescaling factors such that the rescaled variables are O(0.1)
and thus set ms = ps = 10−3 and ss = 104. The calibrated parameter values
after rescaling are also shown in Table 1. If we subsequently rescale the system
parameters as follows,

v̂ = v
ssps

, D̂p = msDp

ssps
, d̂i = di, d̂a = da, b̂ = psb

ssms
, f̂ = f

ms
, D̂i = Di

ms
,

D̂a = Da

msps
, ĉ1 = c1

msss
, ĉ2 = ssc2

ms
, ĉ4 = c4, D̂e = De, ĉ3 = c3

msss
,

then it can be shown that the rescaled system is identical in structure to (11)
(with system variables and parameters replaced by their rescaled equivalents).

Table 1 near here

A.2. Spatial Discretisation

The region [0, L] × [0, L] is discretised into an N -by-N grid with grid size h =
L/N . We use the standard notation, e.g. mkj(t) to denote an approximation of
m(x, t) where x = (kh, jh), k, j = 0, 1, . . . , N .

The reaction terms in (11) are treated in the obvious manner and second-order
central difference approximations are used in (11a) and (11d) for those reaction
terms containing derivatives.

The flux terms in (11c), (11d) and (11e) can be separated into x- and y-directed
fluxes and then further split into diffusive and convective fluxes. Thus, the fluxes
are treated individually in a single spatial dimension (e.g. as in Boswell et al.,
2003) and the numerical solution of the full system (11) can be constructed by
summing the component parts.
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The (non-linear) diffusive processes are treated using a mass-conserving
second-order accurate scheme based on central differences (see again Boswell
et al., 2003). However, the convection processes are harder to treat. We require
a discretisation that preserves positivity and conserves mass. While the first-
order upwind scheme satisfies these important properties, it can also introduce
a large amount of numerical diffusion unless the spatial discretisation is suffi-
ciently fine. On the other hand, high order spatial approximations often induce
spurious oscillations into the solution (see, for example, LeVeque, 1992), which
can result in negative values, especially when variables are small. Flux limiters
provide a popular way of combining positivity and higher-order accuracy (e.g.
Sweby, 1984; Roe, 1986; LeVeque, 1996).

As an example, consider the convection of hyphal tips in (11c). The convection
in the x-direction at cell (k, j) is treated with the conservative scheme

x-convection = −1

h

(

F p

k+
1

2
j
− F p

k− 1

2
j

)

, (A2)

for a suitable choice of general flux functions F p

k+
1

2
j
. We introduce wp

kj, the

x-directed velocity of the convective flux,

wp
kj ≡ −vsikj

mk+1 j − mk−1 j

2h
, k, j = 0, 1, . . . , N,

and so the semidiscrete convective flux in the x-direction is then given by

f p
kj = wp

kjpkj, k, j = 0, 1, . . . , N.

Now introduce rp
kj which encapsulates the ratio of x-directed fluxes around cell

(k, j),

rp
kj ≡

f p
k+1 j − f p

kj + ǫ

f p
kj − f p

k−1 j + ǫ
, k, j = 0, 1, . . . , N.

The parameter ǫ is a small number that ensures rp
kj is well defined even when

the surrounding fluxes are identical. In our applications we set ǫ = 10−30. The
form of the general flux functions F p

k+
1

2
j

will depend on the direction of flow. If

the velocity is in the positive x-direction we set (see Hundsdorfer et al., 1995)

F p

k+
1

2
j
= f p

kj +
1

2
φ
(
rp
kj

) (
f p

kj − f p
k−1 j

)
, k, j = 0, 1, . . . , N, (A3a)

where φ(r) denotes the limiter function. We use van Leer’s limiter function

φ(r) =
r + |r|
1 + r

,

in order to obtain a second-order accurate discretisation. In Boswell et al. (2003)
several limiter functions were compared against van Leer’s limiter in a mixed-
type system similar to that considered here. It was shown that consistent numer-
ical solutions were obtained by using different limiter functions having the same
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order of accuracy but van Leer’s limiter function had better positivity properties
(see also Gerisch et al., 2001). If the velocity is in the negative x-direction we
reflect the indices around k + 1

2
(see Gerisch et al., 2001, for details) and set

F p

k+
1

2
j
= f p

k+1j +
1

2
φ

(

1

rp
k+1j

)

(
f p

k+1 j − f p
xk+2 j

)
, (A3b)

We thus substitute either (A3a) or (A3b) into (A2) depending on the sign of
wp

kj. Similar schemes are used to treat the remaining convective fluxes in (11).
Zero flux boundary conditions are applied and are implemented as described

in Boswell et al. (2003).

A.3. Time Integration

The spatial discretisation reduces the PDEs (11) to a system of 5(N +1)2 ODEs.
It is the accurate and efficient time integration of this system of ODEs that bene-
fits from the rescaling described above and it is the rescaled system of ODEs that
is refered to below. (The spatial discretisation is not affected by such scaling.)
The ODE system is a semidiscretisation of reaction, diffusion and convection
terms and this property is exploited by suitably separating the system into two
components. Specifically we use a (Strang) splitting method, as described in
Boswell et al. (2003), separating the non-stiff (convection) and stiff (reaction
and diffusion) components.

The non-stiff component is treated with a three-stage, second-order accurate
Runge-Kutta method where the weights and measures are specifically chosen
to preserve the positivity of the scheme (see Gerisch and Weiner, 2002, for de-
tails). The stiff components represent the reaction and diffusion processes and
are treated with an implicit scheme based on the trapezoidal rule. This scheme
involves the solution of 5(N+1)2 linear equations of O(N) bandwidth. In Gerisch
et al. (2001), a method is described to reduce the computational costs in the in-
tegration of the stiff terms by splitting the reaction and diffusion terms into
x- and y-directed components. This splitting technique replaces the solution of
one linear system of bandwidth O(N) with the sequential solution of two lin-
ear systems of bandwidth O(1). However, such an approach is not possible with
our model because certain reaction terms cannot be split into purely x- and
y-directed terms. (Note that the use of the 1-norm in (11) would generate a sys-
tem which can be additively split but that the crucial property of path length,
i.e. the absolute value of the fluxes, would be over-estimated resulting in inaccu-
rate approximations of the PDE system.) In our application, the linear system
is written in sparse form to reduce storage space and the NAG routines F01BRF
and F04AXF are used to obtain a solution. The first routine performs an LU fac-
torisation of the sparse matrix (with optional pivoting) while the second routine
solves the factorised system.

To further reduce computational costs, the ODE system is solved using a vari-
able time step method. The time step selection strategy is based on Richardson



G. P. Boswell et al.: Fungal growth and function 28

extrapolation considering accuracy alone and does not account for the positivity
of the solution, i.e. the time step is allowed to exceed the sufficient condition for
positivity which may be determined from the integration method above. (Note
that this does not affect the positivity of the spatial discretisation.) However, this
approach has not lead to negative solutions in any of our examples which may
be because of the good positivity properties elsewhere in the discretisation (see
Gerisch and Weiner, 2002).

The method is implemented by advancing the numerical solution over a time
τ and comparing the approximations when time steps of size τ and τ/2 are used.
If a global error (comprising local relative and absolute errors) is below some
user-defined tolerance parameter tol, the approximation obtained with time step
τ/2 is accepted, otherwise a new approximation is sought with a smaller value
of τ . See Boswell et al. (2003) for details.
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(c)

(a) (b)

(d)

Figure 1: The hexagonal array used in Jacobs et al. (2002) consists of 19 agar droplets of
10 mm diameter positioned 2 mm apart. We consider the four distinct tessellations (out of a
total of 16) shown in (a) to (d). The black and white circles respectively denote droplets made
from glucose-supplemented and unsupplemented agar.
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Figure 2: The total hyphal density (m + m′) is shown in units of cm hyphae cm−2 at times
corresponding to (a) t = 1 day, (b) t = 2 days, (c) t = 3 days, (d) t = 4 days, (e) t = 5 days and
(f) t = 6 days. Notice that once the biomass reaches the outer droplets, growth is reinforced
on the inner droplets (via translocation). The model equations were solved with initial data
representing the tessellation shown in Fig. 1(b). The model parameter values are given in
the text while the parameter values used in the numerical solution are N = 200, tol = 10−5

(see Appendix A).
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Figure 3: The tip density (hyphal tips cm−2) is shown at times representing (a) t = 1 day,
(b) t = 2 days, (c) t = 3 days, (d) t = 4 days, (e) t = 5 days and (f) t = 6 days. Notice
that there is a profusion of branching in regions corresponding to the glucose-supplemented
medium. The model equations were solved with initial data representing the tessellation shown
in Fig. 1(b). The model parameter values are given in the text while the parameter values used
in the numerical solution are N = 200 and tol = 10−5 (see Appendix A).
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Figure 4: The internal substrate concentration (mol cm−2) is shown at times representing
(a) t = 1 day, (b) t = 2 days, (c) t = 3 days, (d) t = 4 days, (e) t = 5 days and (f) t = 6 days.
Notice that the substrate is rapidly acquired from the agar droplets and that it is translocated
throughout the model biomass resulting in a near-uniform distribution. The model equations
were solved with initial data representing the tessellation in Fig. 1(b). The model parameter
values are given in the text while the parameter values used in the numerical solution are
N = 200 and tol = 10−5 (see Appendix A).
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Figure 5: The total hyphal density (cm hyphae cm−2) at a time representing 7 days is shown
across four different tessellations. The tessellations (a)–(d) respectively correspond to those in
Fig. 1 (a)–(d). Notice the the final hyphal density is greatest on high substrate regions and
that the hyphal density on low substrate regions is increased by the presence of high substrate
levels elsewhere. The model parameter values are given in the text while the parameter values
used in the numerical solution are N = 200 and tol = 10−5 (see Appendix A)



G. P. Boswell et al.: Fungal growth and function 34

(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

4

4.5

5

5.5

6

6.5

7

4

4.5

5

5.5

6

6.5

7

4

4.5

5

5.5

6

6.5

7

Figure 6: The experimental acidification is shown after (a) 1 day, (b) 2 days and (c) 3
days while the model equivalent is shown in (d), (e) and (f) respectively. The pH indicator
bromocresol purple can only distinguish acidity between pH 5.2 and pH 6.8 and therefore, in
accordance with this fact, we set the colour scale in (d)–(f) appropriately. Notice that (d), (e)
and (f) do not depict acidity in the regions representing the gaps between the agar droplets and
do not demonstrate acidification in excess of pH 5.2. To this end, (g), (h) and (i), respectively
corresponding to 1,2 and 3 days growth, show the model acidification determined by (19) with
no such restrictions on the colour scheme and where the colour scheme represents a (standard)
universal pH indicator. The circles in (g)–(i) denote the location of the agar droplets. The
model equations are solved with initial data representing the tessellation in Fig. 1(d) using the
calibration shown in Table 1. The model acidification is obtained as described in the text. The
model parameter values are given in the text while the parameter values used in the numerical
solution are N = 200 and tol = 10−5 (see Appendix A)
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Parameter/Initial data Value Rescaled value

m0 100 cm−1 0.1

m′

0
0 cm−1 0

p0 100 hyphal tip cm−2 0.1

si0 4 × 10−5 mol glucose cm−2 0.4

se0
3 × 10−5 mol glucose cm−2 0.3

v 5 cm5 day−1 mol−1 0.5

da 5 × 10−1 day−1 0.5

di 0 day−1 0

b 107 branches cm−1 hyphae day−1 103

f 101 fusions in cm of hyphae day−1 104

c1 9 × 102 cm (mol glucose)−1 day−1 90

c2 10−7 mol glucose cm−1 per tip 1

c3 103 cm (mol glucose)−1 day−1 102

c4 10−8 cm−1 10−8

Dp 10−5 cm4 day−1 mol−1 0.1

Di 10−2 cm3 day−1 10

Da 10−5 cm3 day−1 per tip 10

De 0.3456 cm2 day−1 0.3456
λ 0.2 cm 0.2

Table 1: The paameter values and initial data used in the model are obtained from a calibra-
tion experiment (see Boswell et al., 2003, for details). The original parameter values are given
along with rescaled values (see text for explanation).


