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Preface

Cyanobacteria (blue-green algae) are present in most natural water systems 

throughout the world. They have a tendency, under certain conditions, to become 

over-buoyant and thus form a water bloom or "surface scum". Often, in conjunc 

tion with the formation of a water bloom, a release of cyanobacterially produced 

toxin occurs. This toxin can be harmful to local wildlife and surrounding human 

populations. One distinguishing feature of common strains of cyanobacteria such 

as Oscillatoria, Microcystis and Anabaena is the ability of the cell to regulate its 

density and, hence, buoyancy in relation to incident light irradiation. This regula 

tion of buoyancy allows the cyanobacterial cell to alter its vertical position within 

the water column in order to find an optimal position.

The development of a cyanobacterial population is described by a dynamical 

model which accounts for a number of factors including algal growth, degradation 

and light driven buoyancy. The work in this thesis describes the development of a 

cyanobacterial cell buoyancy function which is then used, in conjunction with the 

dynamical model, to find an algal population density distribution. An analytic 

solution is found using an approximation function for the cell density function, 

then a numerical scheme is developed to allow the full function for cell density to 

be used.

The numerical scheme is developed using the object-oriented paradigm for

Vlll



Preface___________________________________________

programme construction which allows easy extensions to be made to the model 

when further experimental data becomes available.

Finally, a semi-empirical model for cyanobacterial toxin release in a water 

column is used, together with the population density results, to develop a plausible 

description of a cyanobacterial population and of the subsequent toxicity of the 

water body.
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Chapter 1. Introduction

The work contained in this thesis concentrates on the development of a dynamical 

model for buoyant cyanobacteria and the toxin release which follows a population 

growth. Why this process has become a problem is addressed in the next section, 

and is followed by a section introducing the model development. Finally, a section 

outlining the structure of the thesis is given.

1.1 B ackgr ound

Cyanobacteria (blue-green algae) thrive in most natural water system both marine 

and freshwater, throughout the world. They have been found in fossilised form 

dating from as early as the Pre-Cambrian Era (Shopf & Walter, 1982) and it 

is thought that they were responsible for the early oxygenation of the Earth's 

atmosphere.

A major feature of common species of cyanobacteria, including Anabaena flos- 

aquae, Microcystis aeruginosa and Oscillatoria agardhii, is their ability to regulate 

their buoyancy, depending on light intensity, and hence, their vertical position 

within the water column. Cyanobacteria, as with most algae, are phototrophic. 

The buoyancy regulation mechanism allows them to gain an advantage over other 

algae when competing for limited resources in the lake environment. During the 

warmer months of the year, a large development of uni-cellular and filamentous 

cyanobacteria can take place (Belov, 1998) and, in periods of calm weather, the 

population will often float to the surface producing a "surface bloom" or "scum". 

With the occurrence of a cyanobacterial bloom there can be associated health 

problems for both the local animal and human populations.

The impact of the cyanobacteria bloom on the local population is caused by 

the associated release of phycotoxins into the water. Then, animals such as dogs 

or cattle will drink the affected water, or, in recreational areas local inhabitants
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may bathe in toxificated water and health problems can result. Recent, well doc 

umented, cyanobacterial blooms include Rutland Water, 1989, and Lake Alexan 

dria, 1992 (Ferguson, 1997).

Whilst there is a perception that the recent increase in the incidence of surface 

blooms is a result of the increasing eutrophication of natural water bodies due to 

pollution from both agricultural fertilisers and industrial waste, there are, in fact, 

a number of factors that determine whether or not blooms will occur.

Reynolds & Walsby, 1975, explain that'cyanobacteria have no specific require 

ments for the enrichment of the aquatic system with dissolved nutrients, whether it 

be phosphorus, nitrogen, carbon or organic substrates. Indeed, many cyanobacte- 

ria can absorb far more nutrient than needed when it is freely available; offering an 

explanation for bloom formation even when the water body is considered nutrient 

deficient.

Not all blooms are toxic, but often they are. The commonly produced phy- 

cotoxins fall into three main categories. They are neurotoxins, hepatotoxins and 

lipopolysaccharides.

The metabolic processes, within the cell, that regulate toxin production are 

poorly understood, though, it is known that toxin production varies widely across 

cyanobacterial species within the same genera. Further, the factors that deter 

mine whether a bloom will be toxic or not are not well understood (NRA, 1990), 

although it appears that if a bloom is toxic then the concentration of toxin in the 

water body correlates with the age of the cyanobacteria population (Belov, 1998).

In order to regulate and counter unwanted bloom formation and the associ 

ated toxic side-effects, it is necessary to formulate an appropriate strategy. There 

are a number of ways to do this. The strategies can be mathematical or non- 

mathematical in nature but the aims will be similar. In this thesis the application
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of modern applied mathematics to the problem of cyanobacterial population de 

velopment and toxin release will be discussed. It is hoped that the developed 

model will enhance the understanding of toxic bloom formation and will allow a 

suitable course of action to be taken to prevent bloom formation in a water body. 

This will eliminate the previously mentioned toxic effects on populations local to 

the water body, and, from an initial cyanobacterial population profile it should 

be possible to model the population change over a period time together with the 

corresponding release of toxins into the water body. Finally, the effect of changing 

appropriate model parameters, corresponding to environmental changes, can be 

viewed. Possibilities for the varying physical conditions include changes in light 

intensity, nutrient concentration and water temperature. To gather experimen 

tal data on these environmental conditions for different genera of cyanobacteria 

would be a large undertaking and thus it is advantageous to the strategist to have 

a model that can simulate the changes in these conditions, and others, in order to 

aid the development of an effective solution to the problem of bloom formation.

1.2 Model development

A number of models, with this aim, have been the subject of and are currently 

the subject of on-going research. These models, like most in the field of applied 

mathematics, can be grouped into three main areas: experimental, stochastic and 

deterministic and are based on knowledge about cyanobacterial properties derived 

from a number of laboratory experiments and field observations (e.g. Deacon & 

Walsby, 1990; Reynolds, 1987; Kromkamp & Walsby, 1990). Indeed, the experi 

mental work of Kromkamp & Walsby, 1990, has been used as the basis for many 

models. These include Howard, 1993, Howard et a/., 1995, and Visser et al., 1997. 

A more deterministic approach was taken by Okada & Aiba, 1983a, and Okada

4
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& Aiba, 1983b, though, in common with the previously mentioned models, this 

requires a numerical implementation.

An alternative, "semi-empirical" model, was proposed in Belov & Wiltshire, 

1995, and further elaborated in Belov & Giles, 1997. Here, the density of the 

cyanobacterial cell was assessed by applying the data from the laboratory exper 

iments of Deacon & Walsby, 1990. It is this model, for cyanobacteria population 

development, first presented in Belov & Wiltshire, 1995, that provides the main 

focus for the work contained in this thesis.

It is hoped that the deterministic nature of the approach taken by Belov & 

Wiltshire, 1995, will allow the model to be applied to a wide range of environmental 

scenarios and to more than just one specific genera of cyanobacteria. This is in 

contrast the experimental models above (Kromkamp &; Walsby, 1990; Howard, 

1993) that focus on a specific genera of cyanobacteria. This will be achieved by 

choosing appropriate parameters for the model's equation set.

The work, in the first instance, compares and contrasts the approach taken 

by Belov and colleagues to that of the previously mentioned authors and, then, 

develops the model to show that the approach can lead to plausible solutions 

for population development. This is achieved by first considering a subset of 

the original model's seven partial and integro-partial differential equations, for 

realistic environmental conditions, and then reducing this subset to a single partial 

differential equation for population density through work on the the individual 

cyanobacterial cell density.

The solution for the population density is found by using analytic methods 

and, then, for a more complete equation set a numerically derived solution is 

presented. Further, using these results in conjunction with the toxicity profile 

model proposed in Belov, 1998, the toxin distribution profiles for the modelled
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cyanobacteria populations are produced using numerical methods.

The implementation of the numerical methods for both the population density 

and the toxin concentration profiles are object-oriented. This novel approach 

allows the development of an easily extensible numerical implementation that will 

aid further research in this area.

1.3 Organisation of thesis

This thesis is divided into ten chapters that include this introduction and the 

bibliography. There is no specific literature review, instead, appropriate literature 

is discussed in situ as this will increase the clarity of the work being presented. 

Chapter two, biological characteristics of cyanobacteria, explains the important 

biological aspects of cyanobacteria with respect to modelling a population devel 

opment. Possible causes of toxin release are then discussed.

Next, the model for buoyant cyanobacteria in a water column that was first 

published in Belov & Wiltshire, 1995, is presented. This approach is compared and 

contrasted with existing cyanobacteria population models and equation coupling 

within the model is highlighted and explained. It is shown that by using certain 

environmental assumptions, it is possible to reduce the complexity of the original 

model in order to find solutions to the equations set.

The following chapter describes the modelling of environmental conditions rel 

evant to cyanobacterial development. Included in this discussion is the radiative 

transfer problem, aspects of limnology and other environmental conditions such 

as temperature and pH level. The problem of how to quantify the appropriate 

environmental parameters whilst keeping the model simple is investigated.

Chapter five concentrates on the regulation of buoyancy in the cyanobacterial 

cell. In particular, work is presented that attempts to quantify this behaviour

6



Chapter 1. Introduction

mathematically and in relation to the published data. This work is then used 

in the following chapter to enable an analytic solution to be found for the re 

duced equation set of chapter three. It will become apparent to the reader that 

the assumptions that were made in order for an analytic solution to be found, 

whilst valid in both the context of the mathematical problem and that of the 

environmental problem, limit the applicability of the solution. To address this, 

a computer simulation using a numerical method to solve the partial differential 

equation involved has been developed.

The development of the computer simulation of the cyanobacterial model is 

significant for two reasons. First, the simulation allows the use of buoyancy func 

tions that would not necessarily lead to an analytic solution; the motivation for the 

development of the numerical simulation. Second, the method of implementation 

demonstrates a novel use of object-oriented techniques and will allow extensions 

to the model to take place in a natural and flexible way. This object-oriented 

technique is not only applicable to this equation set but could be developed and 

used in many other situations.

Chapter eight focuses on the work done on the toxicity model first presented 

in Belov, 1998, and the development of this work in Belov et al., 1999. Again, 

a numerical simulation has been developed for this work for two reasons. First, 

even though an analytic solution is demonstrated, the complexity of this solution 

means that mathematical packages such as Maple can take a long time to render 

a solution plot and, second, to integrate this solution with the numerical work 

presented in chapter seven, it is necessary to develop a numerical method for the 

toxicity equation.

The final two chapters consist of a chapter that outlines conclusions that can be 

drawn from the previously presented work and then discusses the implications of
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the work in the context of the continued development of cyanobacterial population 

modelling. Ideas for the extension of this work are presented. These could be used 

as the basis of further work for the cyanobacterial population and toxicity model. 

Finally, a chapter of references is given.

8
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Chapter 2. Biological Characteristics of Bloom-forming Cyanobacteria______

Cyanobacteria, often called blue-green algae, can be classified into different species 

and genera. The National Rivers Authority (NRA) has identified nine differ 

ent species/genera of Cyanobacteria that are important in water quality and 

bloom formation. These species are Aphanocapsa, Anabaena, Aphanizomenon, 

Coelosphaerium, Gloeotrichia, Merismopedia, Microcystis, Nostoc and Oscillato-

na.

2.1 Physical properties

These genera cover a wide range of form and cell size. For example, 

Coelosphaerium and Microcystis (Figure 2.1) form large irregular colonies that 

can be up to 1mm in diameter and with further aggregation this can rise to 

30mm for more loosely formed structures. Other species, such as Oscillatoria, 

Aphanizomenon and Anabaena (Figures 2.2, 2.3 & 2.4) are filamentous and tend 

to form in small groupings. Aphanizomenon, for example, typically aggregates in 

bundles of about 100 or so and measuring 500x50//m (Reynolds & Walsby, 1975). 

Further, Reynolds &: Walsby, 1975, state that whereas planktonic members of 

other algal groups tend to sink to the bottom of freshly collected samples that 

have been left to stand, Cyanobacteria will often float to the surface. They then 

assert that the natural extension to this will lead to the conclusion that bloom 

formation is explained as a buoyant migration, of Cyanobacteria, to the water sur 

face under conditions of low turbulence, and, consequently, that two of the major 

aspects of the biology of Cyanobacteria that are relevant to bloom formation are 

their abundance and their buoyancy.

It is this buoyancy regulation feature that differentiates Cyanobacteria from 

other types of algae, such as green algae, and thus is central to the mathematical 

modelling of a developing population. The remainder of this chapter provides

10
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Figure 2.1: Microcystis

Figure 2.2: Oscillatoria
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v

Figure 2.3: Aphanizomenon
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Figure 2.4: Anabaena

some biological background to the buoyancy property. Then, in chapter 5, a 

mathematical representation of buoyancy regulation is developed for incorporation 

into the population model, described in chapter 3, as a whole.

2.2 Buoyancy regulation

Cyanobacteria will rise or sink within a water column as a result of changes in its 

density in relation to that of the surrounding water. The vertical cell velocity is 

generally assumed to be related by Stokes' Law to the cell density (Reynolds et ai, 

1987), and, since cell density oscillates above and below that of water the Cyanobac 

teria will undergo an oscillating motion (Howard, 1994).

Thus, a determination of the cell density is important in determining a cell's 

vertical motion through the water column. There have been three main mecha 

nisms suggested to explain how Cyanobacteria regulates its density, and hence its 

vertical position (Reynolds & Walsby, 1975). These are:

13
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  Kinetic regulation of gas-vacuole synthesis;

  Cell vesicle collapse due to increase of cell turgor pressure; and

  Photosynthetic production of carbohydrate.

In the following three sections an outline of the above mechanisms is given.

2.2.1 Gas-Vacuole synthesis

The gas vacuoles of cyanobacteria are constructed from membranous cylinders, 

called gas vesicles (Reynolds et al., 1987). With a width of up to HOnm and a 

length usually less than 5000nm, the gas vesicles have a density of approximately 

100kg m3 . The walls of the gas vesicles are not permeable to liquid water, but 

allow gas to pass freely.

When cyanobacteria cells grow or divide, gas vesicles should continue to be 

produced at the appropriate rate if the buoyancy they provide is to remain un 

changed. This does not always happen, and relative gas vesicle content can be 

modulated by the growth rate of the cell; which has been observed in a number 

of cyanobacteria, especially those which become stratified in stable metalimnetic 

layers, some distance beneath the water surface (Reynolds et al., 1987).

Though the gas vesicles are generally filled with air at atmospheric pressure, 

composition of the gas is not as important in the role of buoyancy as the fact 

that there are gas filled spaces present within the cell (Reynolds et al., 1987). 

Current literature, most importantly Deacon & Walsby, 1990, demonstrates that 

gas-vesicle synthesis and collapse is related to incident light irradiation. This 

aspect of buoyancy regulation is investigated in chapter 5.

14
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2.2.2 Gas-Vesicle collapse

The walls of gas vesicles are rigid, and this allows their volume to be relatively 

unaffected by external pressures up to a point. This point, the critical point, varies 

from one cyanobacteria to another, e.g. the critical point for Anabaena flos-aquae 

is 6.06ar, whilst for Oscillatoria agardhii it is 9.0 bar (Hayes & Walsby, 1986). 

Further, this critical point has been shown to have an inverse correlation with the 

cyanobacteria's diameter (Hayes & Walsby, 1986).

2.2.3 Production of carbohydrate

When the cyanobacterial cell photosynthesises, carbon is fixed in the form of 

glycogen. The glycogen has a density of 15QQkgm~3 . Its production adds to 

the excess density of the cell (Reynolds et al., 1987), contributing to buoyancy 

loss in photosynthetically active cells. Glycogen content, which can be varied 

considerably on short time scales, has been shown to be significant in balancing 

the buoyancy contributed by the existing gas vesicles (Reynolds et al., 1987).

2.3 Bloom formation

Water-blooms are the irregular and until relatively recently unpredictable migra 

tion of cyanobacteria to the water surface. That cyanobacteria form water-blooms 

has been well documented over a long period of history; as mentioned in chapter 

1, accounts of bloom formation from as long ago as 1188 are known.

It has been written that any water body with a gas vacuolate cyanobacteria 

population is liable to bloom formation under the right conditions (Reynolds, 

1987). An example of a water bloom is shown in Figure 2.5

Reynolds & Walsby, 1975, identified three necessary conditions for a water-

15
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Figure 2.5: A cyanobacterial water-bloom

16
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bloom to develop:

  There must be a substantial cyanobacteria population already in the water 

body;

  The cyanobacteria must become over-buoyant; and

  The turbulent kinetic energy must be insufficient to overcome the cyanobac- 

teria's tendency to float to the surface.

Over-buoyancy has been defined by Reynolds, 1987, as possessing positive 

buoyancy in excess of that required to offset settlement through the adjacent 

water.

Even though a substantial population of cyanobacteria is required to form a 

bloom, it should not lead one to assume that blooms only occur in eutrophic 

waters since cyanobacteria do not have an unusually high nutrient requirement 

for growth to occur (Howard, 1994). Indeed, blooms can form after periods of low 

or even zero-growth (Reynolds, 1987).

It is factors such as this which should be included in all models which attempt 

to predict cyanobacteria population growth and water-bloom formation.

2.4 Review

Cyanobacteria will form populations in most types of natural water systems. The 

factor which tends to bring them to the attention of the general public is their 

tendency, under certain environmental conditions, to form a "water-bloom" or 

"surface-scum" on the water surface.

The bloom formation is strongly linked, in literature, to the ability of the 

cyanobacterial cell to regulate its buoyancy in response to changes is its

17
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surrounding environmental conditions. In particular, a strong correlation between 

incident light irradiation has been demonstrated. This link, and a mathematical 

formulation of such, is investigated in chapter 5.

In the following chapter, a dynamical model is presented for buoyant cyanobac- 

teria. Other models are discussed and work is shown on how to reduce the com 

plexity of the dynamical model. Suitable boundary conditions for the model are 

introduced and, finally, an equation for toxin release is introduced but discussion 

of this equation is left until chapter 8.

18
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Chapter 3. A Dynamical Model for Cyanobacterial Population Growth______

It was noted in chapter 1 that in recent years there have been a number of models 

proposed for the modelling of cyanobacteria development within a water body. 

Although the majority of these models have the same goal, one which will allow 

the prediction of bloom and scum formation at a later time and/or under modified 

water conditions, there are major differences in the approaches taken.

3.1 Modelling methodologies

For the macroscopic modelling of cyanobacteria being discussed, the cell pop 

ulation in the reservoir is considered as part of the lake ecosystem undergoing 

limnological and atmospheric mechanisms, which are in addition to the bacte 

rial processes that are taking place. Complexity and often incomplete knowledge 

about the environmental phenomena that are occurring make it difficult to find 

one particular modelling method that will provide answers for all occasions. The 

next few sections describe some of the approaches that have been used.

3.1.1 Box-model & Neural network method

In order to account for the complex interactions between ecosystem components, 

the box-model method has been used in environmental and ecological modelling. 

This approach requires estimates of the "fluxes" which occur between the systems 

compartments to be made. This is not always possible for very complex or ill- 

defined systems. If sufficient data about the object of interest is available, it 

is possible to overcome this difficulty by applying the neural network method 

(Recknagel, 1997). Indeed, neural networks have been used in many diverse fields 

such as pattern recognition, engineering and non-linear fitting in the financial and 

environmental fields (e.g. Chen et a/., 1990).
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The neural network is trained by applying a learning algorithm to the infor 

mation obtained from object monitoring; the neural network then represents the 

data set. Some success has been achieved from this method (Recknagel, 1997) but 

unfortunately this advanced and general technique does not reveal the underlying 

mechanisms which result in cyanobacteria development. It is not then possible to 

apply the knowledge accumulated by the network to other water bodies or even 

the original water body if conditions drastically differ from those of the data set 

that was used to train the network.

3.1.2 Empirical method

This method consists of devising a series of experiments to test the cyanobacterium 

under a number of different conditions and then fitting mathematical equations 

to the experimentally found data. Probably the most well known model of recent 

years is that of Kromkamp &: Walsby, 1990. This model has formed the basis of 

other published works which have included, but not exclusively, Howard, 1993; 

Howard et al., 1995; Visser et al, 1997.

Kromkamp &: Walsby, 1990, propose that the following first order Michaelis- 

Menten equation, based on their experimental work, describes the rate of change 

of the cell's density with respect to time

= *rnr-<*, (3-D
ot I + Kj

where GI = 0.132kgm~3 min~ 1 , Kj = 25^molm~2 s~ l , I is the average irradiance 

(/^mo/m~2s- 1 ), c3 = 2.3   lQ-2 kgm~3 min~l .

This formula is usually used in a finite difference form in numerical models 

such as SCUM (Howard, 1993). Formal integration of this equation, which would
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allow the buoyant velocity to be found, leads to a singularity because of the secular 

term c3 . This can cause difficulties in the continuous running of the model which 

a mathematical model should try to avoid.

Whilst this model has the advantage of conforming to observed results, it does 

not give an explanation of why an outcome occurs based on physical laws which 

may be needed to allow further predictions to be made.

3.1.3 Deterministic method

A deterministic approach involves devising a set of equations which represent the 

system being modelled. This set of equations should have a sound basis and be 

derived principally from physical laws, e.g. density is the ratio of mass to volume. 

Sometimes, though, the complex nature of the problem studied prevents it from 

being completely described by physical laws. This is usually due to a lack or gap 

in the available knowledge with regard to the problem. In this particular project 

it is a less than complete understanding of how and why cyanobacteria behave in 

natural water bodies that causes difficulties.

A good insight, though, into the basic properties of buoyant cyanobacteria can 

be obtained from the recent experimental work of Post et a/., 1986; Reynolds et al., 

1987; Deacon &; Walsby, 1990. Indeed the quasi-static experiments of Deacon & 

Walsby, 1990, provide the basis of the further work, discussed in chapter 5, with 

regard to the cell's buoyant velocity.

Okada & Aiba, 1983ab, provide an early example of a model which is more 

deterministic than experimental in nature; whilst the approach outlined in Belov 

& Wiltshire, 1995, takes the deterministic approach a step further.

The dynamical model for buoyant cyanobacteria population growth that first 

appeared in the literature as a paper by Belov & Wiltshire, 1995, is the
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original basis for the work described in this thesis. This is a deterministic model 

which highlights seven variables that should be considered when modelling the 

phototrophic buoyant distribution of cyanobacteria within a water column (Belov 

& Giles, 1997). The seven variables are cell density, cell buoyant velocity, algal 

population distribution, nutrient concentration, ambient water temperature, water 

velocity and incident spectral radiation intensity.

3.2 A dynamical model for buoyancy cyanobac 

teria

The general model (Belov & Wiltshire, 1995) is comprised of seven differential 

and integro-partial differential equations for the quantities listed above. The seven 

equations provide for cyanobacteria development in the upper reaches of the water 

column, where incident solar radiation enables photosynthesis to take place.

In common with well known models (Okada & Aiba, 1983a; Okada & Aiba, 

1983b; Kromkamp &: Walsby, 1990; Sherman &; Webster, 1994; Howard et al, 

1995), it is assumed that a modified Stoke's Law can be applied to the cell to 

derive the cell's buoyant (vertical) velocity, due to a density differential with the 

surrounding water, and that the cell density can be described by an equation of 

a semi-empirical nature. The equation for cyanobacterial cell density is central 

to the modelling of a cyanobacteria population since the regulation of cell buoy 

ancy is fundamental to the understanding of the behavioural characteristics of 

cyanobacteria as opposed to green or red algae (Reynolds, 1987).

In the model's most general form, it is time dependent and three-dimensional. 

For the work in this thesis, though, the discussion is limited to the one-dimensional, 

vertical, case for reasons that are discussed in section 3.3. The model accounts for
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nutrient cycling and dispersion in the water column, spectral radiation transfer 

and thermal convection through the water column.

3.3 Description of the model's equations

The six differential and one integro-differential equations are for a three- 

dimensional space. The model presented in Belov & Wiltshire, 1995, and further 

discussed in Belov & Giles, 1997, has two of the spatial variables suppressed; to 

leave only vertical depth and time as the independent variables. This is done 

since cyanobacteria regulate their vertical movement through changes in buoy 

ancy. Lateral movement occurs only when the cell becomes entrained in the water 

body (Reynolds, 1987); thus the cyanobacterial cell has no control over this.

3.3.1 Cell buoyant velocity

The buoyant velocity, vs (x, £), in terms of vertical distance x and time t, of the 

cyanobacterial cell, or cell unit 1 , based on Stokes' Law, is given by,

,t)-ff), (3.2)

where g is the acceleration due to gravity, Vc is the volume of the cell, or cell unit, 

77 is the viscosity of the water, p' is the density of the water, which could depend 

on temperature, and kD is the shape drag factor for the cell body. This factor can 

vary between kp = 1   10 (Reynolds et a/., 1987).

J by cell unit, it is meant the "ball" of cell's, that some filamentous cyanobacteria tend to 
form.
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3.3.2 Cell density

The cyanobacterial cell density, p(x,t], is based on the fact that density is the 

ratio of mass to volume,

(3 '3)

where e = e(t, c) and r are parameters which characterise the maximum relative 

increase in the amount of carbohydrate and non-dimensional cell expansion due 

to gas vesicle formation. The parametric functions fi and /2 describe gas vesicle 

production and carbohydrate production, respectively. These functions are de 

termined with regard to the particular cyanobacterium being modelled. G is the 

total physiologically active light radiation (PAR) and c is the available nutrient 

concentration.

3.3.3 Algal population density

The algal population density distribution, n(x, t), within the water column is based 

on the general conservation equation,

dn dJ
^ + ^ = /(».*'*),

where n is the material, J is the flux of the material and / represents the 

source/sink of the material in question. In our case n is the algal population 

density, J = n[vs + v], where v is the velocity of the water, defined in equation 

(3.7), and / = S — L, where S and L are parametric functions for cell production 

and cell decay respectively. Putting these together yields the algal population 

density distribution equation,

^ + -j- {n(x, t)[v.(x, t) + v(x, t)}} = S {G, c- n} - L(x, t), (3.4) 
ot ox
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similar to the conservation equation for population dynamics given in Murray, 

1989, but including a spatial term. It should be noted that the functions for cell 

production and decay should take into consideration the available light resources 

(PAR) and available nutrients.

3.3.4 Nutrient concentration

The distribution of nutrients, c(x,t), within the water column is given by the 

advection-diffusion equation,

t + « (*"l = I ("!) +«<*.*) -M*,*), (3.5)
where D is the diffusion coefficient of the nutrient compounds in the water, and Pc 

and Ac are functions describing the rate of input and consumption of the nutrient 

compounds in the system. Both Pc and Ac will be modulated by the incident light 

radiation and though the main nutrient production will be at the bottom of the 

water column, it is possible to assume that the main nutrient input will be from 

the reservoir boundaries (Belov & Wiltshire, 1995).

3.3.5 Temperature distribution

A large natural water body will generally undergo only small changes in its tem 

perature over a period of time. Thus it is appropriate to find the temperature 

distribution, T1 , within such a water body using the Boussinesque equation for 

temperature differential,

(3 - 6)
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where T'(x, t) = T(x, t)—To(x} is the alteration from the equilibrium temperature 

profile in the water column, Q is the heat source produced by the heating effect 

of incident light radiation and % is the thermal diffusivity of the water. It should 

be noted that this equation is only valid for small T".

3.3.6 Water velocity

The convective velocity, v(x, t), of the water is given by the Boussinesque equation 

for motion in the presence of a small temperature gradient that causes convection,

dv . ,dv d (p'\ 77 d2 v

where rj and j3 are the viscosity and isobaric coefficient of thermal expansion of the 

water, respectively, p' is the density of the water and p' is the pressure alteration 

due to the temperature change in the water.

3.3.7 Equation of radiative transfer

The equation of radiative transfer (ERT) for a plane parallel media with azimuthal 

symmetry is given by,

(3.8)
dx

where v is the frequency of incident radiation, ^ = cos 0, the cosine of the angle, 0, 

to the direction of the incident radiation, /?  is the spectral extinction coefficient, 

u)v is the spectral albedo and p(fj,, p!} is the scattering phase function of the media, 

that, in this case consists of the water body, including the water itself, and all 

dissolved and suspended components such as the cyanobacteria (Chandrasekhar,
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1960; Ozisik, 1973). An outline derivation of this equation is given in Chapter 4. 

The PAR quantity, G, is denned by,

G(x,t) = 2?r I kl I Iv (x,n;t)d/Lidv, (3.9) 

where kcv is the spectral absorption coefficient of the cyanobacterial cell.

3.4 Interdependence of model variables

The set of partial and integro-partial differential equations outlined in the previ 

ous section (3.3) are highly coupled. The major variable interdependencies, both 

explicit and implicit, are shown in Figure 3.1.

The explicit couplings within the equation set (3.2)-(3.9) are clear. The im 

plicit couplings, though, require further investigation. For example, consider the 

relationship between G, the PAR, and n, the algal population density. It is rea 

sonable to expect that the algal population density will have a dependence on 

the incident light irradiation. In this respect the coupling is two-fold. First, the 

population density depends on the individual cell density through the cell buoyant 

velocity; the primary driving force in cyanobacterial population density, discussed 

in detail in chapters 2 and 5, and strongly coupled with the physiologically active 

radiation. Second, the cell production function, 51 , in equation (3.4) will depend 

on the PAR for general cell population growth.

What is not clear on first inspection, though, is the role the algal population 

density plays in the determination of the physiologically active light radiation. 

The equation of radiative transfer (3.8) expresses the incident light radiation for 

in terms of a number of parameters; the spectral extinction coefficient, the spectral 

albedo and the phase scattering function. These three parameters will change
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P n

Explicit dependence on 

Implicit dependence on

Figure 3.1: Variable dependencies within the cyanobacterial population model
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depending on the quantity of cyanobacterium present in the water column and 

hence have a dependence on depth, x, through the algal population density n(x, t). 

Once the incident light radiation is found, it is convoluted with the spectral absorp 

tion coefficient to give the PAR (3.9). The properties of this important equation 

are discussed further in Chapter 4 where a series of approximate solutions for the 

PAR are found and the coupling between the spectral extinction coefficient, the 

spectral albedo and depth is addressed.

Thus, it can be seen that the problem of finding a solution to this highly 

coupled set of equations is not straightforward. In order for the tractability of the 

problem to be improved, it is necessary to make physically based simplifications 

that "break" the interdependence of the model variables. These simplifications to 

the model should then be justified and not detract from the applicability of the 

model.

3.5 Cyanobacteria in an isothermal eutrophic 

lake - The four variable model

The work described in this thesis focuses on the buoyant properties of cyanobac- 

teria, its spectral interaction with solar radiation and the vertical stability of the 

cyanobacteria distribution within the water column. For this analysis we take 

depth, x, and time, £, as the independent variables. The cyanobacteria popula 

tion is then considered in a calm, v = const = 0, nutrient saturated, c = const, 

isothermal, T' = const, water column so that light is the only external limiting 

factor (Belov & Giles, 1997; Sherman & Webster, 1994). The equation set for this 

environmental state then becomes (3.2)-(3.4) together with (3.8)-(3.9). A variable 

interdependence diagram appropriate to this equation set is shown in Figure (3.2),
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where the spectral coefficients have also been considered as constants.

Prom this diagram, it can be seen that under the specified conditions the 

model's complexity is reduced substantially, though interdependencies still exist 

between the remaining model variables. Since we have assumed that the spectral 

coefficients are constant (it will be shown in chapter 4 that this is a valid assump 

tion under certain environmental conditions), the spectral radiation intensity, I,,, 

can be found and hence the physiologically active radiation, G.

This result can then be used in conjunction with equations (3.2)-(3.4) to find 

the algal population density in the water column, n. This is explained in more 

detail in chapter 6, and solutions for the model in this context are derived together 

with illustrated results.

3.6 Initial and boundary conditions

So far, in this chapter, a series of differential equations have been given for the 

modelling of a population of buoyant cyanobacteria in a water column but the 

appropriate initial and/or boundary conditions have not yet been discussed. Since 

the work in this thesis concentrates on the four variable system outlined in the 

previous section, the initial and boundary conditions for this system are discussed 

in detail first, then, some consideration is given to the remaining equations.

In order to find a particular solution for the isothermal, eutrophic case of 

cyanobacteria development we need to complement the equation set with initial 

and boundary conditions. Thus, for the equation set (3.2)-(3.4) and (3.8) only 

equations (3.4) and (3.8), those for algal population density and spectral radiation 

intensity, require boundary conditions.

The boundary condition for the algal population density equation takes the
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No longer coupled
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>* Implicit dependence on

Figure 3.2: Variable dependencies within the cyanobacterial population model for 
the four variable system
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form,

n(x,Q) = n0 (x), (3.10)

where HQ(X} is the initial population density profile of the algae. This will be 

discussed in more detail in chapter 6.

The boundary conditions for the equation of radiative transfer (ERT) represent 

the light field at the top of the water column and the bottom of the water column, 

and are given by,

! (<), /i) =7^, 0<^<1
(3.11) 

Iv (ro t fj) =0, -1<//<0

where IVQ represents the incident light irradiation at the water surface and r0 is the 

optical depth, defined in chapter 4, of the water column (Chandrasekhar, 1960; 

Ozisik, 1973). An in depth discussion of this is given in chapter 4.

3.7 The toxicity equation

The original model proposed in Belov &: Wiltshire, 1995, addressed the dynamics of 

a developing cyanobacteria population. They did not, though, include an equation 

to describe the release of toxins into the water body. Belov, 1998, proposed that 

the following non-homogeneous diffusion equation could be used with this aim,

^ = -j- (W)f^ + P(x, t) ~ W, (3.12) 
dt dx \ ox J

with initial/boundary conditions,

d<?
=0 ' (

_0X — Ujt
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where s is the toxin concentration in the water, ks (x) is the diffusion coefficient of 

the toxins in the water, P is the source function for toxin release into the water by 

the cyanobacteria and fj,s is the rate constant for toxin decay in the water. This, 

again, is an application of the general conservation equation given in section 3.3.3. 

This time, though, the flux is given by J = ks (x)^ and the source/sink function 

is / = P(x,t} — (j,*s with initial/boundary conditions that are a combination of 

Dirichlet and Neumann conditions; often referred to as Robin conditions.

The diffusion coefficient of the toxins in the water column, ks (x), is not a 

constant and is dependent on depth (Imberger & Hamblin, 1982). This will be 

discussed further in the chapter 8.

The inclusion of a toxin release equation within the model does not introduce 

further equation coupling problems into the model since toxin production does 

not have a feedback effect on the development of the Cyanobacterial population.

3.8 Review

The dynamical model for cyanobacteria development proposed by Belov fe Wilt 

shire, 1995, consists of seven partial and integro-partial differential equations (3.2)- 

(3.8). These equations are highly coupled and, thus, it is necessary to de-couple 

the equation set to a system that can be explicitly solved. It is suggested in Belov 

& Giles, 1997, that by reducing the system to four variables an equation set that 

is less coupled, but importantly still ecologically relevant, can be used to find 

solutions for the algal population density.

This is important for two reasons. First, a solution for algal population density 

is the first step in producing a valid model for Cyanobacterial population develop 

ment that will provide an insight into population trends within this community 

and allow preventitive action to take place.
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Second, the solution for algal population density can be linked, through the 

source function of the toxin release equation (3.12), to toxin release. This will then 

allow the toxin content of a water body to be modelled in conjunction with the 

developing algal population and, again, allow future understanding of this process.

It follows that we will determine an explicit solution for cyanobacterial pop 

ulation density distribution, taking into account the buoyancy properties of the 

species, in an isothermal, calm, nutrient saturated water body and, hence, couple 

this solution with the equation for toxin release and determine a toxin development 

profile for the cyanobacterial population.
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Cyanobacteria, as living organisms, interact with the environment in which they 

occur in a number of ways. In the context of modelling the population development 

of buoyant cyanobacteria, this interaction can be categorised in the following way,

  Impact of incident light irradiation and the equation of radiative transfer; 

and

  Limnological aspects of the water column including the effect of wind stress 

on mixing within the water column, water temperature, pH level, composi 

tion of dissolved minerals and other factors which affect the development of 

cyanobacteria.

where the emphasis is put on the impact of incident light irradiation since this 

directly affects cyanobacterial cell buoynacy, the distinguishing factor when com 

paring cyanobacteria to other algal generas.

This chapter begins with a discussion of the equation of radiative transfer 

(ERT) and its relevance to the modelling of buoyant cyanobacteria. A number 

of methods for finding approximate solutions to equation (3.8) are given. These 

can then be used to find the PAR defined in equation (3.9). This is done by first 

expressing equation (3.9) in terms of incident spectral radiation, G>, defined in 

equation (4.20) and, then, finding this quantity as a consequence of the methods 

of solution of equation (3.8).

Then, a small section discussing possible ways of accounting for the other 

factors mentioned in the second item above is included.

4.1 The equation of radiative transfer

Cyanobacteria have similar light requirements to other photoautropic plankton, 

though they are able to survive and thrive in conditions of lower light intensity
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A (rim)
440
675

K, (m J )
0.0145
0.440

a (m-1 )

0.0049
0.00075

(3 = K + a (m" 1 )
0.0194
0.44075

u = cr/P
0.2526
0.0017

Table 4.1: Relationship between the spectral extinction coefficient and the spectral 
albedo at the biologically active wavelengths

than other algae (Reynolds & Walsby, 1975). Not all of the incident light field 

is important for algal productivity, only the photosynthetically active radiation. 

This has a wavelength range of 400ran to JOOnm. The photosynthetically active 

radiation is differentially attenuated in the water column, due to absorption and 

scattering by both the water molecules and suspended material.

Examining the photo-absorption spectra for phytoplankton shows two distinct 

peaks, one at 440nm and the other at 675nm (Mobley, 1994). This suggests 

that these are the most physiologically active wavelengths of light, with respect 

to phytoplankton. From the data presented in Mobley, 1994, for the absorption 

coefficient, KV , and the scattering coefficient, ov, of pure sea water over a range of 

wavelengths, it is possible to determine the spectral extinction coefficient, /3V , and 

the spectral albedo, uv , at these wavelengths using the following relationships. 

The spectral extinction coefficient is the sum of the absorption coefficient and the 

scattering coefficient (/?  = KV + ov } and the spectral albedo is the ratio of the 

scattering coefficient to the extinction coefficient (uv = j^]. For the two biolog 

ically active wavelengths, 440nm and 675nm, these calculations are presented in 

Table 4.1.

From the table, it can clearly be seen that the spectral extinction coefficient 

and the spectral albedo at these two important frequencies are very different and, 

thus, the radiative transfer of light through the water at the two frequencies will 

have different characteristics.

38



Chapter 4. Environmental Conditions for Cyanobacterial Development______

The non-homogeneous nature of vacuolate Cyanobacterial cells makes light 

scattering more efficient than scattering by other organic and non-organic parti 

cles made from optically homogeneous material. Indeed, laboratory measurements 

have demonstrated that approximately 90% of scattered light by suspension of the 

vacuolate Anabaena flos-aquae decreased when vacuoles were collapsed by pres 

sure (Van Liere &; Walsby, 1982). The scattered light can then be used by other 

bacterial cells to continue with their photosynthesis.

In order to attempt to account for the spectral absorption properties of 

cyanobacteria, the influence of depletion and the attenuation of the composition 

of the photosynthetically active radiation in the water column, it is necessary to 

consider the problem of monochromatic radiation transfer in the heterogeneous 

water column. Then once a series of 7,,'s have been determined, equation (3.9) 

can be used. The PAR can then be applied to the cyanobacteria model, enabling 

variations in the spectral composition of light at varying depths to be taken into 

account.

The equation of radiative transfer (3.8) governs the radiative transfer of light, 

frequency */, through any transparent body. With an appropriate choice of bound 

ary conditions and optical property values for the albedo, cjv , and the absorption 

coefficient, /? , it gives the ability to predict the underwater irradiance distribution. 

There are many methods of approximate solution of this equation that assume 

various limiting conditions or symmetry. A number of which will be discussed 

further.

4.1.1 Derivation of the equation of radiative transfer

The equation of radiative transfer (ERT) for participating media can be derived 

in the following way (Ozisik, 1973). First, consider a beam of monochromatic
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radiation of intensity Iv (s, &, t) travelling through a medium in the direction fi 

and along a path s. Choose a right-angled cylinder of cross-section dA and length 

ds about position s as the elemental volume (Figure 4.1).

dA

ds

dlv

Figure 4.1: Pencil of radiation used in derivation of equation of radiative transfer

If Iv (s, fi, t) is the intensity at s and Iv (s, £7, t) + dlv is the intensity at s + ds, 

where dlv represents the net increase in the spectral intensity, then the quantity,

(4.1)dlv (s, fl, t) dA d$l dv dt,

is the difference in the radiative energy crossing the surfaces dA at s and s + ds in 

the time interval dt about t, in the frequency interval dv about v, and contained 

in an element of solid angle d£l about the direction fi.

Next, let Ev be the net gain of radiative energy in a volume element per unit 

volume, per unit time about t, per unit frequency about v and per solid angle 

about the direction fi, then the quantity,

(4.2)Ev dA ds dQ dv dt,

represents the net gain of radiative energy by a beam contained in an element of
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solid angle d£l about f2, in the time and frequency intervals dt and dv, and in 

a cylindrical element of volume dA ds. Then, equations (4.1) and (4.2) can be

equated to give,
*!•>(*&*) _—— & —— ~ Ev . (4.3)

Now, let c be the speed of propagation of the radiation in the the medium so that 

the distance travelled by the beam is ds = c dt and, further, let the direction f2 

lie along the path s. Then, equation (4.3) can be written in the form,

where -j-g denotes differentiation along the path 5.

To complete this stage of the derivation of the equation of radiative transfer, 

it is necessary to derive an explicit expression for the net gain of radiative energy 

(£? ). Consider an absorbing and scattering medium characterised by a spectral 

absorption coefficient KV and spectral scattering coefficient av . In the context of 

the problem of cyanobacterial population modelling we assume that the water 

body and the suspended content of the water body do not emit spectral radiation 

into the spectral field.

The quantity Ev can then be written as,

Ev = Ei - E0 - Ea , (4.5)

a sum of absorption, Ea , in-scattering, Ei, and out-scattering, E0 , by the medium.

The first term represents the gain in radiant energy by the beam due to incident

radiation on the matter that is then scattered by the matter in the direction fi

per unit volume, time, solid angle and frequency. For purely coherent scattering
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and an isotropic medium it is given by (Chandrasekhar, 1960),

(4.6)

where 17'   f2 is the cosine of the angle between the incident and scattered radiation. 

The second term, E0 , quantifies the loss of radiant energy from the beam due 

to scattering, by the matter, per unit volume, time, solid angle and frequency, out 

of the direction fi, and is given by,

(4.7)

The final term, Ea represents the loss of radiant energy due to absorption by 

the matter, and once again this is per unit volume, time, solid angle and frequency. 

This is given by,

Ea = Kv (s)Iv (s,to,t). (4.8)

Equations (4. 5)- (4. 8) can now be substituted into equation (4.4) to give the 

equation of radiative transfer,

where the term ~jfr is neglected since the speed of propagation, c, of the radi 

ation in the medium is large, in most cases, when compared to the other terms. 

This equation can then be re-arranged to give the commonly used quantities, the 

spectral extinction coefficient, /? ($), and the spectral albedo, o»v (s),

(4.10)I -* I/ \«-' ) w-j" I , •—— IS \*- / f f \~ ~ --/—V\~T --}-/---- J \ "/

as
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where 0v (a) = wv(a) + « («) and uv (a) = g$j.

This equation is still in the general three-dimensional spatial form. For our 

problem, that of light transfer within a water column, which is one-dimensional 

it is necessary to further modify the equation. Consider the coordinate system 

shown in Figure 4.2, where s is a length measured along a direction fi (without 

loss of generality we may assume that fi is a unit vector) and 9 is the polar angle 

between the direction fi and the positive ox axis.

Figure 4.2: Coordinates of the plane parallel system (Ozisik, 1973)

Next, if the medium is considered to be stratified in planes perpendicular to 

the ox axis so that in each of these planes the radiative properties are uniform, 

the derivative Jj can be expressed in terms of the derivative in the direction of x 

only, since the derivatives with respect to y and z will be zero. Thus,

d d dx d
ds dx ds dx '

(4.11)

where // is the cosine of the angle 0 between the direction of the beam, fi, and the
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ox axis. Equation (4.10) then becomes,

1 dlv I f27r r 1 , 
JuZjP'd^ + ^fo P> $> *) = ^"fc) /0> =0 J » =_ 1 PM/i/(z,/^, ^ ,

(4.12)

where 0 is the azimuthal angle in the polar representation of fi and //0 is the 

cosine of the angle between the directions of the incident and scattered rays. A 

relationship for fj,0 in terms of ju, //, 0 and (f> can be derived in the following way,

- //2 cos(0 - 0'). (4.13)

Again, since we are considering a one-dimensional water column, we assume 

that the radiative transfer will be azimuthally symmetric, then, Iv and p will be 

independent of 0 and the integral with respect to 0 can be done. This gives,

v (x,^,t) = -j- J t pfan^IvfafjtrfdfjL, (4.14)-^-fJt-Q^

which is the equation previously discussed in chapter 3 and labelled (3.8).

In the study of the ERT, rather than use depth, it is common to use a quantity 

called optical depth, r. This is denned by,

dr = J3v dx, (4.15) 

Then equation (4.14) can be re- written as,

)fi =-1
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4.1.2 Source- free, non-scattering media

For the idealised case of a source free, non-scattering media (uiv = 0) the equation 

of radiative transfer (3.8) reduces to,

j/-^^- + I,(x^} = ^ (4.17) 

which on integrating gives,

/ (*, A*) = WA*) exp - , (4.18)
\ ^ J

where / ((), //) = IVQ(^}. This result is know as the Bouguer-Beer law.

If one considers incident light radiation which travels only in the vertical di 

rection, then it will always do so since no scattering takes place to change the 

direction of propagation. This gives p, — cos 9 = 1 at all depths, and equation 

(4.18) will become,

Iv (x) = IVQ exp(-#,a;). (4.19)

This solution has been widely used in other cyanobacteria models (Kromkamp 

& Walsby, 1990; Howard, 1993; Visser et al., 1997) to describe the light radiation 

field in the water body.

Unfortunately water is not an ideal medium and scattering does take place. 

This is caused by the water molecules, the cyanobacteria and any suspended mat 

ter in the water column. The effect of this scattering in the overall context of 

a cyanobacterial growth model is not clear, but as spectral radiation is the driv 

ing force behind cyanobacterial buoyancy and growth, it is prudent to investigate 

further.

When scattering is considered, the albedo has a non-zero value, in fact
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0 < <jjv < 1. A solution to the complete equation (3.8) is required. This equation is 

a integro-differential equation; to ease the solution of this a number of approximate 

methods have been developed. These methods are well established in the literature 

and several approaches to solving equation (3.8) are described in the following

sections.

4.1.3 Approximate methods of solution; the Eddington ap 

proximation

The Eddington approximation (Eddington, 1960; Ozisik, 1973) was one of the 

earliest methods developed to derive an approximate solution to the equation of 

radiative transfer (3.8). The main idea behind the method is to introduce an ap 

proximation to the angular intensity which allows the original integro-differential 

equation to be reduced to an ordinary differential equation, which can be easily 

solved.

To aid the following analysis it is useful to define the following quantities. For 

radiation of frequency is, the incident spectral radiation is defined as,

Gv (r) = 2?r I Iv (r, /*) dp, (4.20)
J — 1

the net radiative flux as,

qv (r) = 27r M,(r, /z) dp., (4.21) 

and the radiation pressure as,

9-7T /  + !

Pv (r} = — n2Iv (r,tid^ (4.22)
C* J   1
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where c is the speed of propagation of the radiation within the media, and r is 

the optical depth defined in equation (4.15).

It is worth noting that if one substitutes equation (4.20) into the equation 

which defines PAR, (3.9), then that equation becomes,

(4.23)

To continue with the Eddington approximation we assume that the medium 

scatters light isotropically or evenly in all directions. The appropriate scattering 

kernel, p, for this is p(//,//) = 1; a conservative case of perfect scattering. The 

ERT then becomes,

(4.24)

Integrate both sides, first by 2?r /J 1̂ dp to give,

dq,
dr

r+i

= -(!-«; ) G,,, (4.25)

and then by 2?r /_ a p, dp, to give,

c^ = -?,- (4-26) 
ar

Now consider splitting the radiation intensity, IV (T,[J,}, into forward and fazcfc- 

ward components,

IV(T,H) =
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which allows equations (4.20) and (4.22) to be written as,

Gv (r) = 27T (^ I~(r, /j) dp + fQ + I+(T, /i) dj*) , (4.28) 

and,

PV (T) = 27T i ju2 /- (r, //) d/i + Q ^I+(r, p) d . (4.29)

Eddington's proposal, which is the basis of this method, is to assume the 

radiation intensity is evenly distributed in all directions and thus I~(r,fj,) and 

7+(r, /x) can be treated as quantities which are independent of//. Equations (4.28) 

and (4.29) are then integrated to give,

G,(r)=27r(/-(r)+/+(r)), (4.30) 

and,

(4.31) 

From this it is straightforward to derive the approximation,

Pv (r) = —GV (T), (4.32)

and further use this to eliminate PV (T] and qv (r) from (4.25) and (4.26) to give a 

second order ordinary differential equation for G,/(T),

(4.33)
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which can be solved to give,

("V73 ( l ~ ^)) r' <" 

where C\ and Ca are constants to be determined from the boundary conditions of 

the problem in question.

4.1.4 Approximate methods of solution; the Spherical 

Harmonics approximation

The method of spherical harmonics was first suggested by Jeans, 1917. It can 

be employed to find a higher-order approximation to the ERT (3.8). Both the 

phase scattering function, p(/^, //), and the radiation intensity are assumed to be 

expandable as series of Legendre polynomials. The scattering function is expanded 

in the following way (Chandrasekhar, 1960),

00

, /*') = £ (2n + 1) fnPn (»}Pn(»'), fo = 1, (4-35)
n=0

where the choice of the coefficients, / , allows for different types of scattering to 

be described. Two examples of which are isotropic scattering, /0 = 1 and /  = 

0, Vn > 1, and linearly anisotropic scattering, /0 = 1, /i = ai and /  = 0,Vn > 2. 

Linearly anisotropic scattering is important as this is the type of scattering which 

takes place when there are randomly spaced and randomly oriented, large, particles 

suspended in the water. By large, it is meant that the particles are of a size that 

is greater than the wavelength of the incident light radiation. This is indeed the 

case for cyanobacteria, which have a size of the order of 10/^m (Mobley, 1994).
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The radiation intensity is expanded as,

£ Pm(^m (r}. (4.36)
m=0 *n

Thus if one can determine the series of \Pm functions, then the radiation in 

tensity will be known. To do this the following method is used, substitute (4.35) 

and (4.36) into the ERT (3.8) to give,

, , 00 00 
U>v«/!./   -,. & 11 b |  J. , \ f \ I

then noting the orthogonal nature of the Legendre polynomials, this reduces to,

m=0 m=Q
(4.38) 

Bonnet's recursion formula (Kreysig, 1988),

(m + l)Pm+1 (M)] , (4.39)

can be applied to //Pm (/^), which yields, on further re-arrangement,

(m + l) +l + m7 + (2m + 1)(1 - o;^)^ Pm (/i) = 0.
m \ dr dT /

(4.40)

Thus for the left hand side to be identically zero, it follows that the bracketed 

term should be zero. This gives an infinite set of coupled ordinary differential
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equations for the functions ^m (r), where m = 0, 1, ...,

(m + l)^ l(T) + m d* l(T) + (2m + 1)(1 - a,v fn)Vm = 0, (4.41)

and \I>_i = 0.

In order to find a solution only a finite number of equations are considered. 

Usually, this is denoted the P/y'th approximation. Only a subset of the infinite set 

of ordinary differential equations, for m = Q..N, are solved and the term d**+i(T) 

found in the last equation, is discarded.

One result of note is that when the expansion, in Legendre polynomials, of the 

radiation intensity (4.36) is substituted into the equation for incident radiation 

(4.20),

Gv (r] =
J ~ 1 m=0

= *O(T). (4.42) 

Therefore, in the context of this work it is only necessary to determine \Po (T).

PI Approximation; Isotropic Scattering

For the PI approximation only the equations m = 0,1 are considered. The system 

of ordinary differential equations then becomes,

dr ' v ~ ° ~ '

^ + 3*t = 0, (4.43)

where /0 = 1, and /m = 0 Vm > 1 since isotropic scattering is being considered. 

This system can be reduced to a second order differential equation for \& 0 and
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solved,

(4.44)

which yields the general solution,

exp (J3 (I - vv)) r + C2 exp (-J3 (1 - uv )) r, uv < 1
(4.45)

where C\ and C-2 are constants dependent on the boundary conditions. The so 

lution can be seen to be identical to equation (4.34); the solution for isotropic 

scattering derived from the Eddington approximation. It is also worth noting 

that for the PI approximation IV (T,P,) can be written,

(4.46)

and that for the isotropic scattering case, using the second equation of (4.43) gives,

GV (T) - dGv (r] 
1 dr (4.47)

j Approximation; Linearly Anisotropic Scattering

Again, as this is a PI approximation, only equations for m = 0, 1 are considered. 

For linearly anisotropic scattering the kernel is given by p(yn, //) = ! + 3ai/^i'. 

Then /o = 1 5 /i   ai and /m = 0 Vm > 2. The subset of ordinary differential 

equations thus becomes,

= 0,

- 0, (4.48)
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which, using a similar procedure to that of the last section, gives,

- 3(1 - aiw,,)(l - wJVo = 0, (4.49) 

and a general solution of,

exp (J3ai (1 - uv)) r + C2 exp (-Jfai (I - w,,)) r, av < 1,

(4.50)

where ot.\ = (1   aiWj,). Ci and C*2 are constants which depend on the boundary 

conditions of the problem and GV(T) = ^Q(T) as before (4.42).

PZ Approximation; Isotropic Scattering

The P2 approximation considers equations for m = 0, 1, 2. This time the term for 

the first derivative of ^3 is discarded. The system of equations to be solved is 

now,

(I - u>JV0 = 0,

^0+3^ = 0, dr
= 0, (4.51)ar

where /0 = 1, and fm = 0 Vm > 1 since isotropic scattering is being considered. 

Once again a solution for \I/o can be found by a process of differentiation and 

substitution, this then gives the general solution,

(r) = dexp

_s~i I_________expf i/15i___  IT) (452)
V (9   4uO (1   Wy) V V ^   4tjj// y
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and C\ and C^ are constants dependent on the boundary conditions of the problem 

and G>(r) = ^0 (r) as before (4.42).

4.1.5 Boundary conditions

The approximate solutions derived for the ERT need completing by the application 

of a suitable boundary condition to determine the unknown coefficients that are 

present in the solution.

Mark's Method

This section will demonstrate the application of Mark's Method (Ozisik, 1973) to 

the PI isotropic solution (4.45) for the case <jjv < 1.

Consider the boundary condition, given in chapter 3, but repeated here for

clarity,

7V (0,//) =J,o, M>0,
(4.53)

^(T0 ,At) =0, n < 0,

which, as previously discussed, could be used in the context of the lake environ 

ment. Then Mark's method involves satisfying these conditions for a value of p 

determined by the positive solution to the Legendre polynomial of one order higher 

than that of the approximation, i.e. for the PI approximation, the positive root 

of Pi(p,} = 0 is found; n = -^.

Substitution of equation (4.47) into the boundary conditions (4.53) with /j, = 

-4= yields the system of equations,

= /„<), (4-54)
T=0

= 0,
T=TO
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which can be used to determine the constants, C\ and Cz, in equation (4.45). The 

resulting solution for Gv (r) is,

(l + VI - w») exp [a (TQ - T)} - (l - ^1 - wv) exp [-a (r0 - r}] Gv (r) = 47^0^- ——— ———————— ) ——— (, ——————— i —— ,
^1 + v'l-uv) exp (ar0 ) - (1 - \/\ - uv) exp (—arQ )

______ (4-55) 
where a = y 3 (1 — ajv ).

Marshak's Method

An alternative method for applying the boundary conditions given by equation 

(4.53) was shown by Marshak (Marshak, 1947; Ozisik, 1973). Again, the solution 

derived here is for the PI isotropic case, with uv < 1. The method requires the 

following two integrals to be satisfied,

rl rl
I Iv (0,fj,)pd/j, = I I^ofj.dn, (4.56) yo JO

f°
\ /«,(T

J — 1
= 0.

Substituting of equation (4.47) into the system of equations (4.56) and inte 

grating allows the constants, C\ and C?, in equation (4.45) to be determined. The 

resulting solution for GV (T] is,

[a (TO - T)} - if>. exp [-a (TO - T)]————
exP aro ~ *>- exP -

where a = y/3 (1 - uv) and ij}± = 3 ± 2^/3(1 -a;,,).
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4.1.6 Applicability of the solutions to the ERT

In the solutions given above for equation of radiative transfer we have assumed 

the the spectral extinction coefficient, /?„ and the spectral albedo, wv are con 

stant. This is clearly not necessarily the case since, for example, the cyanobacte- 

rial content of the water column will vary with depth changing the water's optical 

properties.

By first considering the spectral extinction coefficient for the water column it 

is possible to show that the spectral albedo can be treated as a constant for the 

case when absorption by the cells is dominant. The spectral extinction coefficient 

for a water particle containing a Cyanobacterial cell is given by,

ftv CM) = KV (X) + (Qv + Qt] n(x,t), (4.58)

where Qv and Ql are the absorption and scattering coefficients of the Cyanobac 

terial cells and KU is the absorption coefficient of the water (including absorption 

by particulate matter). The spectral albedo is defined by,

Then,

!-<*;„ = 1 - -%-

(4.60)

where equation (4.58) has been used.

Then, if Qv 3> «V, the case when absorption by the Cyanobacterial cells is
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dominant over the absorption by the water itself,

and, hence, independent of depth, x.

4.2 Other biological factors

In this section factors other than light dependent buoyancy regulation are dis 

cussed. Whilst most of these factors are not employed in the four-equation model 

discussed in this thesis (see chapter 3 for reasons), they are important when the 

model is re-expanded to the original seven-equation system. They will also be 

needed for use in conjunction with the future work discussed in chapter 9.

According to Reynolds & Walsby, 1975, the optimal temperature range for 

bloom-forming cyanobacteria probably lies between 25°C and 35°C, though dif 

ferent species have different particular temperature preferences. For example, the 

growth rate for Anabaena flos-aquae has its most rapid increase between 10°C 

and 15°C whilst that for Microcystis aeruginosa is between 17 — 18°C. A more 

complete review of temperature dependence can be found in Reynolds, 1987.

Indeed, Reynolds, 1987, provides a comprehensive review of the factors that 

affect cyanobacterial growth. It is further stated that cyanobacterial blooms are 

generally associated with mildly alkaline, hard water and that evidence suggests 

that cyanobacteria are generally intolerant of water with a low pH (< 6) level 

whilst they thrive in water with a pH range of 7 • 5 — 9 • 0.

The direct effects of water temperature and pH could be included by modi 

fying parameter r and A, the cyanobacterial growth and decay rate, in the algal 

population density distribution equation (3.4). These terms would then become
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non-constant and solution for this equation would become more difficult to find. 

More comment on this is given in chapter 9 with regard to possible further work.

One final factor that it is necessary to consider in a complete model for a 

cyanobacterial population development is the water velocity itself. In the four- 

equation system, we assume that the water body is calm and so eliminate this 

factor. For a fuller model description it is necessary to consider both convection 

introduced by the heating and cooling of the water body and flow initiated by the 

wind.

The convective velocity of the water will occur because of the diurnal and 

seasonal heating and cooling of the water body. Further, Coriolis effects can be 

induced by the Earth's rotation. The effect of the wind on the water body is 

studied in Imberger & Hamblin, 1982, where information on the calculation of 

the depth of the so-called "mixed" layer is given. In this layer, the water can be 

considered completely mixed and it is likely that the effects of this mixing would 

overcome the buoyant velocity of the cyanobacterial cells and thus, they would 

become "entrained" in the water flow.

4.3 Review

The chapter begins by identifying and differentiating between two areas of inter 

action of the cyanobacterium, as living organisms, and the environment in which 

they exist. The first of these is the impact of incident light irradiation. This de 

rives its importance from the fact that buoyant water born cyanobacteria regulate 

their buoyancy and hence their position within the water column in relation to 

the received light irradiance.

The first section of the chapter discusses how the equation of radiative transfer 

can be applied to the cyanobacterial population model and identifies the important
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light frequencies with respect to the cyanobacterial cell. A standard derivation of 

the equation of radiative transfer is given and a number of methods of approxi 

mate solution are demonstrated, together with methods for applying the necessary 

boundary conditions. Finally, in this section, though the spectral coefficients will 

not necessarily be constant throughout the water column, it is demonstrated that 

the spectral albedo can indeed be considered approximately constant when the 

absorption by cyanobacterial cells dominates that of the water.

In the second section of the chapter a short discussion of the other factors that 

affect the growth and decay of a cyanobacterial population is given. Through a 

number of approximations, these factors are not developed in the four-equation 

system discussed in this thesis. The discussion is included, though, as a measure of 

completeness and the areas discussed are a good basis for further work as outlined 

in chapter 9.
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Modelling the Cell Buoyant 
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Gas vacuole presence and carbohydrate content are the two main regulators of the 

density of vacuolate cyanobacteria (Reynolds & Walsby, 1975). Production of car 

bohydrate by photosynthesis also affects the vesicle makeup of the cyanobacterial 

cell by increasing the cell's turgor pressure; more detail can be found in chapter 

2. A cell's ability to regulate density and consequently buoyancy in response to 

the intensity of received light irradiation gives the cyanobacteria the ability to use 

resources more efficiently than other phytoplankton.

This unique feature, of cyanobacteria, is central to the modelling of the devel 

opment of cells within the water body. When modelling the density change, it is 

important to include all processes that can alter the cell density. This includes 

carbohydrate and vesicle production and decrease. In an explicit mathematical 

model, the equation which represents these should be free from singularities since 

density change causes buoyancy variation that, in turn, determines the vertical 

motion of the cyanobacterial population.

Assuming that the cell, for its development, can find all the nutrients it needs 

dissolved in the water and, if one assumes that photosynthesis is the only limiting 

factor in buoyancy regulation, then this yields the definition of density as the ratio 

of cell mass to cell volume. This will allow us to separate the different mechanisms 

for carbohydrate accumulation and regulation of gas vesicle content. These are 

coupled with photosynthesis of glycogen and regulation of cell turgor pressure.

5.1 Cell mass

Scaling the density of the cyanobacterial cell to neutral buoyancy, i.e. the density 

of water, it is assumed that the mass of the cell is proportional to 1 + e/2 (G); so
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that the increase in cell mass obeys the Monod equation (Hallam, 1986),

l + e/2 (G) = l + e-JL_, (5.1)

where g = ^ is the relative PAR and e is the dimensionless parameter which 

defines the relative increase of mass at photosynthetically saturated irradiation.

5.2 Cell vesicle production

The change in cell volume as a result of gas vesicle formation is approximated by 

the function,

-ag), (5.2)

chosen to fit data for gas vesicle production presented in Deacon & Walsby, 1990. 

The parameter r is the relative maximal increase of cell volume at the optimal 

PAR,

r = 2.71^, (5.3)

and a is the dimensionless parameter which defines the optimal PAR level.

The parameter a is chosen so that the maximal buoyancy of the cell occurs at 

an irradiance of 30 p,mol cm~ 2 , this is in agreement with the results presented in 

Deacon & Walsby, 1990. These results were obtained from laboratory experiments 

on the cyanobacterium Microcystis sp., which, although quasi-static in nature, 

provide an important and quantitative insight into the mechanisms which regulate 

the light driven buoyancy of cyanobacteria.
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5.3 Cell density

It is now possible to find a density function which combines both a cell mass 

component and a cell vesicle production component by substituting equations 

(5.1) and (5.2) into equation (3.3) to give the cyanobacterial cell density, p,

p(x,t) = P' 7 v (5.4) 1 + rgexp(~ag)

an equation which obeys the mechanisms revealed by the quasi-static experiments 

of Deacon & Walsby, 1990. The parameter p' is the density of neutral buoyancy; 

in this case, the density of water.

There are three main hypotheses with regard to this equation (5.4) which 

should be outlined. These are,

1. the carbohydrate production occurs when the cells are irradiated; carbohy 

drate production obeys the Monod law;

2. the gas vacuole synthesis is a result of a decrease in irradiation; gas vacuoles 

are synthesised from stored protein and using photosynthetic energy; the 

gas vacuoles start to build up after the light intensity exceeds the threshold 

value and is coupled with carbohydrate production rate; with no gas vesicles 

the cell volume corresponds to the volume of the cell without buoyancy and 

density is determined by carbohydrate content in the cell; and

3. the processes driven by photo-irradiance responds instantaneously to changes 

in the incident light intensity; there is no explicit memory of previous irra- 

diance.

The last hypothesis is not immediately obvious and it must be born in mind 

that there is literature in which retardation of photo-response with respect to
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changes in irradiance has been measured to vary from minutes to hours (Ferris & 

Christian, 1991). At this early stage of the development of this model, to include 

a time delay mechanism would add an unnecessary complication. It is, though, 

something that should be considered and would form a basis for further work on 

the model.

The cell density of Microcystis aeruginosa shows a variation between the limits 

of -1.5% to +0.5% from the neutral buoyancy state (Reynolds, 1987). Other 

specimens cyanobacteria have been observed to show a variation of between - 

8% and +8.5% from the neutral buoyancy state (Reynolds et a/., 1987). The 

cyanobacterial density function, driven by the two mechanisms outlined previously 

and using equation (5.4), is illustrated in Figure 5.1.

The change of density is within the limits of density variation given by 

Reynolds, 1987. It has a maximum at the relative irradiance g — 1, which corre 

sponds to an intensity value of 30 (j,mol cm~ 2 . This is in-line with the results of 

Deacon & Walsby, 1990, and offers a new method of approximating the density of 

a cyanobacteria cell from the incident light irradiation.

The light driven cyanobacterial density is demonstrated in Figure 5.2, under a 

diurnal light cycle, with irradiance obeying the modified harmonic law,

("1 - 
= 9o ——— ~ — M , (5-5)

where g0 is the maximal light intensity, o> = ^, T = 1 day, is the diurnal frequency, 

and n = 7. Incident light irradiation is generally taken within the cyanobacterial 

modelling community as varying sinusoidally of the day. This is backed up by the 

experimental measurements in Ruiz-Suarez et al, 1994. Variations in the param 

eter n of equation (5.5) are shown in Figure 5.3. It can be seen that increasing n 

reduces the total light exposure and results in longer periods of darkness. Thus,
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Figure 5.1: Cyanobacterial cell density variation with respect to water body. Red 
line - non-dimensional cyanobacterial cell density, green line - production of gas 
vesicles, black line - production of carbohydrate.
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Figure 5.2: The diurnal cycle of cyanobacterial density. Top line - non-dimensional 
cell density. Bottom line - non-dimensional solar radiation
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Figure 5.3: Non-dimensional solar irradiation for various values of n. Red dots 
n — \. Blue line - n = 3. Green line/dots - n = 7.
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it is possible to use this parameter as a way of controlling light irradiation in 

accordance with seasonal variations.

Using a suitable mathematics package, e.g. Maple, it is possible to optimise the 

empirical parameters e and r of the density model by plotting a three dimensional 

graph in respect of radiation, g, and parameter, 6, as shown in Figure 5.4.

On a bright day, from equation (5.4) and the cyclic regime, it follows that 

the cyanobacteria, under this law, experience maximum buoyancy in the early 

morning and late evening. During the bright interval either side of midday the 

vesicles are suppressed by turgor pressure, and photosynthesis of carbohydrates 

is inhibited. This causes the cell density to decrease and sinking to take place. 

In the dark interval, at night, cells are neutrally buoyant with no photosynthesis 

taking place. Equation (5.4) does not account for the very small amount of gas 

vesicle formation which takes place at night due to the accumulation of energy 

and natural reserves within the cell (Deacon & Walsby, 1990).

5.4 Modelling other genera of cyanobacteria

The strains of cyanobacteria that alter their buoyancy in response to changes in 

illumination do so by varying their carbohydrate content and their gas vesicle 

content. Different genera, though, alter these factors in different quantities. For 

example, Oscillatoria and Anabaena generate appreciable amounts of gas vesicles 

while in Microcystis, gas vesicle content remains unchanged.

In Reynolds, 1987, the author distinguishes between a number of types of 

cyanobacterial buoyancy regulation. First, in the Oscillatoria genera, carbohy 

drate is accumulated at high light intensities which causes the cyanobacterium to 

sink slowly whence the carbohydrate content is decreased and the number of gas 

vesicles is increased. The gas vesicles are strong enough to withstand cell turgor
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Figure 5.4: The diurnal variation of cell density with respect to solar radiation 
and variation of mass increase coefficient
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pressure.

Second, the Anabaena strain regulates buoyancy by using cell turgor pressure 

to collapse the cell's gas vesicles which it is then able to produce at low irradiances 

whilst the cell's carbohydrate and protein is used as ballast. Third, Microcystis, 

which usually assembles in colonial form, regulates it buoyancy through carbohy 

drate production with gas vesicle content remaining fairly constant.

Finally, for cyanobacteria such as Synechococcus, which possess no gas vesicles 

and thus cannot be over buoyant, there 'is a reliance on thermal currents and 

turbulence to bring the cyanobacterium to the water surface in order for the cell 

to receive the required amount of light irradiation.

The function proposed for cell density, equation (5.4), can be used to model the 

different types of buoyancy regulation by varying parameters e, r and a. Further, 

it should be noted that in the current model it is assumed that the cell is neutrally 

buoyant in the absence of light (p = density of water). This may not be the case 

and there is scope for adjustment in this parameter as well as the three parameters 

previously mentioned.

5.5 Review

The chapter begins with a discussion about the necessity of considering the 

cyanobacterial cell's density when modelling a cyanobacterial population. In the 

literature it is stated that cyanobacterial cell buoyancy is central to modelling a 

population development in a water body and, thus, the chapter takes this idea 

and presents an equation based on quasi-static empirical evidence for cell density 

undergoing light irradiation.

This equation is in two parts. The first, for cell mass, is an application of the 

Monod equation. The second, and the more interesting part, is the equation for
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cell volume derived from the experiment work of Deacon & Walsby, 1990. These 

two equations are combined and the resulting equation for cell density is graphed 

in Figure 5.2 for a period of two days.

This equation undergoes diurnal cycling and is clearly dependent on the in 

tensity of the incident irradiation. These two facts will be used in the following 

chapter to propose a simplified expression for cell density that will then allow an 

analytic solution of the algal population density equation (3.4) to be found.

In the final section, a discussion is given on the variation in types of buoyancy 

regulation between genera of cyanobacteria. Unfortunately, the discussion is only 

qualitative in nature since the only quantitative data that is applicable to the 

buoyancy model is found in Deacon & Walsby, 1990.
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The equation set, for the algal population density, comprising of equations (3.2) 

- (3.4) and (3.8) are strongly coupled. Thus, it is difficult to find a solution for 

the algal population density distribution, n(x, t), directly from the complete set 

of equations, other than by numerical means. Though, numerically it is still a 

difficult problem due to the strong internal coupling of the equation set.

We want to find an analytic solution, in the first instance, since this should 

give us an a better understanding of the system and provide an insight into the 

behaviour of the equation set before proceeding with the development of a numer 

ical solution. It is necessary, therefore, to reduce the complexity of the equation 

set whilst keeping the resultant equation set as 'close' in generality to the original 

equation set as possible. The properties of the proposed set of equations can then 

be investigated.

6.1 Buoyancy approximations

An approximation is introduced for the cell buoyant velocity based on the work of 

the previous chapters. The cell density function was discussed in chapter 5, and 

it was found that the cell density and, thus, the cell buoyancy undergoes diurnal 

cycling due to the rise and fall of available light resources. During the day, it was 

found that the magnitude of the cycling declines with depth in broad obeyance of 

the Bouger-Beer law.

In order to ease the analysis of the four equation system a function for cell 

buoyant velocity, vs , which broadly incorporates the properties outlined above is 

introduced. This function allows the system to be reduced to one partial differen 

tial equation, for which an analytic solution is found.
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The cell buoyant velocity is taken to be,

vs (x, t) = VQ e- K(- h-^ cos(wt), (6.1)

where VQ is the cell velocity amplitude, u is the frequency of cycling, K is the 

optical attenuation and h is the depth of the lake. This incorporates the main 

physical features of the cyanobacteria cell density outlined in Chapter 5. Namely, 

it features exponential decay with an idealised diurnal variation in the buoyancy 

cycling.

The velocity amplitude, VQ, is estimated from the diurnal range of the cell 

density and applying the familiar Stokes' law in the following way. The equation 

for cell buoyant velocity is,

(6.2)

repeated from chapter 3 for completeness, where g is the acceleration due to grav 

ity, 9.81ms~2 , Vc is the volume of the cell, m3 , 77 is the viscosity of the water, kg 

m~l s~ 1 , r is the radius of the cell, m, p' is the density of the water, WOQkg m~ 3 , 

p is the density of the cell, kg m~3 , and k& is the coefficient of form resistance 

which is dependent of the shape of the cell. The last coefficient is introduced to 

allow non-spherical cells to be considered and can also be used for case where the 

genera of cyanobacteria being modelling is colonial in nature.

This gives the cell velocity in ms~l which is then converted to m day~ l for 

use in the model. To obtain the velocity amplitude, VQ, the following equation, a 

modified form of equation (6.2), is applied,

V0 = -f- max \p(x, t)-p'\, (6.3)
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which yields a value of,

VQ = 0.408 m day'1 , (6.4)

when applied to the data for Oscillatoria agardhii given in Kromkamp & Walsby, 

1990.

6.2 Solution for a non-degrading environment

The simplified expression for cell buoyant velocity, equation (6.1), can now be sub 

stituted into the partial differential equation for population biomass distribution, 

equation (3.4), together with the approximation,

d . . dn . . 
-(nvs)~vs-, (6.5)

since the term n$j£ will be small in most physical situations during cyanobacterial 

population development. This approximation will be investigated further, and 

justified when examining the development of the numerical solution in chapter 7. 

The following partial differential equation is then arrived at,

(wt)] = m(l - n) - Xn, (6.6)+ v0e--* cas

where the right part of (6.6), rn(l — n) — An, describes the growth and decay of 

the cyanobacteria in a non-degrading environment. That is setting the functions 

S and L of equation (3.4) to rn(l — n) and An, respectively. This expression is a 

form of the self-limiting growth process first proposed by Verhulst in 1836.

For the system to be complete a suitable boundary or initial condition should

75



Chapter 6. The De-coupled Equation for Cyanobacteria Population Density ___ 

be given. The initial condition, given in chapter 3, of the form,

n(x,Q) = no(x), (6.7)

is considered. This choice of initial condition, dependent on depth, allows solution 

to any number of scenarios providing an explicit function for no(x) can be found 

and assuming the rate of growth, r, and the rate of decay, A, are constants.

The analytic solution for the problem {6.6) - (6.7) is then found by applying 

the method of characteristics for first order partial differential equations in the 

following way. First, re-write equation (6.6) in 'characteristic' form,

dt _ ____ dx ____ _ ____ dn ____
T ~~ y0e~K(/l~x) cos(cji) ~~ rn(l - n) - \n' ^ ' '

Now, integrate the left and middle terms together to obtain a general equation for 

the set of characteristic curves of the PDE,

^ sm(ut) = --eK < h-^ + A, (6.9)
U! K

where A is constant for a given characteristic curve. Next, consider the (initial) 

point (ov,0) lying on such a characteristic curve, then the constant A can be 

determined. Once found, this can be substituted back into equation (6.9), and on 

re-arrangement this yields,

xr (x, t) = h - - In f^° sin^t) + e«(i-°ol . (6.10) 
fa L LU J

Next, the left term and rightmost term of equation (6.8) can be integrated together
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to give,

where B is to be determined. Since the point used to find the characteristic curve 

was an initial point (t = 0), then it follows that n = no(xr ) at this point from 

the initial condition (6.7). Substitution of this into equation (6.11) and further 

re- arrangement yields the solution,

, ,( '

where the suffix nd denotes non-degrading conditions.

The evolution of a cyanobacterial population concentration in a water column, 

under the assumption that the process can be modelled by equation (6.6), is shown 

in Figure 6.1 (x is depth in metres, t is time in days). The initial condition is given

by,

where B(p, q] is Euler's integral of the first kind (commonly referred to as the Beta 

function), and HQ(X) has been normalised and the parameters for the solution are 

r = 1/15 day" 1 , A = 1/30 day" 1 , K = O.lm" 1 and u> = In day" 1 . This function 

forms a "bell" shape with the maximal concentration approximately 3.5m below 

the water surface. Then, as time increases, the population density profile flattens 

between the depths of 4m and 6m.

6.3 Solution for a degrading environment

In the previous section algal population growth was considered under stable en 

vironmental conditions. It is possible, though, to account for variable growth
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0.5+

120 10

Figure 6.1: Population evolution in a non-degrading environment. Water column 
of depth h — 10m; x is in metres, t is in days and K = 0.1 m~l , r — 1/15 
day' 1 , A = 1/30 day~l and u = 2?r day'1 . Population density is in relative units, 
normalised to the initial cyanobacterial population in the water body.
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factors, such as nutrient availability and weather conditions, by modifying equa 

tion (6.6) and introducing a carrying capacity function, k(t). This function is 

used to simulate the varying environmental conditions. The modified population 

density equation is then given by,

__ ,„-<->cosM)]^=™(l-^)-An, (6.14)

and the analytic solution, for the same initial condition n(x,0) = nQ (x), is as 

follows,
F r~ /\ _ P(r-A)t /,,t)-e \rJQ

t (r-A)«

(6.15)k(u) n0 (z(x,t)} '

where the suffix dg signifies the degenerate environment and z(x, t) has been pre 

viously defined in equation (6.10).

One example of the many possible carrying capacity functions is given by,

where D is the exponent of the depletion rate and td is the characteristic depletion 

time. This carrying capacity function is step-wise in nature and is illustrated in 

Figure 6.2 with td = 40 days and D = 4. The function k(i), given by (6.16), 

could be used to model the transition from one season to another for example. 

The rate of change can be varied by increasing or decreasing D appropriately; 

with the value of D used in Figure 6.2 giving a smooth transition in a period of 

approximately 50 days.

The effect of introducing this type carrying capacity function is shown, by 

equation 6.15, in Figure 6.3 (x is depth in metres, t is time in days), with td = 60 

days and the transitional rate variable D = 4. The other parameters for the
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Figure 6.2: Carrying capacity function vs time
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solution are the same as for the non-degrading solution. It can be seen that 

not only does a decrease in nutrient availability cause the population growth to 

be slowed down, but with this solution a large decay in the population density 

occurs.

6.4 Review

The four coupled equations (3.2) - (3.4) and (3.8), for cyanobacterial population 

growth in a calm isothermal water body, are reduced to the single non-linear 

equation partial differential equation by the introduction of an approximation 

function for the cell buoyant velocity, equation (6.1), based on the work explained 

in chapter 5.

Two examples of this single equation are given. The first, equation (6.6), is for 

the case when the only resource limitation is from the growth of the cyanobacteria 

itself. An analytic solution for the PDE is presented, with the initial condition 

given by equation (6.13). Prom the resultant graph, plotted in Figure 6.1 for 

algal population density versus depth, it can be seen that after an initial period 

of growth, there is a spatial flattening of the population density distribution.

The second example of the de-coupled equation for algal population density 

is given by equation (6.14). In this equation a carrying capacity function is in 

troduced. The carrying capacity function is used to model a change in water 

conditions that are favourable/unfavourable to cyanobacteria growth such as a 

fall in available nutrients or an increase in water temperature. An example of a 

suitable carrying capacity function is given by equation (6.16), and a solution for 

equation (6.14) is given by (6.15).

Figure 6.3 is a plot of the resultant function including carrying capacity. This, 

again, shows a period of initial growth followed by a marked decrease in algal
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Figure 6.3: Population evolution in a degrading environment. The characteristic 
depletion time is td = 60 days and the depletion exponent is D = 4. The initial 
conditions are the same as in Figure 6.1
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population density corresponding to the degeneration of the water conditions mod 

elled by the carrying capacity function.

These two results give confidence that the complete equation for population 

dynamics, in an isothermal, calm water column, can account for growth and decay 

of a cyanobacterial population undergoing diurnal solar radiation cycling and non- 

constant environmental conditions.

Now that there is evidence that the population density equation can provide 

plausible results for the algal density distribution, the next chapter presents the 

development of a numerical scheme for evaluation of the algal density distribution 

using the equation for cell buoyant density derived in chapter 5 and given by (5.4). 

The results for the buoyant velocity derived from this density, by substitution of 

equation (5.4) into equation (3.2), can then be compared with the results for the 

approximation introduced in this chapter and conclusions on the appropriateness 

of that approximation can be drawn. This is done for both non-degenerate and 

degenerate environmental conditions.

The algal population density distributions derived in this chapter and the next 

are then applied to the toxin release model described in chapter 8, since the quan 

tity of toxin released into the water body will clearly be coupled to the quantity 

of cyanobacteria present within the water body.
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In the previous chapter an analytic solution was presented for the algal popula 

tion density distribution equation based on an approximation for the cell buoyant 

velocity given by (5.4). In this chapter a numerical scheme for rinding solutions 

to the algal population density distribution is developed. This will enable the full 

cell buoyant density function described in chapter 5 to be used.

7.1 The numerical method

The two more common families of methods for finding numerical solutions to par 

tial differential equations are the finite difference methods and the finite element 

methods. The population density equation being looked at in this case is spatially 

one-dimensional and over the domain of the solution there are no areas which 

could cause difficulties to arise. Thus, the extra complexity of the finite element 

methods, with their ability to tailor the accuracy of the solution for particular 

subsets of the solution space, are not required. The accuracy of the finite differ 

ence methods is sufficient in this case, and a numerical scheme from this family 

was chosen for the implementation.

For a first order, quasi-linear, hyperbolic partial differential equation of the 

form,
J 

a (n, x,t) — + b (n, x,i) — = c (n, x, t) , (7.1)

where a (n, x,t), b (n, x, t} and c (n, x, t) are functions of n, x and t, and a specified 

initial condition, Smith, 1985, outlines Wendroff's implicit approximation as one 

method of solution. This approximation is of second-order accuracy and is used 

as the basis for the following work.

Wendroff's implicit approximation for equation (7.1) is derived in the following 

way. Consider approximating (f£) p and (ff) p at the point P shown in Figure
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Figure 7.1: The grid for WendrofPs approximation, where k is the time step and 
h is the length step

7.1. This is achieved by the following approximations,

'dn\ 
,dt) P

I \(dn\ (dn - — + — (7.2)

and,
'dn\ 1 \(dn\ fdn\ * (7.3)

Then, to finish the approximation, the derivatives in equations (7.3) and (7.2) 

are themselves approximated by the central difference formulae and substituted 

back into equation (7.1) to give,

a(n,x,t) \nD -nA , nc - nB ] i b(n,x,t) \nB -nA nc - 
—— 2 —— I —— * —— —— k J 2 I h + h

which on rearrangement yields,

(ah — bk) . 2khc 
nc = n* + (ah + bk} (n* ~ n^ + (ah + bk] '
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where h is the length step and k is the time step.

A restriction, though, of Wendroff's implicit approximation is the requirement 

of a boundary condition in addition to the initial condition. The boundary con 

dition n(0, t) = 0 is used. This corresponds to the situation of having no algal 

presence on the lake floor. Since cyanobacteria that sinks as far below the water 

surface as the lake floor is likely to be deceased, it will take no further part in the 

population cycle and, thus, the imposition of this boundary condition does not 

detract from the realism of the model.

7.2 Implementation

The implementation of the numerical scheme uses the object-oriented paradigm 

of program construction and is coded in C++. A review of the literature reveals 

a number of papers on object-oriented design applied to numerical methods in 

general, and partial differential equations in particular. These include Thune & 

Ahlander, 1996, and Langseth, 1996. The last paper listed is of particular interest 

as the equations discussed are the one-dimensional hyperbolic conservation laws; 

they are solved using a front tracking method. These are closely related to equation 

(7.1). In both of these papers, though, the method of solution is implemented 

without initial reference to a specific physical problem. The approach here differs; 

the specific problem was known from the outset and the implementation was 

tailored to the needs of this problem.

The main aim of the development of this numerical scheme is to develop an eas 

ily extensible numerical implementation of the cyanobacterial population growth 

model. The need for an extensible model is illustrated by the wide variety of 

possible functional forms the cyanobacterial cell buoyancy shown in chapter 5, 

the majority of which will make an analytic solution difficult to find. Thus, the
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reason for choosing an object-oriented approach for the implementation is the ease 

at which code can be extended. This is because a main strength of object-oriented 

design is the ability to construct components, usually classes, that may be reused 

without the need to recede them every time they are used. In fact, this can be 

achieved by the use of function pointers in more traditional programming lan 

guages, but the use of a class structure makes for more readable code and that 

was considered an advantage.

Further, a class may be used as the basis for constructing another class. This 

is called inheritance and is used extensively in the implementation described later 

in this chapter. As a summary, a parent class is defined that contains a method for 

calculating time steps using Wendroff's implicit method. Child classes are then 

derived that contain specific information with regard to the particular genera of 

cyanobacterium to be modelled. The child class inherits the method for calculating 

time steps from the parent class so only a single implementation of the numerical 

method is necessary.

A basic premise of the model is to be able to compare differing situations 

arising from parameter changes, or, equally likely, from changes across genera 

of cyanobacteria. Parameter changes are accomplished by varying e, r and a 

in equation (5.4), whilst changes in genera are accomplished by re-forming the 

functions f\ and /2 in equations (5.2) and (5.1) respectively.

The numerical method was then implemented in the following way. First, 

a generalised class that implements Wendroif's implicit approximation was con 

structed. This will be referred to, hence forth, as the parent class; Figure 7.2 is 

the class declaration.

This object is declared with the functions for a (n, x, t), b (n, x, t} and c (n, x, t) 

together with a function for the initial condition. These functions are declared
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class Wendroff
 C
private:

double t, max_x;
Line *current_l, *next_l;

void update_current() ;

protected:
virtual double initfunc(double x); 
virtual double f adong n, double x); 
virtual double fb(long n, double x); 
virtual double fcdong n, double x) ;

public:
stWendrofflnit *stWI; 
bool bWendroffErr;

Wendroff();
"Wendroff () ;
bool initO;
bool reinitO ;
double get_max_x() ;
double get_time();
void increment_time() ;
double get_value_at_n(long n);

Figure 7.2: Wendroff class declaration
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class Reading_Nondep : public Wendroff 
•C 
public:

Reading_Nondep() : Wendroff () {} 
protected:

virtual double fbClong n, double x) ; 
virtual double fcdong n, double x) ;

Figure 7.3: Child class declaration

virtual since this allows late-binding; giving access to re-declarations of these func 

tions, in the child classes, to the "increment .time" function of the parent class. 

Figure 7.3 gives a declaration for a child class, demonstrating the use of virtual 

inheritance. The virtual functions that are re-declared, are now accessed by the 

"increment-time" of the parent class.

In this way a series of classes for similar situations can be built up, but only 

one implementation of the numerical method is coded. It is of interest to note 

that the buoyancy function is treated more like "data" in this achieved paradigm.

Since the model under consideration is a dynamic model that develops from 

an initial condition, the output of the model is calculated in incremental time 

steps. The width of this time step is user-adjustable during the initialisation of 

the parent class. Public methods are provided so the data for the current time 

period, which is held in a private array of the parent class, can be accessed by 

the user programs in a consistent manner. In this way the object-oriented design 

acts as a data encapsulation mechanism. The encapsulation of the model data 

eliminates one possible source of error; since only the model's own methods can 

access and modify the data, any errors in the data are a result of these methods 

and not of the user program.

Finally, expanding the left hand side of equation (3.4) and re-arranging yields
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the differential equation,

dn dn / n \ dvs
-«r + va -=- = rn 1 - y-r-r - An - n——, (7.6)
dt dx \ k(t)J dx x '

where the algal growth and decay functions, S and L, have been set to rn (l — ^y) 

and An as in section 6.3 of chapter 6. Then, a comparison with equation (7.1), 

the form required for Wendroff's method, yields expressions for a, b and c.

The numerical model thus uses equation (7.6) as its basis. Results are ob 

tained for a number of situations. Namely, for the approximation of the cell 

buoyant velocity, vs , given by equation (6.1) and more importantly for the cell 

buoyant velocity found by substituting equation (5.4) back into the Stokes' Law 

equation (3.2) of the original set of model equations. For both these cell velocities, 

non-degenerate and degenerate environmental conditions are considered. This is 

by declaring the appropriate class hierarchy and comparing the results. An in 

heritance diagram for the classes used is given in Figure 7.4, and Table 7.1 lists 

the expressions used for the functions a, b and c. It is of interest to note that the 

expression for b is exactly the cell buoyancy velocity function, vs . Further, the grid 

size used for generating the numerical solution was decreased to ensure that the 

resulting numerical output accurately represented the solution to the differential 

equation.

7.3 Results

Once the class structure has been set up for the situations described above, the 

numerical simulation can proceed. This starts with the initial condition given in 

chapter 6 by equation (6.13), a profile that has an initial peak in algal concentra 

tion at a depth of 4m.
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Figure 7.4: Class inheritance diagram
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Figure 7.5: Non-dimensional algal population density vs depth (m), after 45 days, 
for non-degenerate environmental conditions. Red line - ReadingJMondep, green 
line - FullJSTondep
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Figure 7.6: Non-dimensional algal population density vs depth (m), after 45 days, 
for degenerate environmental conditions with td = 40 days. Red line - Read- 
ingJDep, green line - Full-Dep
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Name fa

Reading.* 1 1

FulL* 1 -t

*_Nondep

*JMondep_Deriv

*_Dep

*_Dep_Deriv

fb fc
• f , _ iffh- — T\ f j.\i/ ^3 Fbl *fr J*/ f*f~\O I / . IT 1 r QC ^VJO V U/ v I

J$-(p(x,t)-ff)

rn(l — n) — Xn
rn(l — n) — An — n^-

rn(l — n/fc(t)) — An

rn(l - n//c(t)) - An - n^

Table 7.1: Function definitions for class hierarchy. p(x,t) is defined by equation 
(5.4)

Figures 7.5 and 7.6 show the development of the initial algal concentration after 

a period of forty-five days. The first figure is for non-depleting resource conditions 

corresponding to classes Reading-Nondep (fa =!,/& = V0e~K^~x) cos(u;t) and 

fc = rn(l - n) - An) and Full_Nondep (fa = 1, fb = -^^ (p(x,f) - p1 } and 

/c = rn(l—n)—An). The second is for depleting resource conditions corresponding 

to classes Reading_Dep (fa = !,/& = Vbe"16^"** cos(wt) and /c = rn(l-n/fc(t))- 

An) and Full_Dep (fa =!,/&= g^ (p(a;,t) - p') and /c = rn(l-n/fc(t))-An).

From both of these figures it can be seen that there is a move, albeit small, by 

the algal concentration at the lower depths and by the peak algal concentration 

to the water surface in both the depleting and non-depleting cases when equa 

tion (5.4) is used as the cell buoyancy function. At the upper end of the algal 

concentration profile, this situation is reversed. Here, the profile derived from the 

approximate cell buoyancy function has moved toward the surface. Again this 

movement is only slight.
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7.4 Derivative approximation

In chapter 6 it was stated that the partial derivative term, n%j£, of equation (3.4) 

could be considered small in most physical situations relevant to cyanobacterial 

population modelling. In this section, this property is investigated by analysing 

the difference in solutions between two differential equations. The first differential 

equation includes the derivative term, the second does not. 

Consider the following differential equations,

f\ f\

~^ + -^(n-vs } = rn(l-n}- An, (7.7)

and,
dn dn . . , . 
— +vs — = rn(l-n)-An, (7.8)

where equation (7.7) is just equation (3.4), for algal population density, with the 

functions used for algal growth, in a non-degenerate environment, and decay taken 

as in chapter 6. Equation (7.8) is the equation solved analytically in chapter 6 for 

a specific buoyancy function, vs .

Let nc be a solution of equation (7.7) and nu be a solution of equation (7.8). 

Further, let nc = nu + e. Substitution of this back into equation (7.7) yields,

I- K + 0 + 7T [K + <0 «J = r K + <0 [1 - K + e)] - A (nu + e) . (7.9) 
at ox

Then, subtracting equation (7.8) and re-arranging gives,

| + v,jl = re (I - (2nu + e)] - Ac - (nu + e] ^, (7.10) 

a partial differential equation for the difference between a solution to equation
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O.OO5 n

depth
1O

Figure 7.7: e for the period 0-1 days, non-depleting resources

(7.7) and a solution to equation (7.8). Similarly, the following equation can be 

derived for the depleting resources case,

de 
di

f)uAe-(nu + e)^, (7.11)

where k(t] is the carrying-capacity function.

Equations (7.10) and (7.11) are clearly in the form of equation (7.1). Thus, the 

numerical model developed in this chapter can be extended, by the construction 

of an appropriate class, to find numerical solutions of these differential equations.

Figures 7.7 and 7.8 illustrate the progress of one such solution, and each show 

the change in e over a one-day period. These are for the case when the buoyancy 

function is given by equation (6.1) and water resources are non-depleting. Figure
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O.OO5

depth
1O

Figure 7.8: e for the period 25-26 days, non-depleting resources

7.7 covers the period t = 0 — 1 day and Figure 7.8 covers the period t = 25 - 26 

days in 0.2 day intervals.

In both of these figures it can be seen that e oscillates about zero, and further 

these oscillations are less than 1% of the algal density. Similar results can be 

found the depleting resources case and when using the complete equation for cell 

buoyancy is used.

For this reason, it is safe to assume that the derivative term, n^, can be 

considered small during the period of algal population growth and that,

dn d dn dn (7.12)

is a good approximation for the development of algal growth models.
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7.5 Review

A numerical method of solution for equation (7.6) is developed. This method 

allows for the application of cell buoyant velocity functions that do not necessarily 

lead to a closed-form solution for the algal population density distribution.

In chapter 6, a function for cell buoyancy velocity, equation (6.1), was proposed. 

This function enabled an exact solution for algal population density to be found, 

and was an approximation based on the work done in chapter 5 to derive a cell 

buoyancy function from the experimental work of Deacon &; Walsby, 1990.

In this chapter, the buoyancy function developed in chapter 5 is incorporated 

into the numerical scheme and the results are compared to those for the approx 

imate cell buoyancy function. Figures 7.5 and 7.6 show this comparison. It can 

be seen that the results indicate that equation (6.1) is a good approximation for 

the buoyancy function developed in chapter 5 and could be used in further work, 

discussed in chapter 9 as a precursor to the full buoyancy function without a large 

loss in applicability.

Further, it is shown that it is possible to consider the term n$j£ small. Figures 

7.7 and 7.8 demonstrate the difference between a solution with this term and a 

solution without this term is less than 1%. It was stated in chapter 6 this is the 

case for most physical situation in cyanobacterial population modelling and the 

result in this chapter confirms this.

Finally, the development of this object-oriented numerical scheme will enable 

the incorporation of buoyancy functions for different genera of cyanobacteria when 

this data is available. Chapter 5 has a general discussion on the type of buoyancy 

functions appropriate to different generas of cyanobacteria but since the only spe 

cific data available is for one genera (Deacon & Walsby, 1990) this discussion is 

theoretical.
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In the following chapter, the algal population density model developed in the 

previous two chapters is combined with the toxin release equation (3.12) and 

cyanobacterial toxin release during a populations life cycle is modelled.
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In the previous two chapters, solutions, both numerical and analytic, have been 

developed for the cyanobacterial population density model described in chapter 

3. In this chapter, these results will be used in conjunction with the toxin release 

equation (3.12) to model the release of toxin into the water column following the 

development of a cyanobacterial population.

This chapter will be split into a number of sections. The first section will dis 

cuss some of the background to toxin release by cyanobacteria and will draw on 

Belov, 1998, for the preliminary work. The next section will discuss the develop 

ment of an appropriate diffusion coefficient for toxin diffusion in the water column 

and the third section will present an analytic solution for toxin release into the 

water body.

In the fourth section, a numerical scheme is developed for the toxin release 

equation (3.12) and results from this model will be presented. The development 

of the numerical scheme allows solutions to be quickly plotted since the time 

required by mathematics packages to evaluate the analytic solution developed in 

the third section appears to be large.

8.1 Toxin release model

Within the last decade or so, the National Rivers Authority report (NRA, 1990) 

that serious health concerns with regard to human populations have been discov 

ered. This is due to the increasing incidence of toxic cyanobacterial blooms in all 

forms of water supplies, including domestic, recreational and agricultural. These 

health problem result from the consumption of water containing cyanobacterial 

phycotoxins, particularly if low concentrations persist over a long period of time. 

Phycotoxins, such as microcystin, are biodegraded in natural waters within two 

to three weeks of release, though this time can be be decreased to just a few days if
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the water has previously been exposed to phycotoxin concentrations (Jones et al., 

1994). Unfortunately, little is known about the release and subsequent persistence 

of phycotoxins within the water body. What can be said, though, is that the 

toxins are released into the water, they persist for a length of time before being 

degraded by natural aquatic bacteria and/or through chemical reactions with dis 

solved compounds in the water body. Again, the dissolved compounds can be 

naturally occurring, or added to speed, up the degradation. The phycotoxins are 

either excreted by the cyanobacterial cells during the populations growth, or, they 

enter the water when the cyanobacterial cells disintegrate at the end of a bloom 

forming period.

The microcystins produced by some species of Microcystis, Anabaena and Os- 

cillatoria can be very stable chemically, but can be treated with strong acid or 

copper-based algicides (Jones & Orr, 1994). It should be noted though, that 

the treatment of water that contains toxin, with copper-based algicides, may re 

duce the cyanobacterial toxin concentration in the water but it introduces another 

problem since the algicides themselves will have adverse toxic effects on human 

populations.

It has been established in literature (NRA, 1990) that the presence, in a water 

body, of phycotoxins is associated with cyanobacterial bloom formation. Unfortu 

nately, though bloom formation can be viewed as a final stage in cyanobacterial 

population development, significant release of toxins from growing cells of 0s- 

cillatoria has been observed in the laboratory (NRA, 1990). So, it is difficult 

to estimate when in the cell's life-cycle toxin release will take place without the 

availability of further experimental data.

In order to make some sense of the available toxin release data, Belov, 1998, 

attempts to quantify the available observational data from NRA, 1990, into the
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following age-linked scheme of phycotoxation of the water body. The toxin pro 

duction function, P(x, t) is scaled to the amount of toxin which is produced by an 

average cell during its lifetime and is given by,

- B(a(t)+p+l,P(t) + q + l)

where p and g are toxin release parameters, n is the cyanobacterial cell concentra 

tion in the water,

~Tdt

rd = 1/td where td is the characteristic time of the cyanobacterial population demo 

graphic trend and oj0 , GOO, Pi and /32 are parameters that determine demographic 

change during cyanobacterial population development.

8.2 Microcystin diffusion coefficient

In the absence of specific data relating to an appropriate diffusion coefficient for 

microcystins in a water body, it is necessary to estimate it from diffusion coeffi 

cients for similar molecules, both in size and shape (Belov et al, 1999).

Any chemical compound released into the water body, including cyanobacteri- 

ally produced toxins, will mix through the combined action of molecular diffusion 

and low intensity turbulent mixing. Thus, average vertical mixing coefficients 

in the water body will lie between the molecular diffusion value and a turbulent 

mixing coefficient of approximately 1CT4 m2 s~ l (Belov et a/., 1999).

In Imberger & Hamblin, 1982, it is suggested that the average vertical mixing 

coefficient in the basin area of a lake will depend on the area and depth of the lake
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and vary between 2 • 10~5 m?s~ l and 2 • 10~ 6 m2 s~ 1 . Indeed, for big lakes with a 

depth of 100 m and a mean surface area greater than 100 km2 , the estimates for 

the basin area average at 5 • 10~5 m?s~l (Imberger & Hamblin, 1982).

Therefore, if we assume a constant vertical mixing gradient from the lake floor 

to the lake surface (Mortimer, 1942), it is possible to estimate the toxin diffusion 

coefficient by the following equation,

ka (x) = ds -+ fax, (8.3)

where ds is the molecular diffusion coefficient for the toxin and k\ is the vertical 

mixing gradient from the lake floor to lake surface. Thus, the mixing coefficient 

at the lake floor is given by fcs (0) = ds and at the lake surface, for a lake of depth 

I, by ks (l] = ds + kil. If ks (l] » ds we can take,

k,(x) w kix. (8.4)

Microcystins are known to be monocyclic heptapeptide hepatotoxins and, as 

a result of their structure, are highly stable, non-volatile, and soluble in water. 

By comparison with the structurally similar nodularin and neurotoxins such as 

anatoxin and saxitoxin, which have a mean diffusion coefficient of 10~9 m2 s~ l 

(Codd et al., 1989), it is possible to use this value as an estimate for ds , the 

molecular diffusion coefficient.

Thus, we are now in a position to find a solution for the toxin release equation

(3.12).
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8.3 Toxin release solution

In the previous section, the toxin diffusion coefficient was found to decline with 

linearly with depth. Thus, it is possible to take ks (x] — k\x and substitute into 

equation (3.12) to give,

< 8 - 5)

This equation, coupled with the initial and boundary conditions given by equa 

tion (3.13), can then be solved in the following way. Let s = se~IJ" t , which on 

substitution into equation (8.5) and rearranging yields,

+ P(xdt~ dx dx + (x '

Consider, next, the homogeneous equation and let s = U(x)T(i), then,

= -A2 - (8-7) 

This implies,

T(t) = Ce~xt , (8.8)

and,

klXU" + kjf + A2 C7 = 0, (8.9)

with boundary conditions,

= 0. (8-10)
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The spatial differential equation (8.9) can then be transformed by the the substi 

tution x = -7r=£2 into

the Bessel equation with parameter v = 0. Thus the solution for U(x) is given by,

U(x) = J0 (x) = Jo (^^} . (8.12)

Next, consider the boundary conditions given by equation (8.10). On substi 

tution of the solution found above,

(8-13)

At x = 0, the above expression is zero, satisfying the first boundary condition. 

For the second boundary condition, at x = I,

(8.14)

must be satisified. This can only be achieved for Ji(vn ) — 0 where vn are the zeros 

of Ji(x), giving,

X = $fc (8.15)

Thus the solution for the homogeneous equation can be written as a series of 

eigensolutions,
oo

ne-&Un (x), (8.16)
n=0

where the C7n (o;)'s are the eigensolutions corresponding to the eigenvalues An . 

A solution for non-homogeneous problem can then be found by means of a
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Green's function,

s(x, t) = €-»•* I I G (x, £, t - ri) I (£, 77) d^drj, (8.17) 

where the Green's function, G, is defined by,

oo

G(x,£,t - 77) = £ „, x Jo ^V^ -^0 i'nVS) , (8.18)
71=0 ''O -l^n^ \ / v

and

/(e,»?) = p(e,»/)c^ 1'. (8.19)

8.4 The numerical scheme

In the previous section, equation (8.5) was solved analytically. The solution, 

though, is computationally very slow when it is plotted on a mathematics package 

such as Maple V. Therefore, it was decided to derive a numerical scheme for 

the differential equation. This scheme is a standard explicit scheme with the x- 

derivatives and boundary conditions approximated by a standard central difference 

formula and the i-derivative by a forward difference formula. Thus,

dt 

in the ^-direction and,

dx 2/i
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in the ar-direction. These can then be substituted into equation (8.5), with the 

right hand spatial derivative expanded, to give, on re-arrangement,

k\hr
si,j+l — tkiflT (Si+ij — 2Sij + Si—ij) + ——— [Si+i j — Si^i j)

2

+kP (ihjk) + (1 - k^s) Sij, (8.22)

where h is the spatial step, k is the time step and r = k/h2 .

The boundary conditions, repeated from chapter 3 for completeness, are given 

by,

k&jl = 0, (8.23)
OX x=Q,l

where the substitution ks (x) = kix has been done and I is the height of the water 

surface from the lake floor. Then at x = 0, equation (8.22) becomes,

hlhr ' - - s_ij) + kP (0, jh) + (1 - k/j,s ) 50j, (8.24)

where the 'fictitious' point s_ij can be eliminated by writing the boundary con 

dition in terms of central-differences (Figure 8.1 illustrates this) as suggested by 

Smith, 1985, in the following way,

ds — n =b. '-1 1 -J ~ n =6- <?,- — <?,. (R 9^— \J ^?~ /-<-> U —7^ 01 i — o_1 i. IO.ZOJ
OL )J >J *• /x=Q *'L

On substitution back into equation (8.24), this yields the approximation for the

point x = 0,
= kP (0, jh) + (1 - kfj.s ) soj . (8.26)

Similarly, the same procedure for the boundary condition at x = I can be followed. 

For the previous boundary condition it is clear the the step number at x = 0 will
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-1
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v 0

x

Figure 8.1: Central difference approximation for derivative boundary conditions

be i = 0. For this boundary condition, we set i = JV so that JV/i = J. Then, after 

applying the boundary condition, the approximation for the point x = /is given

by,
+ P (/, jk) + (1 - fc/ia ) s^-. (8.27)

The equation set comprising of equation (8.22) and equations (8.26)-(8.27) can 

then be used to find a numerical solution to equation (8.5) under the prescribed 

initial and boundary conditions.

The numerical scheme can then proceed from the initial condition s(z, 0) = 0 

and results are shown in the next section. Again, the grid size was decreased to 

ensure that the resulting numerical output accurately represents the solution to 

the differential equation.
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8.5 Numerical scheme results

Figures 8.2 and 8.3 are toxin concentration profiles for a period of 6 months in 

the case where algal resources are non-degenerate. The initial algal population 

density distribution is given by the initial distribution function, no(o;), in equation 

(6.13). There is no toxin present in the water column at t — 0, in accordance with 

the initial condition given by equation (3.13).

The toxin diffusion coefficient for Figure 8.2 is given by equation (8.4) with 

ks (l) = 10" 1 m2 day~ l and a mean toxin diffusion coefficient of 5 • 10~2 m2 day~ l , 

which corresponds to that of a well mixed water body.

It can be seen that the toxin profile is closely linked to the development of the 

algal population and, for this well mixed case, the toxin diffuses toward the water 

surface. It can further be seen that the amount of toxin present at the water 

surface is about 30% of that present at the peak toxin concentration, located 

approximately 4m below the water surface (the water body having a total depth 

of 10m).

Figure 8.3 shows a toxin concentration profile for the case when the mean toxin 

diffusion coefficient is 5 • 10~5 m2day~l . This is equivalent to molecular diffusion 

only, with no mixing effect from the water body. In this case, it can be seen 

that like Figure 8.2, the toxin profile closely follows the algal population density 

distribution but this time there is only a small drift to the surface by the algal 

toxin profile. This is expected, and is consistent with the considerably reduced 

diffusion coefficient representitive of molecular diffusion only.

Figures 8.4 and 8.5 are toxin concentration profiles for a period of 6 months. 

In this case, though, algal resources are degenerate. The characteristic time for 

the algal depletion is td — 60 days.

The results shown in Figure 8.4 are for a mean toxin diffusion coefficient of
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Figure 8.2: Toxin profile for non-depleting resources with mean diffusion coefficient 
jT = 5 . i(r2 m*day- 1 . Red line - 36 days, blue line - 72 days, green line - 108 
days, yellow line - 144 days, magenta line - 180 days
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Figure 8.3: Toxin profile for non-depleting resources with mean diffusion coefficient 
fcj — 5 - 10~ 5 m2day~ l . Red line - 36 days, blue line - 72 days, green line - 108 
days, yellow line - 144 days, magenta line - 180 days
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Figure 8.4: Toxin profile for depleting resources with mean diffusion coefficient 
jbj = 5 . 10~2 m2 day~ 1 . Red line - 36 days, blue line - 72 days, green line - 108 
days, yellow line - 144 days, magenta line - 180 days
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I.
9

T3.

Figure 8.5: Toxin profile for depleting resources with mean diffusion coefficient 
fcj = 5 • 10~5 m2 day~l . Red line - 36 days, blue line - 72 days, green line - 108 
days, yellow line - 144 days, magenta line - 180 days
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5 • 10~2 m2day~l and like Figure 8.2, a drift to the surface by the algal toxin is 

demonstrated. During the period of algal growth, the toxin profile again follows 

the algal population density profile with toxin at the surface about 30% of the 

level of the peak toxin concentration. When algal resource depletion takes effect 

after approximately 60 days, though, the amount of toxin in the water initially 

continues to increase but then quickly starts to fall away as there is now much less 

toxin being produced to counter toxin degradation. The toxin decay coefficient is 

Us = 0.03 day~l , giving a toxin half-life of approximately 24 days. After a period 

of 144 days, there is an even spread of toxin concentration from the water surface 

to a depth of approximately 6m.

Figure 8.5 shows a toxin concentration profile for the case when the mean 

toxin diffusion coefficient is 5 • 10~5 m2day~l . As with the other results, toxin 

concentration follows the algal population profile. Diffusion in this case, as with 

Figure 8.3, is less marked and is again consistent with the much smaller toxin 

diffusion coefficient that is again representitve of molecular diffusion only.

8.6 Review

The chapter begins with a short discussion of the identification, by the NRA, of the 

health concerns related to cyanobacterially released toxins and factors regarding 

this release and subsequent persistence within the water body. The cyanobacterial 

toxin production function first developed in Belov, 1998, is given, and is a function 

of the age of the cyanobacterial population.

The toxin concentration differential equation (3.12) contains a diffusion term 

and the diffusion coefficient is the subject of the work in the second section of this 

chapter. This discussion is centred around estimating an appropriate function for 

the coefficient based on the work of Imberger & Hamblin, 1982, and a
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comparison of microcystin to other organic molecules of similar size and structure 

whose diffusion coefficients are presented in Codd et al., 1989.

Once a suitable toxin diffusion coefficient is found, equation (3.12) can be 

solved. An analytic solution is developed in the third section and the solution 

found is a series of eigenfunction based on the first order Bessel function, Jo(a;). 

The analytic solution is computationally very slow when plotted by a mathematics 

package such as Maple V, so a numerical solution for equation (3.12) is developed 

in the next section.

The numerical scheme is based on a standard explicit scheme and provides the 

required results which are then demonstrated in Figures 8.2-8.5 for differing toxin 

diffusion coefficients and algal population conditions. These results demonstrate 

the plausibility of the toxin release model and lead to the preliminary hypothesis 

that the areas of highest toxin concentration in the water column will be located 

with the areas of highest cyanobacterial population concentration.
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The work contained in this thesis describes the development of a dynamic 

cyanobacterial population model, followed by the exposition of a cyanobacterial 

toxin release and distribution model. The following sections will provide, first, a 

summary of the work contained in the thesis, then, the conclusions that can be 

drawn from the work presented. Finally, ideas and suggestions for further work 

based on this work.

9.1 Conclusions

The first two chapters provide an introduction to the problems caused by 

cyanobacteria populations and some background information with regard to the 

biological characteristics of bloom-forming cyanobacteria appropriate to this pop 

ulation model.

Then, in chapter 3, the equation set that formed the original model for 

cyanobacterial population growth, first proposed in Belov & Wiltshire, 1995, is 

given by equations (3.2)-(3.9). These seven partial and integro-partial differential 

equations are highly coupled, both explicitly and implicitly. The background to 

the model's equations is discussed and the areas of coupling identified. Then, in 

order for a solution to be found for algal population density, a reduction in cou 

pling is needed. It is demonstrated that the coupled nature of the seven equation 

set can be reduced by introducing ecologically sound assumptions with regard to 

certain model parameters and by considering the population development in a 

calm, isothermal water body.

The four equation set that results from this new analysis is the subject of the 

work on the population model in this thesis. Finally in this chapter, the equation 

for the toxin distribution is introduced. This equation is coupled, through the 

toxin release parameter, to the algal population density distribution. The coupling,
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though, is one-way. The algal population density distribution is not affected by 

the amount of toxin in the water body. This facilitates the finding of a solution for 

toxin distribution once an algal population density distribution has been found.

Before this can be done, though, it is necessary to consider the environmental 

factors that will govern the growth of a living cyanobacteria organism. A review 

of the literature reveals that central to the modelling of a population develop 

ment of bloom-forming cyanobacteria is the cell's ability to regulate its buoyancy 

in response to the amount of incident light irradiation. Chapter 4 discusses in 

some detail the application of the equation of radiative transfer to the problem 

of quantifying the amount of incident light irradiation available to the cyanobac- 

terial cell at a given depth. Particular attention is paid to the biologically active 

wavelengths of light characteristic to algal populations.

In chapter 5, the work on the development of a mathematical formulation 

of a function that describes the cyanobacterial cell density is presented. The 

work is primarily based on the quasi-static laboratory experiments of Deacon 

& Walsby, 1990, for the cyanobacterium Microcystis sp. The new cell density 

function formulated, equation (5.4), gives good agreement with the experimental 

work in Deacon & Walsby, 1990, and is within the bounds for cyanobacterial cell 

density set out in Reynolds et al., 1987. This function, when plotted against 

time, is clearly diurnal and further is dependent on incident light intensity. It 

shows two periods of buoyancy, early morning and late evening. At midday, the 

cyanobacteria are more dense than the surrounding water and will sink. They 

have neutral buoyancy in the night. This result was published in Belov &; Giles,

1997.

Now that an appropriate function for cyanobacterial cell density has been 

derived, it is possible to attempt to find a solution for the algal population density
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profile. Since the four-equation model is still coupled, it is necessary to simplify 

the problem further. Chapter 6 discusses this, and a function that features the 

broad properties of equation (5.4) is introduced. This function, equation (6.1), 

is diurnal and its magnitude decreases with depth below the water surface, thus 

approximating dependence on light intensity which itself decreases with increasing 

depth.

The four coupled equations (3.2)-(3.4) and (3.8) are reduced to a single non 

linear partial differential equation for algal population density. Two forms of this 

equation are given. The first, equation (6.6), is for the case when the only resource 

limitation is from the growth of the cyanobacteria itself. The second, equation 

(6.14), is a modified form of the first case. This time, though, a carrying capacity 

function is introduced. This can be used to model changes in the water conditions 

that are favourable/unfavourable to the developing cyanobacteria.

Analytic solutions to both these partial differential equations are found and 

the results are plotted. Both solutions demonstrate plausible behaviour from an 

initial algal population density profile taken from Reynolds & Walsby, 1975. These 

results are new in the context of cyanobacterial population modelling, though, as it 

was stated earlier, these analytic solutions are for a function that approximates the 

cell density function found in chapter 5. The results do, however, give confidence 

that the complete model can be used to account for the diurnal solar effects of 

incident light irradiation, the impact of degrading environmental conditions and 

the over-buoyant tendencies of bloom-forming cyanobacteria (Belov & Giles, 1997).

To remedy the use of the approximate function for cyanobacterial cell den 

sity, chapter 7 describes the development of a numerical solution for the algal 

population density equation, which will allow the use of equation (5.4) as the 

cyanobacterial cell density. The numerical scheme allows algal population
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density profiles to be found using the cell density function derived in chapter 5. 

The results for this function can then be compared to the results for the cell density 

approximation used in chapter 6. With these new results it is found that the ap 

proximation function provides solutions that are closely comparable to the original 

cell density function and, hence, it is a good approximation for the cyanobacterial 

cell density in this case.

A further novel feature of the numerical scheme is its object-oriented design. 

This relatively new programming technique allows the development of a scheme 

that can be easily extended for different genera of cyanobacteria (chapter 5 dis 

cusses the availability of this data). Whilst this extensibility can be achieved using 

other program design paradigms, the author believes that the object-oriented im 

plementations used here provides a degree of simplification over other methods of 

implementation.

In the final chapter, before the current discussion chapter, an application of 

the cyanobacterial population model is developed. Using the algal toxin release 

function developed in Belov, 1998, a toxin distribution model is given. The partial 

differential equation for this model is equation (3.12), and this is solved analyti 

cally. The cyanobacterial population model, found previously, is used as a basis. 

The resulting analytic solution takes too long to compute using a package such as 

Maple, so a numerical scheme is developed. The results from the numerical scheme 

are then plotted. A similar set are shown Belov et al., 1999. These new results 

demonstrate the plausibility of the toxin distribution model and demonstrate the 

effect of turbulent mixing on the distribution of cyanobacterial toxin within the 

water column.
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9.2 Further work

9.2.1 Cyanobacterial cell density

The cyanobacterial population model described in chapter 3 is for buoyant 

cyanobacteria. That is cyanobacteria that are able to control their cell density 

and hence their vertical position within the water body. Central to this model is 

the function for cyanobacterial cell density, equation (3.3). It has been mentioned 

previously, in the text of this thesis, that the only available quantitative data for 

cell density change in response to change in light illumination is found in the pa 

per by Deacon & Walsby, 1990, for the cyanobacterium Microcystis sp. This data 

is used in chapter 5 to deduce the explicit function given by equation (5.4) for 

cyanobacterial cell density.

It has not been possible to find published data for other genera of cyanobacteria 

in this regard, and so, whilst not necessary for the initial stages of the model 

construction, more data of this kind is needed to take this area of research forward.

A further area for possible improvement in the scope of modelling the cell 

density function could be the incorporation of some form of "memory" in respect of 

the cyanobacterial cell's previous illumination. In the literature there is evidence 

of the need for this (Ferris & Christian, 1991), though recent models such as 

Kromkamp &; Walsby, 1990, and Howard, 1993, do not address this significantly. 

The inclusion of a "memory" for previous cell illumination would, with some 

certainty, lie in the domain of the numerical solution.

9.2.2 Increase spatial dimensionality

The model considered in this thesis has only one spatial dimension, the vertical 

axis since this is where the primary are of interest lies. The model could, in a
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relatively straight forward way, be extended to incorporate the horizontal axis. 

This would the allow the effect of wind stress on the water body to be taken into 

account. The wind causes a layering of the water body to take place and the 

formation of a "mixed layer". It is in this layer that the effect of the wind is felt. 

For a given wind velocity, it is possible to estimate the depth of the mixed 

layer (Imberger & Hamblin, 1982; Spigel & Imberger, 1987) and from this the 

average velocity of the water within the mixed layer. This could be important, for 

if entrainment of the cyanobacterial cell occurs, the movement of the cyanobac- 

teria is influenced more by that of the water, than by that of its own buoyancy 

characteristics.

9.2.3 Further analytic and numerical solutions

The analytic solutions found for equations (6.6) and (6.14), in chapter 6, are new 

results in the context of cyanobacteria modelling. That these equations broadly 

incorporate some of the properties of the equation set (3.2) - (3.4) and (3.8) is 

established in chapters 5 and 6. The solutions found, though, are only for a 

single first order partial differential equation. In these solutions, factors such as 

production and decay rate are held constant; reality indicates that these factors 

are closely linked to available light irradiation, nutrient compounds and water 

temperature and flow. Further analysis, which will almost certainly include more 

numerical work, would allow these factors to be considered and the introduction, 

formally, of the concept of cyanobacterial cell's "self-shielding" each others light 

radiation intake and thus return the model back to the original seven partial and 

integro-partial differential equation set.
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9.2.4 Cyanobacterial toxin release model

The published observational data with respect to the vertical distribution of 

cyanobacterial toxin is very limited. The model would benefit from further re 

search in this area since the work on the model, so far, is theoretical and the 

availability of actual data would allow calibration of the model parameters and 

verification of its correctness. It is recognized, though, that obtaining this data in 

a controlled environment is difficult and to some extent it is necessary to rely on 

data being obtained as and when a toxin release is discovered.
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Abstract
Mathematical modelling of microbial and algal pop 
ulations has a long tradition (e.g. Hallam 1986), 
whereas modelling of cyanobacteria with its abil 
ity to regulate cell's buoyancy has only become 
possible in recent years after thorough experimen 
tal investigation of the vacuolate cell's properties 
(Fay & Van Baalen, eds. 1987). The dynami 
cal model for buoyant cyanobacteria development 
(Belov &: Wiltshire, 1995) comprises of seven differ 
ential and integro-differential equations of which the 
phenomenological functions for algal growth and de 
cay, the light attenuation, nutrient cycling and in 
take are discussed here. The following analysis of 
these equations demonstrates the strong coupling 
of the model variables. Using convenient simpli 
fying assumptions about the isothermal, calm and 
nutrient abundant reservoir, the remaining equa 
tions represent the light-driven buoyant cyanobac- 
terial population dynamics in a water column. Di 
urnal cyclicity of light is an important factor for 
buoyant behavior of cyanobacteria. The simplified 
model comprises of the non-linear differential equa 
tion for algal population density and is suitable for 
modelling the evolution of the cell colony in a water 
column and bloom occurrence. In order to investi 
gate the properties of this highly non-linear differ 
ential equation, it is assumed that the buoyancy 
of the cyanobacterial element varies with the diur 
nal cycle and declines with depth according to the 
Bouguer-Beer Law. The analytical solution of this 
equation has been found, and several scenarios of 
population growth are demonstrated.

1 Introduction
Cyanobacteria (blue-green algae) form populations 
in freshwater lakes, reservoirs, rivers and to some 
extent in the marine environment as they have 
done over billions of years (Woese, 1981). Com 
mon species such as Anabaena flos-aquae, Microcys- 
tis aeruginosa and Oscillatoria can regulate their

buoyancy within the water column. Under certain 
conditions these cyanobacteria may experience a 
loss of vertical stability which coupled with their 
propensity to form large populations can cause the 
formation of surface 'scums' or 'blooms'. The en 
vironmental and public health problems created 
by the formation of cyanobacterial blooms are dis 
cussed in full in Ferguson (1997).

In his book "The Journey Through Wales" 
(1188AD), Gerald of Wales describes an early 
bloom occurence: "As I have already told you, 
it [Brecknock Mere] sometimes turns bright green, 
and in our days it has been known to become scar 
let".

In order to maintain water quality in the areas 
affected by, and those areas which are likely to be 
affected by cyanobacterial blooms it is important to 
develop a strategy to counter the unwanted bloom 
formation. For the strategy to be effective there 
needs to be, amongst other considerations, a thor 
ough understanding of the mechanisms which cause 
blooms. The quantitative form of phenomenologi 
cal understanding accomplishes mathematical mod 
elling of cyanobacterial population development.

It is not feasible to conduct a vast array of experi 
ments to obtain cyanobacterial responses to varying 
physical conditions such as light intensity, nutrient 
concentration and water temperature. It is possi 
ble, though, to construct a model which can be used 
to simulate these effects. The development of such 
models is based on knowledge about cyanobacteria 
properties derived from a number of laboratory ex 
periments and field observations (e.g. Reynolds & 
Walsby, 1975, Deacon & Walsby, 1990) and while it 
is not normally possible for an ecological model to 
predict with absolute certainty, a good model will 
produce results that are not only feasible but are 
complimentary to experimental data.

Mathematical modelling of cyanobacteria focuses 
on the microbiological processes within the cell and 
cell interaction with the environment. Macroscopic 
modelling of cyanobacteria concerns cell population 
in the reservoir. In the latter case we consider the



cyanobacteria as a part of the lake ecosystem un 
dergoing limnological and atmospheric as well as 
bacterial mechanisms and processes. Complexity 
and often incomplete knowledge about environmen 
tal phenomena make it difficult to apply the tra 
ditional methods to quantify the development of 
the population and to make predictions about its 
growth.

To account for complex interactions between 
ecosystem components, the box-model method has 
been used in environmental and ecological mod 
elling. This approach requires estimates of "fluxes" 
between the system's compartments that are not 
always possible for very complex or ill-defined sys 
tems. This difficulty can be overcome by applying 
the neural network method in the case of sufficient 
data about the object of interest being available 
(Recknagel, this volume). Neural networks have re 
cently become a fashionable technique, they have 
been used in many diverse areas such as pattern 
recognition, engineering and non-linear fitting in 
the financial and environmental fields (e.g. Chen et 
al, 1990). In most of these cases the neural network 
is trained to represent the data set using a learning 
algorithm applied to the information obtained from 
object monitoring. Applications of neural networks 
have successfully demonstrated the ability to em 
ulate complex non-linear mechanisms and forecast 
development of the ecosystem. Unfortunately, this 
advanced and general technique fails to reveal the 
universal mechanisms which result in cyanobacte 
ria development. These mechanisms cannot then 
be applied to describe cyanobacteria development 
in other waterbodies.

The deterministic approach consists of writing 
down equations that represent physical, microbio 
logical and chemical processes in the cyanobacterial 
community in the lake. It is not always possible to 
describe complex ecological phenomena in terms of 
physical laws, mainly because of lack of knowledge 
about why and how cyanobacteria behaves in natu 
ral reservoirs. Recent experimental work (e.g. Post 
et al, 1986; Reynolds et al, 1987; Deacon & Walsby, 
1990) gives an insight into the processes that de 
termine basic properties of cyanobacteria and are 
the basis for dynamical mathematical modelling of 
buoyant cyanobacteria.

In this paper we do not focus on known bio 
logical and environmental data about cyanobac 
teria. There are a number of comprehensive re 
views on properties of cyanobacteria and their tox 
ins (Reynolds & Walsby, 1985; Fay & Van Baallen, 
1987; NRA, 1990; Codd, 1992). We shall, instead, 
analyse the deterministic model proposed by Belov 
& Wiltshire, 1995, that highlights seven variables 
which should be taken into account when modelling

the buoyant growth of cyanobacteria within a water 
column. These are cell density, cell buoyant veloc 
ity, algal distribution, nutrient concentration, ambi 
ent water temperature, water velocity, and spectral 
radiation intensity.

We suppose that the carbohydrate production 
function can be taken as a Monod type function. 
The gas vesicle production can be modelled as a 
modified exponential according to data reported by 
Deacon & Walsby, 1990, for Microcystis aeruginosa. 
We show that in the case of diurnal cycling, the 
cyanobacteria has two buoyant periods, at dawn 
and at dusk. We use a simplified form of the cell 
sinking velocity to find an analytic solution to the 
equation for algal population density with regard to 
a number of initial distributions and algal develop 
ments.

2 Modelling Methodology
The dynamical model of cyanobacteria development 
takes place in the upper reaches of the water column 
where the solar radiation provides energy for pho 
tosynthesis. The general model of cyanobacteria 
development (Belov & Wiltshire, 1995) comprises 
of seven differential equations.

This model has several common assumptions 
with well known models (Okada & Aiba, 1983ab; 
Kromkamp & Walsby, 1990; Sherman & Webster, 
1994; Howard et al, 1995) such as

• the assumption of the applicability of Stoke's 
equation for the buoyant cyanobacterial unit; 
and

• the assumption of the phenomenological equa 
tion for cyanobacterial cell density.

The model, which is time dependent and three 
dimensional accounts for nutrient cycling and nutri 
ent diffusion in the water, dispersion of cyanobac 
terial cells in the water, spectral radiation transfer 
and thermal convection of the water. The last as 
sumption implies the absence of a mixed surface 
layer in the lake. This feature can be accommo 
dated implying thermal and dynamical stratifica 
tion of the water column. In this paper, though, 
we focus on the buoyant properties of cyanobac 
teria, its spectral interaction with solar radiation 
and vertical stability of the cyanobacteria distribu 
tion within the water column. For this analysis we 
suppress two of the spatial variables to leave only 
vertical depth, x, and time, t, as the independent 
variables. The general model (Belov &: Wiltshire, 
1995) which comprised of seven equations is thus



reduced to four equations to account for cell buoy 
ant velocity, va , cell density p, algal distribution, 
n, and incident spectral radiation intensity, /„.„ of — 
frequency v. These equations represent growth of ^" 
cyanobacteria in a calm, nutrient saturated, isother 
mal water column so that light is the only external 
limiting factor, (Sherman & Webster, 1994). The 
equation set for this is for

• the buoyant velocity of the cyanobacterial floc- 
cula, vs (x,t), based on Stoke's Law

vs (x,t) = gvc (1)

where g is the acceleration due to gravity, Vc is 
the cell's volume, r) is the viscosity of the water, kr> 
is the shape drag factor for the cell body, which can 
vary between kD = 1 - 10 (Reynolds et al, 1987), 
and p1 is the density of the water;

• the cell density, p(x, t), based on the fact that 
density is the ratio of mass to volume

C /a (G) (2)

where e — e(i, CQ) and r = ^- are parameters 
which characterize the maximum relative increase 
in the amount of carbohydrate and non-dimensional 
cell expansion due to gas vesicle formation, /iand /2 
are parametric functions for gas vesicle production 
and carbohydrate production, respectively, which 
are determined with respect to the cyanobacterium 
being modelled, and G is the total physiologically 
active radiation (PAR) available for the cell;

• algal population density distribution within 
the water column, n(x,t), based on conserva 
tion arguments

(3)

where CQ is a nutrient parameter and S and L are 
parametric functions for cell production and cell de 
cay respectively. Cell growth is modelled by the lo 
gistic equation (Hallam, 1986), S = r(G,c0 )n(l-£) 
where the coefficient r(G, CQ) accounts for radiative 
and nutrient factors, and k = k(t) for depleting 
resources. Cell decay may be approximated by the 
first order Kinetic Law, L(x,t) = X(G)n(x,t) where 
A" 1 is the population decay time; and

• radiation transfer for spectral intensity, 
Iv (x,n), based on the equation of radia 
tion transfer (ERT) and applied for plane 
parallel media with azimuthal symmetry 
(Chandrasekhar, 1960)

(4)

where 0V is the spectral extinction coefficient, 
uv is the spectral albedo, p(/z,/i') is the scatter 
ing phase function and \i = cos 9 , the cosine of the 
angle 0, to the direction of the incident radiation. 
The PAR quantity, G, is denned by

r r+1
G(x, t) = J kcv J^ Iv(x, »; t) dpdv , (5)

where fe£ is the spectral absorption coefficient of 
the cyanobacterial cell. Discussion of the ERT so 
lution and its properties are in Appendix A.

3 Cell Buoyant Density
There are two major regulators of the density of a 
vacuolate cyanobacteria: gas vacuoles and carbohy 
drate content (Reynolds & Walsby, 1975). Photo- 
synthetic carbohydrate production also affects the 
vesicle content in the cyanobacterial cell by increas 
ing the cell's turgor pressure. The ability to regu 
late density and consequently buoyancy in response 
to the intensity of light gives cyanobacteria the ad 
vantage to use resources more efficiently than other 
phytoplankton.

This unique feature of cyanobacterial cells is cen 
tral in modelling the development of the cells within 
the water body. To reproduce changes in cell den 
sity Kromkamp &; Walsby, 1990, proposed the ex 
perimental formula for the rate of change in the 
cell's density with respect to time based on the 
Michaelis-Menten equation for a first order enzy 
matic reaction

dp~dt

where c\ = 0.132kg m~ 3 min~ 1 ,

(6)

= 25//mol
m~2 s~ 1 , / is the average irradiance (/xmol m~ 2 s~ 1 ), 
c3 = 2.3W- 2 kg(m3min)- 1 .

Later on this formula has been used in a finite- 
difference form in the numerical model SCUM 
(Howard, 1993). Formal integration of this equa 
tion to obtain buoyant velocity leads to a singu 
larity because of the secular term 03 which causes 
difficulties in the continuous running of the model.

The density change equation (6) should include 
all processes which alter the cell density. Here, 
though, it does not express the opposite mecha 
nisms of carbohydrate and vesicle production and 
decrease. The explicit mathematical model should



be free from singularities as density change causes 
buoyancy variation that, in turn, determines the 
motion of the cyanobacterial population.

The assumption that photosynthesis is the only 
limiting factor in buoyancy regulation yields the 
definition of cell density as the ratio of cell mass 
to cell volume. This allows us to separate the dif 
ferent mechanisms for carbohydrate accumulation 
and regulation of gas vesicle content which is cou 
pled with photosynthesis of glycogen and regulation 
of cell turgor pressure.

Scaling the density of the cyanobacterial cells to 
neutral buoyancy, i.e. the density of water, we as 
sume that the mass of the cell is proportional to 
1 + e fz(G), so that the increase in cell mass obeys 
the Monod equation (Hallam, 1986)

= 1 + e- (7)

where g = -jj- is the relative PAR and e is the 
dimensionless parameter which defines the relative 
increase of mass at photosynthetically saturated ir 
radiation.

The growth of cell volume due to gas vesicle for 
mation is approximated by the function

1 + r/i (G) = 1 + rg exp (-ag), (8)

where r is the relative maximal increase of cell 
volume at the optimal PAR

r = 271^ (9) ' v ' ^ '
and a is the dimensionless parameter which de 

fines the optimal PAR level. This parameter was 
chosen to give the maximal buoyancy at irradi 
ance 30/umol cm~ 2 , according to data by Deacon 
& Walsby, 1990, obtained from laboratory exper 
iments on Microcystis sp. The results of these 
unique experiments were achieved for quasi-static 
irradiation conditions, but provide quantitative in 
sight into the mechanisms which regulate the light 
driven buoyancy of cyanobacteria. In a natural 
habitat, cyanobacteria experience diurnal light vari 
ation which runs with a speed characteristic to our 
world. We assume that the mechanisms responsi 
ble for buoyancy variation are also working at the 
natural conditions. Combining equations (7) and 
(8) into (2) we find that the equation for cell den 
sity, which obeys the mechanisms revealed by the 
quasi-static experiments of Deacon & Walsby, 1990, 
is .

1. the carbohydrates are produced when the cells 
are irradiated; the carbohydrate production 
follows the Monod law;

2. the gas vacuole synthesis is a result of the de 
crease of radiation; gas vacuoles are synthe 
sized from stored protein and using photosyn- 
thetic energy; the gas vacuoles start to build up 
after the light intensity exceeds the threshold 
value and is coupled with carbohydrate pro 
duction rate; with no gas vesicles the cell vol 
ume corresponds to the volume of the cell with 
out buoyancy and density is determined by car 
bohydrate content in the cell; and

3. The.photosynthetic processes respond instan 
taneously to changes in light intensity and has 
no explicit memory of previous irradiance.

The latter assumption is not obvious and there 
are reports of retardation of photo-response with 
respect to changes in irradiance which vary from 
minutes to hours (Ferris & Christian, 1991).

Field observations, by Reynolds, 1987, of cell den 
sity, show variation limits of -1.5% to +0.5% from 
the neutral buoyancy state for Microcystis aerugi- 
nosa, when for other specimens of cyanobacteria the 
variation can be from -8% to +8.5% (Reynolds et 
al, 1987). The calculation of cyanobacterial density, 
driven be the two mechanisms, and using equation 
(10), is demonstrated in Fig 1.

The change of density has the maximum rela 
tive irradiance at g = 1, which corresponds to the 
value SO^tmol cm"2 (Deacon & Walsby, 1990) and 
is within the limits of density variation (Reynolds, 
1987) - The qualitative trend of the diurnal change 
is the same as reported by Deacon & Walsby, 1990, 
for a quasi-static light regime. Under diurnal light 
cycling, with light irradiance obeying the modified 
harmonic law

1 — cos(ut)
(11)

The hypotheses with regard to the cell density 
equation (10) are

where go is half the maximal light intensity, u 
is the diurnal frequency, u = ?f-,T = 1 day, and 
n = 7, the light driven change of cyanobacterial 
density is demonstrated in Fig 2. Using a suit 
able mathematics package, e.g. Maple, it is pos 
sible to optimize the empirical parameters 6 and r 
of the density model by plotting a three dimensional 
graph in respect of radiation, g, and parameter, c, 
as shown in Fig 3.

On a bright day, from equation (10) and the cyclic 
regime it follows that the cyanobacteria, under this 
law, experience maximum buoyancy in the early 
morning and late evening. During the bright inter 
val either side of midday the vesicles are suppressed



by turgor pressure, and photosynthesis of carbohy 
drates is inhibited. This causes the cell density to 
decrease and sinking to take place. In the dark 
interval, at night, cells are neutrally buoyant with 
no photosynthesis taking place. Equation (10) does 
not account for the very small amount of gas vesi 
cle formation which takes place at night due to the 
accumulation of energy and natural reserves within 
the cell (Deacon and Walsby, 1990).

4 Discussion of the ERT
Cyanobacteria have similar light requirements to 
other photoautotropic plankton though, they are 
able to survive in conditions of lower light inten 
sity than other algae (Reynolds &: Walsby, 1975). 
Insolation is the prime factor in determining devel 
opment of cyanobacteria in the upper water layers 
of the freshwater and marine environment. This 
layer is called the euphotic zone of the waterbody.

Not all of the incident light field is important 
for algal productivity only the photosynthetically 
active radiation (PAR) which has a wavelength 
range from AI = 400nm to A2 = 700nm. The 
PAR is differentially attenuated in the water due 
to absorption and scattering by water and sus 
pended material. The absorption spectra for phy- 
toplankton shows distinct peaks, at A = 440nm and 
675nm (Mobley, 1994), which suggest that these 
are the most physiologically active wavelengths of 
light. Using data available in Mobley, 1994, we find 
that in water, for A = 440nm, kv = 0.0145m" 1 , 
/?„ = 0.0194m" 1 and uv = 0.2526 where as for 
A = 675nm, kv = 0.440m- 1 , j3v = 0.4408m- 1 and 
(jjv = 0.0017. Prom which it can be seen that ra 
diative transfer of light through water at these two 
important frequencies has different characteristics.

The distribution of incident radiation increases 
with depth differentially affecting the cyanobacteria 
cells. The attenuation of the spectral composition 
of PAR is a major regulator of the dynamics and 
development of the planktonic community.

To account for the impact of the spectral compo 
sition of light on cyanobacteria at various depth of 
the water column, it is necessary to solve the ERT 
(4) rather than apply the Bouguer-Beer law for the 
total light intensity.

Highly non-homogeneous cells of vacuolate 
cyanobacteria make light scattering more efficient 
than scattering by other organic and non-organic 
particles which are made from optically homoge 
neous material. Laboratory measurements demon 
strate that about 90% of the scattered light by sus 
pension of the vacuolate Anabaena flos-aquae de 
creased when vacuoles were collapsed by pressure

(Van Liere & Walsby, 1982). The scattered light 
can again be used by bacterial pigments to continue 
photosynthesis..

To account for the spectral absorption proper 
ties of cyanobacteria, the influence of depletion and 
changes in PAR in the water, it is necessary to 
consider the problem of monochromatic radiation 
transfer in the heterogeneous water column.

The ERT (4) provides for spectral radiation 
transfer through a transparent body, in our case 
the water column with cyanobacterial cells. For the 
idealized case of source free, non-scattering media 
(uv = 0) the familiar Bouguer-Beer Law can be de 
duced for the spectral intensity

(12)

where IVQ is the incident radiation intensity of 
frequency v at the water surface.

Unfortunately water is not ideal, scattering does 
take place. This is caused by the water molecules 
and any suspended matter, including cyanobacte 
ria, in the water column. This scattering may or 
may not be important in the overall context of a 
cyanobacteria growth model but as spectral radia 
tion is the driving force behind cyanobacterial buoy 
ancy and growth, we feel it should be investigated 
further.

There are a number of methods available to find 
approximate solutions to (4) for scattering media 
(Chandrasekhar, 1960; Ozisik, 1973). When choos 
ing which method to use, it is important to consider 
the boundary conditions applicable to the system 
and how to apply them. We have used the Spheri 
cal Harmonics method to find an approximation to 
Iv (x,/ii) and chosen Marshak's boundary condition 
to complete the problem (Ozisik, 1973).

Once a series of J^'s, for different wavelengths has 
been determined, equation (5) for PAR can be used. 
The PAR can then be applied to the cyanobacte 
ria model to account for variations of the spectral 
composition of light at the depth x, from cyclic vari 
ations of irradiation, shielding and other feedback 
processes. (Further Details can be found in Ap 
pendix A).

5 Population Dynamics Equa 
tion. Exact Results

The four equations (1) - (4) are coupled, and it is 
difficult to find a solution for the population con 
centration, n(x, £), directly from the complete set 
of equations. For this reason some simplifications 
and approximations must be made to investigate



the properties of the proposed equations. These 
should have a proper justification, this is what we 
aim to give in this section.

In the discussion about the cell density function 
it was found that the cell density and cell buoyancy 
undergoes diurnal cycling due to the rise and fall of 
available light. During the day the magnitude of the 
cycling is declining with depth in broad obeyance of 
the Bouguer-Beer Law.

In order to ease the analysis of the four equation 
system we have found that a function for cell buoy 
ant velocity, va , broadly incorporates the properties 
outlined above. The function allows us to reduce 
the system to one partial differential equation, for 
which an analytic solution is found. Results for sev 
eral initial conditions are illustrated.

The cell buoyant velocity is taken to be

vs (x,t) = cos(o;i), (13)

where VQ is the cell velocity amplitude, <jj is the 
frequency of cycling, k is the optical attenuation 
and h is the depth of the lake.

In Belov and Wiltshire, 1995, the cell buoyant 
velocity is given by,

gV .

where g is acceleration due to gravity (9.81 m 
s~2), V is volume of cell (m3 ), rj is viscosity of water 
(kg m" 1 s" 1 ), r is radius of cell (m), p0 is density 
of water (1000 kg m~ 3 ) and p is density of cell (kg
m~3

This gives the cell velocity in m s" 1 , which is 
then converted to m day~l for use in the model. In 
the examples given the value of VQ is estimated in 
the following way,

max \p0 - p\,V0 =

kr>, coefficient of form resistance, has been intro 
duced to take account of non-spherical cells. Then 
using the data for Oscillatoria agardhii given in 
Kromkamp and Walsby, 1990,

V0 = OAOSm.day' 1 .

Applying the expression for cell buoyant velocity 
to the partial differential equation for cyanobacteria 
population biomass concentration, n, we derive

= rn(l -n}- An,

where the right part of (14), rn(l —n) — An, de 
scribes growth and decay of the cyanobacteria in a 
non-degrading environment.

In order for the system to be complete a suitable 
boundary or initial condition should be given. We 
have n(x, 0) = no (a;), an initial vertical distribution 
of cell population density in water column. The 
choice of an initial condition, dependent on depth, 
allows us to find solutions for any number of sce 
narios providing an explicit function for n0 (z) can 
be found and assuming r and A are constants.

The analytic solution of the problem (14) - (15) 
is found by applying the Cauchy method,

n0n(x,t\ =

where the internal variable is

z(x,t) = h - In k . Bin(w*) +

(16)

(17)

The evolution of the cyanobacterial population 
concentration in the water column, assuming that 
this process can be modelled by equation (14), is 
shown in Fig 4. This starts from a "bell" shaped ini 
tial distribution with maximal concentration about 
5m from the water surface.

Further, it is possible to modify equation (14) 
to take into account variable growth factors such 
as nutrient availability and weather conditions by 
introducing the carrying capacity function, k(t), so 
that equation (14) becomes

(18)

and where the carrying capacity function mod 
els the deterioration of the environment for the 
cyanobacteria in a step-wise manner, with a speed 
of deterioration dependant on the value of the ex 
ponent D,

fc W = i + (J.)p' (19)
where D and t^ are the exponent of the depletion 

rate and the characteristic depletion time respec 
tively.

These produce the analytic solution

n(x, t) = U n0 (z(x,t))

= n0 (x), (15)

(20)
where z(x,t) was defined in equation (17), (f = 

r - A and k(u) = ((f>/r}k(u). In Belov, 1996, an ex 
plicit solution to (18)-(19) has been presented with



respect to phycotoxin production during the devel 
opment of a cyanobacterial population in a lake.

The development of the cyanobacterial popula 
tion, in the deteriorating environment given by 
(18)-(19), is shown in Fig 5 for the same set of pa 
rameters as in Fig 4. The exhaustion of available 
resource forces the cell population to slope down 
because of the limited life of the cells that is rep 
resented by the parameter A. The explicit solu 
tions provide an opportunity to assess parameters 
that can represent the characteristic or particular 
conditions of the cyanobacteria development in the 
waterbody. All scenarios can be instantly calcu 
lated and visualized by mathematics package such 
as Maple or similar.

6 Conclusion
The general model (Belov & Wiltshire, 1995) 
presents a set of coupled differential and integro- 
differential equations for a cyanobacteria popula 
tion with respect to light driven buoyancy and ap 
plied here for an isothermal, nutrient saturated wa 
ter column.

In this paper we have concentrated on the four 
equations for the cyanobacterial element, buoyant 
velocity (1), cell density change due to the variation 
of gas vesicle and carbohydrate content (2), spectral 
radiation transfer equation (4) and the population 
equation for cell concentration in the water (3).

The equation for cyanobacterial cell density was 
derived from the experimental data of Deacon &; 
Walsby, 1990, for Microcystis aeruginosa. For so 
lar radiation, following a diurnal cycle, the equation 
gives two buoyant periods, in the early morning and 
the late evening. At midday the cyanobacteria tend 
to sink and at night they have neutral buoyancy. 
The simple formula for the incident spectral radia 
tion is found, in the case of the suspended cyanobac 
terial cells being the dominant absorbers, using the 
Pa approximation with Marshak boundary condi 
tions.

The solution that reduces the set of four coupled 
equations (l)-(4) to one non-linear equation, (3), 
for the population concentration has been found in 
the case of harmonic solar radiation cycling when 
radiation in the water column declines with depth 
according to the Bouguer-Beer law. The exact so 
lution of this equation demonstrates flattening of 
the initial distribution of the cyanobacteria popula 
tion for two laws of population growth: logistic and 
logistic with available resource depletion. These re 
sults give confidence that the complete equation 
of population dynamics, in an isothermal hyper- 
trophic water column, can account for shielding and

PAR spectral depletion effects in a diurnal solar cy 
cle on the dynamics of the cyanobacterial popula 
tion, impact of deteriorating conditions for bacterial 
growth and simulate the complex evolution of the 
cyanobacteria bloom.
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A Analysis of the Equation of 
Radiative Transfer

In section (2) the Equation of Radiative Transfer 
for plane parallel media with azimuthal symmetry 
was presented. Let the optical depth, T, be defined 
by

dT = j3v (x)dx, (21) 
then the ERT (4) can be written as

dr

+1

_
(22)

where /?„ is the spectral extinction coefficient, 
ujv is the spectral albedo, p(//, //) is the scatter 
ing phase function and fj, = cos 9 , the cosine of 
the angle 9, to the direction of the incident radia 
tion. Equation (22) has been widely studied and 
there is much literature available with regard to 
approximations and applications (Chandrasekhar, 
1960; Ozisik 1973).

The optical parameters of equation (22) are cou 
pled with the concentration of the cells suspended 
in the water column, n(x,t), and the cells optical 
properties. The spectral extinction coefficient for 
the water particle containing cyanobacterial cells is

(x, t) = KV [Qv \n(x,t), (23)

where KV (X) is the spectral absorption coefficient 
of water, which may include absorption by dissolved 
and suspended particulates, and Qv and Q sv are the 
absorption and scattering spectral coefficients of the 
cells.

The spectral albedo uiv is defined as

Q*vn(x,t)- (24)

In our analysis of the ERT (22) we have used the 
method of Spherical Harmonics. The radiation in 
tensity, Iv (x,fj,), and the scattering phase function,
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Abstract
Cyanobacteria, including the genera Anabaena, 
Aphanizomenon, Microcystis and Oscillatoria, are 
known to release or have the potential to release 
phycotoxins into the water. Indeed, there are doc 
umented cases of both animal and human intoxica 
tion. Data obtained from field observations and lab 
oratory experiments demonstrate a correlation be 
tween the development of the cyanobacterial popula 
tion and the level ofphycotoxin present in the water, 
though it should be noted that not all cyanobacterial 
blooms are toxic.

The development of the cyanobacterial population 
is described by a dynamical model which accounts 
for factors that include algal growth, degradation 
and light driven buoyancy under the assumption of 
an isothermal, calm and nutrient abundant lake. A 
semi-empirical mathematical model for water col 
umn toxicity is developed and is used in conjunc 
tion with an improved result for the density of the 
cyanobacteria population obtained from the dynami 
cal model. Light transfer through the water column, 
light absorption, the implication of the differentiated 
attenuation of light by the water and its diurnal ef 
fect on the cyanobacteria population is considered. 
The result of which is a plausible description of the 
seasonal development of the cyanobacteria popula 
tion and of the toxicity within the water body.

1 Introduction

Cyanobacteria (blue-green algae) thrive in most 
natural water systems; both marine and fresh 
water throughout the world. These procari- 
otes are amongst the oldest inhabitants on earth. 
Cyanobacteria have been found in fossils from as 
early as the Pre-Cambrian Era (Shopf & Wal 
ter, 1982). They are a structurally diverse assem 
blage of Gram-negative eubacteria characterized by 
their ability to perform oxygenie photosynthesis. 
Many cyanobacteria are obligate photoautotrops, 
and are thought to have been responsible for the 
early oxygenation of the earth atmosphere. The 
chemotrophic growth rate of those strains that can 
grow in the dark is very low compared to those that 
grow in the light, and occurs only at the expense 
of glucose and some other carbohydrates which are 
dissimilated by aerobic respiration.

In lakes that undergo eutrophication, a mas 
sive development of unicellular and filamentous 
cyanobacteria characteristically occur during the 
warmer months of the year. These are predomi 
nantly gas-vacuolate forms. In calm warm weather, 
the population floats to the surface producing a 
"surface bloom" , with a density above 10 mg m~ 3 . 
Subsequent death and decomposition of the bloom 
often promotes a massive development of phycotox 
ins and chemoheterotrophic microorganisms, which 
may have catastrophic effect on the animal and al 
gal population of the lake because they can deplete
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the dissolved oxygen supply.
The occurrence of surface blooms is not a new 

phenomenon, and has been observed and recorded 
since at least biblical times. Indeed, an early doc 
umented account of a bloom in Brecknock Mere 
(Llangorse lake) was given by Gerald of Wales in 
his book, "The Journey Through Wales" written in 
1188AD. He wrote,

"As I told you, it [Brecknock Mere] sometimes 
turns bright green, and in our days it has been 
known to become scarlet."

Recent, well documented, cyanobacterial blooms 
include Rutland Water, 1989, and Lake Alexandria, 
1992. Although there is a perception that the re 
cent increase in the incidence of blooms is as a re 
sult of eutrophication of water, in fact, a number 
of factors determine whether or not blooms will oc 
cur. Cyanobacteria have no specific requirements 
for enrichment of the aquatic system with dissolved 
nutrients such as phosphorus, nitrogen, carbon or 
organic substrates. Many cyanobacteria can ab 
sorb far more nutrient than needed when it is freely 
available. This explains why blooms form at times 
of extreme nutrient deficiency (Reynolds & Walsby, 
1975). Cyanobacterial blooms tend to develop in 
calm conditions in which the non-cyanophytic phy- 
toplankton sink due to low turbulence and their in 
ability to control their buoyancy. Controlled mi 
gration of cyanobacteria, and photosynthesis under 
low irradiance, explain the dominance of cyanobac 
teria in contemporary aquatic systems and the oc 
currence of blooms over billions of years.

Not all blooms are toxic, but in most cases 
they are. The most common phycotoxins fall into 
three main categories: neurotoxins (e.g. Anabaena, 
Aphanizomenon, Oscillatoria, Nostoc), hepatotox- 
ins (e.g. Anabaena, Microcystis, Nodularia, Oscil 
latoria), and lipopolysaccharides (LPS) (e.g. Mi 
crocystis, Gloeotrichia). The neurotoxins which are 
alkaloids can cause neuronal de-polarization, inhibit 
cholinesterase and block neuronal ion channels. The 
hepatotoxins are cyclic peptides which damage the 
liver by changing the cytosceletal architecture of 
hepatocytes and can promote tumor growth. The 
LPS, which are compounds of fats and sugars, can 
cause skin irritation and gastrointestinal disorders 
(Carmichael, 1986; Codd et al, 1990).

Little is known of the metabolic organic processes 
which regulate toxin production, though it is known 
that toxin production varies widely among different 
strains of the same species. The factors which de 
termine whether or not a cyanobacterial bloom will 
be toxic are poorly understood (NRA, 1990). Pro 
duction of toxin can vary with time for an individual 
bloom and most field studies about water toxicity,

to date, have involved Microcystis. In general, if 
a bloom appears to be toxic, then the concentra 
tion of toxins in the water correlate with the age of 
cyanobacterial population.

To counter unwanted bloom formation and the 
associated toxic side-effects, it is necessary to de 
velop an appropriate strategy. Since it is not feasi 
ble to conduct a vast array of experiments to obtain 
cyanobacterial responses to varying physical condi 
tions, it is advantageous to construct a model which 
can simulate these effects. The development of 
models with this aim has been subject to recent re 
search and vary from the simple to complex in con 
struction, depending on the level of process descrip 
tion. Most of these models require numerical im 
plementation (Okada & Aiba, 1983ab; Kromkamp 
& Walsby, 1990; Howard et al, 1996; Sherman & 
Webster, 1994; Humphries & Lyne, 1988), and ac 
count for phototrophic growth of population (Chl 
A) and buoyancy of cells, though they do not con 
sider phycotoxicity. In Kromkamp & Walsby, 1990, 
the discussion on buoyancy regulation by illumina 
tion intensity was presented. The key element of 
this mechanism is the variation of the density of 
the cell. The empiric dependence on light intensity 
presented in this work produces a singularity which 
should be controlled during numerical simulations 
(Howard, 1993). An alternative approach has been 
used in Belov & Giles, 1997, where the density of the 
cyanobacterial cell was assessed by applying data 
from laboratory experiments presented in Deacon 
& Walsby, 1990.

The complexity of cyanobacterial population 
growth and bloom formation, the large number of 
state variables and the complexity of waterbody hy 
drology has inspired the application of neural net 
work techniques to predict bloom occurrence and 
toxicity of water in lake Kasumigaura (Recknagel, 
1997). Unfortunately this advanced and general 
technique does not reveal the underlying mecha 
nisms which result in cyanobacteria development 
and is a serious limitation of the method when com 
pared to the deterministic approach. As a result, it 
is not then possible to apply the knowledge accumu 
lated by the network to other waterbodies or even 
the original waterbody if conditions drastically dif 
fer from those of the data set that was used to train 
the network.

Indeed, most environmental and ecological sys 
tems include an indefinite number of mechanisms 
and processes. These are almost always of differ 
ent scales and amplitudes. Further, external factors 
can affect the system in ways that are often very 
difficult, if not impossible, to quantify and account 
for. In physical terms, this situation is described as



a system with fluctuations and it is said that the 
system is undergoing fluctuating behaviour. The 
deterministic approach uses variables that can,, be 
measured; the nature of the physical measurement 
implies statistical averaging of the collected data. 
In these terms, the deterministic approach is re 
garded as a mean over a statistical ensemble. The 
stochastic approach uses not physical quantities but 
probabilities or probability densities. The resulting 
laws and equations derived from this method do 
not necessarily coincide with known physical laws 
and their corresponding equations; e.g. in Quan 
tum Theory, the Schrodinger equation does not co 
incide with the Hamilton equations. More detailed 
discussion of these matters will be presented else 
where.

In the second section we provide an outline of 
the models equation set and then in the third and 
fourth sections we discuss the governing equations 
of the model including, the spectral equation of ra 
diation transfer (ERT), the population density dis 
tribution equation (PDDE) and radiative response 
properties of cell density. The fifth section consid 
ers the release of toxins by cells and is based on 
observational data (Belov, 1996).

In the sixth section we discuss basic limnological 
data applicable to the modeling of toxicity stratifi 
cation in the water column and data about phyco- 
toxin fate in the water. The next section discusses 
the actual toxin release equation. Finally, conclu 
sions follow, and contain the results of these studies 
and a discussion of problems which have not been 
solved and form the basis of continuing work.

2 Model Equations
The main focus of this paper is the development 
of a set of equations that will allow the toxin con 
centration profile, within the water column, to be 
determined at a given time during the formation 
and decay of a cyanobacterial bloom. With this 
aim, the authors have developed a set of equations 
that model the toxin release process (Belov, 1996) 
and cyanobacterial population development (Belov 
& Wiltshire, 1995; Belov & Giles, 1997). The equa 
tion set for these processes is presented here. Each 
equation will be developed, in the context of the 
toxin release problem, later in the paper.

• The algal population density distribution, n, is 
given by,

with the initial condition,

n(Q,x) = n0 (x), (2.2)

where k(t) is used to model resource depletion 
and vs represents the vertical buoyant velocity 
of the cyanobacterium with the water column. 
The derivation of this equation from the full 
model equation set is given in Belov & Giles, 
1997, and is outlined in Section 4 (The algal 
population density).
The vertical buoyant velocity is dependent 
on the incident light irradiation. This is 
model-led using the equation of radiative trans 
fer (ERT) for light transfer in the plane- 
parallel, azimuthally symmetric case, since we 
are considering a water column (spatially one- 
dimensional). The ERT is then given by,

/+i 
, M M 

1
<2

with boundary conditions,

" J n' (2-4)

(2.3)

=Iv0 (t) 
=0

The following quantities are represented in the 
ERT. The frequency of the incident radiation 
is v. The spectral extinction coefficient is /3,/, 
the spectral albedo is uv, the scattering phase 
function is p(fj,, p.') and the cosine of the angle, 
9, to the direction of the incident radiation is 
fj, = cosd.

The toxin release equation is given by,

9s = _o 
dt ~ d:

with initial and boundary conditions,

, , ds

s, (2-5)

s(x,0) = 0,
x=0,h

= 0, (2.6)

dt
-An, (2.1)

where s is the toxin concentration in the water, 
kz (x) is the diffusion coefficient of the toxins 
in the water, P is the function for toxin release 
into the water by the cyanobacteria (given by 
eqn 5.1) and /zz is the rate of toxin decay in 
the water.

It is this toxin release function that provides the 
coupling between equations (2.1) and (2.5). It will 
be shown later, in section 5 (Toxin release into wa 
ter), that P is a linear function of the algal pop 
ulation density and, hence, the toxin profile is de 
pendent on the population density distribution pro 
file. Further, it is assumed that the production of



toxin does not affect the algal population adversely, 
since there is no evidence to suggest this, and thus 
the coupling of equations (2.1) and (2.5) is "one 
way", hence equation (2.1) is, in fact, decoupled 
from equation (2.5).

The equation set (2.1) and (2.2) is a Cauchy prob 
lem for first order partial differential equations and 
can be solved using standard techniques (Sneddon, 
1976). Once this solution is found, it can be used di 
rectly in the solution for equation (2.5). This is then 
solved by choosing the appropriate Green's function 
and integrating.

It is a point of interest for the reader to note 
that spatially equations (2.1) and (2.5) are one- 
dimensional (the vertical axes is being considered). 
This is because cyanobacteria can modify their cell 
density, and hence cell buoyancy, to give a com 
petitive advantage over other organisms within the 
water body, whereas horizontal motion is outside 
the cyanobacteria cell's control.

3 Phototropic development of 
the cyanobacterial cell and 
populations

Cyanobacteria differ from other algae (such as green 
algae) in that they have the ability to regulate their 
buoyancy, and hence their position within the wa 
ter column, in response to changes in their envi 
ronmental habitat. The regulation of buoyancy 
is an on-going process within the cyanobacterial 
cell that should be considered when attempting to 
model the development of a population of cyanobac 
teria over a period of time. Indeed, it is the loss 
of stability within the buoyancy regulation process 
that can cause the cyanobacteria to become "over- 
buoyant" and hence rise to the water surface to form 
a "scum".

Documentary evidence (NRA 1990; Soong et al, 
1992) suggests that cyanobacteria that have formed 
a scum then go on to release phycotoxins into the 
water causing harm to local populations (Howard, 
1994). It was thus felt that in order to attempt 
to model toxin concentration in the water column, 
it was necessary to focus attention on the buoy 
ancy regulation mechanism and then on the toxin 
release mechanism. The following work outlines 
the attempt made to model cell density, the reg 
ulator of cell buoyancy, for one particular genera of 
cyanobacteria, Microcystis Sp, Oscillatoria and An- 
abaena which, in general, may regulate their buoy 
ancy by varying the content of gas vesicles and car 
bohydrates, though to a different extent.

It is generally agreed, in literature, that there are

three mechanisms that regulate the density of the 
cyanobacterial cell (Reynolds et al, 1987). They 
are (i) kinetic regulation of gas-vacuole synthesis; 
(ii) cell vesicle collapse due to increase of cell tur- 
gor pressure; and (iii) photosynthetic production of 
carbohydrates. It is difficult, though, to find pub 
lished experimental data that quantifies the effects 
of the three mechanisms separately, so use must be 
made of published work that is of a more general 
nature.

The relative importance of the three mecha 
nisms (vesicle production and collapse, and carbo 
hydrate production) varies inter-specifically; unicel 
lular, picoplankton cells of Syncchococcus are nor 
mally buoyant and can moderate their sinking rate 
by carbohydrate content, and filamentous and colo 
nial forms of Microcystis Sp, Oscillatoria and An- 
abaena adjust their buoyancy both in the extent of 
coupling and control of vesicles and carbohydrate 
production (Reynolds, 1987).

The density of the cell depends on the cell mass 
and the cell volume that contains this mass; allow 
ing us to postulate the separation of the mecha 
nisms that contribute to the photoproduction of 
carbohydrates and those that control the growth 
and collapse of the gas vesicles. Deacon & Walsby, 
1990, present data, for quasi-static experiments, 
that attempts to quantify the effect of changes in 
the intensity of the incident light radiation field for 
Microcystis aeruginosa. This is relevant since Sher- 
man & Webster, 1994, state that for cyanobacte 
rial growth in a calm, nutrient saturated, isother 
mal water column, light is the only external limiting 
factor. Then, assuming that production of carbo 
hydrates obeys the Monod law, /2(G), and the net 
increase of the cell volume due to formation of gas 
vesicles, fi(G), the density of cyanobacteria cell, 
which is governed by vesicle content and carbohy 
drate production, is given by the formula (Belov & 
Giles, 1997),

p(x, t) = l+e/2 (C?) (3.1)

where (e,r) are parameters which characterize 
the maximum relative increase in the amount of 
carbohydrate and non-dimensional cell expansion 
due to gas vesicle formation. The parametric func 
tions /i and /2 describe gas vesicle production and 
carbohydrate production, respectively. These func 
tions are determined with regard to the experimen 
tal data available (Deacon &; Walsby, 1990) and 
G is the total physiologically active light radiation 
(PAR).

Apart from photosynthesis of carbohydrates and 
light mediated collapse and reformation of vesicles,



there are a number of other factors that affect buoy 
ancy of cyanobacterial cells (Van Liere & Walsby, 
1982; Reynolds & Walsby, 1975), They are light 
shielding by extra- and intra-cellular pigmentation, 
development of calcined sheets, shading by overlay 
ing cells in the water column and control of buoy 
ancy by uptake of dissolved chemicals such as dis 
solved carbon dioxide (Reynolds et al, 1987) and 
phosphorus (Booker & Walsby, 1981).

The reason for growth of cyanobacteria is the in 
cident solar radiation, and particularly the part of 
the spectrum which is available for photosynthe 
sis. To determine the available PAR, it is first nec 
essary to consider the monochromatic equation of 
radiative transfer (ERT) with respect to the im 
portant frequencies for cyanobacteria metabolism 
(Mobley 1994; Belov & Giles, 1997). We are con 
sidering a water column (spatially one-dimensional) 
so the ERT for a plane-parallel, azimuthally sym 
metric system is used. This is given by equation 
(2.3), and is dependent on a number of parameters.

The spectral extinction coefficient, /3V , for the wa 
ter particle containing cyanobacterial cell is given 
by,

0y (x, t) = Kv (x) + (Qv + Qt] n(x, t), (3.2)

where KV (x) is the spectral absorption coefficient 
of the water (including absorption by suspended or 
dissolved particulates) and Qv & Q* are the absorp 
tion and scattering coefficients of the cyanobacterial 
cells. Further, the spectral albedo, ov, is defined as,

(3.3)

The solutions to the ERT given by equations (3.5) 
and (3.6) have been found for the case when 1 - uv 
does not depend on r = f @v (x,t)dx, which is the 
case when absorption by cells is dominant, since,

l-tjga' * • (3-4)

It is difficult to solve the ERT directly so a num 
ber of methods for deriving approximate solutions 
have been developed (Chandrasekhar, 1960; Ozisik 
1973). For the work presented in this paper, the 
method of Spherical Harmonics has been used in 
conjunction with the Marshak method (Marshak, 
1947; Ozisik, 1973) for applying boundary condi 
tions of the form given by equation (2.4).

Then to determine a solution, a suitable scatter 
ing phase function should be chosen. Two solutions 
have been found, corresponding to the phase func 
tions pOi,/*1 ) = 1 and pfri,/*').= 1 + 3aiw* - The 
first of these represents isotropic scattering and the

second, linearly anisotropic scattering which is ap 
propriate when discussing a water column with al 
gae present (Mobley, 1994). The solution for the 
isotropic case, with uv < 1, is,

where r) = 
case, again with uiv < 1,

—T ~ '
2»j)2 exp( —TJT<})|

the anisotropic

- ( t l »xp[ — IM(TQ— r

where r\\ = \/3a (1 — a»j/) and a = (1 — aiw,,). 
In both cases,

r+l
Gv (r; t) = 27r / /„(*-, /*; *) rfM, (3-7) 

J-i

is defined as the incident radiation, and then the 
PAR, G, can be defined as,

G(T;«)= (3.8)

where fc£ is the spectral absorption coefficient of 
the cyanobacterial cell and Az/ is the physiologically 
active frequency range.

4 Algal population density 
equation

The deterministic model for algal growth presented 
in Belov &: Wiltshire, 1995, consisted of seven cou 
pled partial and integro-partial differential equa 
tions. Belov & Giles, 1997, showed that it was 
possible, under certain assumptions, to reduce this 
set of equations; first to four partial and integro- 
partial differential equation and then to one partial 
differential equation, which was solved. The solu 
tion applies to a narrow band of the original prob 
lem, namely to an isothermic, calm, nutrient rich 
lake where the blue-green algae undergo diurnal, si 
nusoidal velocity changes. This single PDE is pre 
sented, for completeness, together with its solution, 
for both non-depleting and depleting resources since 
the resultant function is used in the main focus of 
this paper, the toxicity model.

The partial differential equation for algal pop 
ulation density was given in section 2, by equa 
tion (2.1) together with the initial condition de 
fined in equation (2.2), and for the conditions de 
scribed in the first paragraph of this section, vs =



Then, k(t) = 1, for non-depleting resources, and
k(t) = p-; for depleting resources. The pa-

rameters D and tj are the exponent of the deple 
tion rate and the characteristic time of depletion 
respectively. The term for the algal sinking velocity 
has been chosen to fulfill two criteria. The first, it 
should behave in a similar way to the more compli 
cated expression presented in Belov & Giles, 1997, 
which is based on the experimental work of Deacon 
& Walsby, 1990; and the second, it should allow a 
closed form solution to be found for the algal pop 
ulation density distribution.

The expression used achieves this. It has periods 
of buoyancy in the early morning and late evening, 
with sinking occurring around midday. The second 
criterion is clearly filled since a solution is presented 
here.

The solutions are,

n(x, t) =

for non-depleting resources, and,
e(r-A)t

n(x,t) = „,.. |1 -

(4.1)

K(t) K(t)-n0 (z(x,t))\'
(4.2) 

for depleting resources, with z(x,t) given by,

z(x, t)=h-\n —— sin(ut) + eK^-xA , (4.3)
U>

in both cases, and,

*<*)=
r)f]J \ (A A \ 

J ( }

for the depleting resources case.
The population density profile, in the water col 

umn, is shown in Fig. 1 (a) for case of non-depleting 
resources and in Fig. l(b) for the case of depleting 
resources, td — 2 months. The profiles are for a pe 
riod of 6 months from the beginning of population 
growth in the early spring.

5 Toxin release into water
In recent years, serious human health concerns 
have come to light because of the increasing in 
cidence of toxic cyanobacterial blooms in domes 
tic, recreational and agricultural water supplies 
(NRA, 1990). A number of health problems may 
result from the consumption of water containing 
cyanobacterial phycotoxins; particularly if low con 
centrations persist for a long period of time.

Little is known about the release and persistence 
of phycotoxins in water. Recent work (e.g. Jones 
et al, 1994) has shown that microcystins are biode- 
graded in natural waters within 2-3 weeks and this 
time can be reduced to a few days if the waterbody 
has been previously exposed to microcystin. Phy 
cotoxins, such as microcystin, that are released into 
water, persist and then degrade, being affected by 
natural aquatic bacteria and through reaction with 
some of the chemicals which are dissolved in the 
water or that are applied to speed up degradation 
of the toxins. Microcystins, produced by certain 
species of Microcystis, Anabaena and Oscillatoria, 
are very stable chemically and can be treated with 
strong acid or with copper-based algicides (Jones & 
Orr, 1994).

The fact that the presence of phyctoxins in water 
is associated with cyanobacteria blooms is estab 
lished, e.g. NRA, 1990. Water blooms can be seen 
as the final stage of the cyanobacterial population 
development in the waterbody. On the other hand, 
significant release of toxins from growing cells of Os 
cillatoria has been observed in laboratory cultures 
(NRA, 1990). Toxins are produced by cyanobacte 
rial cells, and these chemicals may be excreted into 
the water during population development. The rest 
of the cells' content enters the water column when 
the cell disintegrates at the end of the cyanobacte 
rial bloom.

The observational data about the relation be 
tween the age of the cyanobacterial population and 
the amount of toxins in the water (NRA, 1990) 
was used to propose the population, age-linked, 
scheme of phycotoxation of the waterbody (Belov, 
1996). The toxin production function, scaled to the 
amount of toxin which is produced by an average 
cell during its life-cycle, is given by

P(x, t) = n(x, t) B(a(t) + 1>/J(t) + 1 J B(p + 1>9 + 1)T. -
(5.1)

where n(x,t) is the cell concentration in the wa 
ter, p and q are the parameters of toxin release,

- 11 p~ kt
= 0i - l+0ae-"' 

(5.2)

and k ~ ^-, td is the characteristic time of the 
cyanobacterial population demographic trend and 
ao,aoo,/3i,/?2 are the parameters which determine 
demographic change during cyanobacterial popula 
tion development. The toxin production trend fol 
lows the ageing of the cyanobacterial cell and is 
given in Fig 2.



6 Limnology
Average vertical transport coefficients in lakes lie 
between a molecular diffusion value and about 
10~4m2 s~ 1 , depending on the lake shape, size and 
measurement technique. In calm conditions, where 
Ri > 0.25, the turbulent energy is insufficient to 
overcome stratification. Less dense epilimnetic wa 
ter becomes segregated from the dense hypolim- 
netic water below and the wind mixing is contained 
within the upper part of the epilimnon (Reynolds, 
1987).

In stratified lakes, vertical mixing is subdued 
by the buoyant behaviour of cyanobacteria. Toxic 
chemicals released into the water are distributed by 
the combined action of molecular diffusion and low 
intensity turbulent mixing. Average vertical mix 
ing coefficients for the basin area vary considerably 
depending on the area and depth of the lake, vary 
ing from 2 • 10~5 m2s- 1 to 2 • 10-6 m2 s~ 1 (Imberger 
& Hamblin, 1982). Therefore, for a small size and 
shallow waterbody, assuming a constant gradient of 
mixing increases from the bottom to the surface, we 
have,

kz (x) =D + bx, (6.1)

where D is the molecular diffusion coefficient for 
microcystins and b is of the order of the value of 
turbulent mixing coefficient in the upper part of 
the epilimnon. At the lake surface, kz (h} = 2 • 
IQ-6™2^1 and at the bottom, kz (0) = D.

In the absence of specific data for the diffusion co 
efficient of microcystins it is necessary to estimate 
it from known diffusion coefficients for similar type 
molecules. Microcystins are mono-cyclic heptapep- 
tide hepatotoxins. Several names have been given 
to them, including "fast death factor" and "cyanogi- 
nosin" (Carmichael, 1988). The microcystins con 
tain L-amino acids, that vary between differing tox 
ins, so that a large number of combinations are 
formed. As a result of their structure, microcystins 
are highly stable, non-volatile and soluble in wa 
ter. Nodularin is structurally similar to the micro 
cystins since it is a mono-cyclic pentapeptide. Fur 
ther, neurotoxins such as anatoxin, saxitoxin and 
neosaxitoxin are also formed from cyclic molecular 
structures combined with hydroxil or hydropurine 
rings (Codd et al, 1989). Molecules of such type 
have diffusion coefficients comparable with that of 
cyclic organic molecules, and therefore have a mean 
diffusion coefficient value of 10~ 9 m2 5~ 1 .

In big lakes with depth over 100m and surface 
area of more than WOkm2 , the_estimates for the 
basin area have average values of kz ~ 5-10~5 m2 s~ 1 
(Imberger & Hamblin, 1982). These values apply 
to the upper 2 — 4m in the epilimnon, and were

obtained using dye-tracing techniques. The kz val 
ues decline with depth, linearly in the hypolimnon, 
though even small temperature gradients are an al 
most complete barrier to vertical mixing, confining 
the tracer in horizontal layers.

The rapid decline, with depth, of the vertical tur 
bulent diffusion coefficient is demonstrated by Mor 
timer (1942) in a series of measurements of the ver 
tical eddy conductivity in the hypolimnon. The hy 
polimnon water is not stagnant, and mixing does 
take place with more efficiency in deep lakes, and 
over a period of time, characteristic to about one 
month.

7 Toxin release equation
The toxin release equation, suggested by Belov, 
1996, for a calm lake is given by equation (2.5) with 
initial and boundary conditions given by equation 
(2.6). It is possible to non-dimensionalise equation 
(2.5) using the transformation,

t:= U.t, (7.1)

with,

bh <X<1+ bh'

where ws is the characteristic frequency for toxin 
change. This yields a partial differential equation 
of the same form as (2.5) with the non-dimensional 
parameter ^ ~ 0.3 • 10~5 . Thus, the range for 
x is approximately (0, 1) to a reasonable degree of 
accuracy.

The boundary condition (2.6) becomes,

= 0, (7.3)

and the non-homogeneity function becomes,

P(x,t) = (7.4)

where ad) - B( aW+P+i0(t)+P+i) j wnere g\i) — ,B(a(i)+i,/3(t)+i)B(p+i,?+i)'-. 1S 
rate of toxin release by cell's unit (5.1).

It is then possible to find a solution for the non- 
dimensional form of the boundary value problem 
(2.5), (7.3), by making use of a Green's function. 
The solution is given by

s(x,t) =
//'
Jo Jo

(7.5)



where the Green's function, G, is defined by

(7.6)

For a population density where the cells are grow 
ing in a lake with depleting resources, solution (4.2), 
/ becomes,

(7.7)

The values, i/n , are the roots of Ji (i/n ) = 0, the 
first order Bessel function, and K (r;) is given by 
(4.4). For the case when the cell's population is 
growing in a lake with non-deteriorating resources, 
the function K (r/) is taken with D = 0 and reduces 
to,

The solution of equation (2.5) is shown in Fig. 
3 (a) for the case when the cyanobacterial popu 
lation is growing in lake with non-depleting re 
sources. The initial distribution of cyanobacte 
rial density in water column is the bell-shaped 0- 
distribution (Fig. l(a), t=0 days), and the mixing 
coefficient, which is given by equation (6.1), is taken 
as kz (h) ~ lQ~ 1 m2day~ 1 at the lake surface. Toxin 
release into the water, by the cells, is initially lo 
cated around the cell's colony, which has maximal 
concentration at a depth of about 4 m.

Water toxicity is closely linked with the popula 
tion density profile in the water column. It increases 
as a larger number of cells become old and readily 
excrete toxins into the water. There are no limits 
for population growth, it is only balanced by the 
cell's natural decline. Toxin presence in the water 
is regulated by toxin decay, with a decay constant 
H = 0.03 day* 1 that corresponds to a half life for 
the toxins in the water of about three weeks (Jones 
et al, 1994). At the surface, toxin concentration 
is about 30% of the maximal toxin concentration, 
located at a depth of 4m, in the early stages (less 
than two months) of population growth.

Then, after a period of about 120 days the con 
centration of toxin present at the water surface is 
over 50% of the maximal concentration of toxin that 
is, again, situated at a depth of approximately 4m. 
If one then considers a mixing coefficient of order 
kz (h) ~ 10~ 4m2 day~ 1 , which is akin to molecu 
lar diffusion without turbulent mixing, it can been 
seen that whilst the maximal toxin concentration is 
higher than that for the larger mixing coefficient 
there is little toxin present at the water surface 
(Figs. 3(a) & 3(b)).

In the case when the available resources in the 
lake deteriorate with the a characteristic time of 
60 days, there is more rapid development of water 
toxicity in the early period of population growth 
(Fig. 4(a) fe(b)). The same initial ^-distribution 
(Fig. l(b), t=0 days) is used for the cyanobacterial 
density. From the period of 2-3 months, when the 
cyanobacterial cells begin to disappear, the perma 
nently growing population begins to produces big 
ger levels of water toxicity. From the 4th month of 
population growth, this is markedly so.

8 . Conclusions and discussions
That cyanobacteria can and do cause water toxic 
ity problems are well documented. Whilst the na 
ture of the circumstances required for a bloom to 
form are well known (Reynolds et al, 1987), those 
for the bloom to become toxic are not. The work 
of the previous sections attempts to amalgamate 
the development of a population density distribu 
tion model with a toxin release model. In section 3 
(Phototropic development of the cyanobacterial cell 
and populations) and section 4 (Algal population 
density equation), the work of Belov &; Wiltshire, 
1995, and Belov & Giles, 1997, is used to provide 
a population density distribution function for use 
with the toxin release model. The section includes 
a discussion of a number of factors that are impor 
tant in the growth of cyanobacteria; including cell 
buoyancy and illumination.

Section 2 (Model equations) presents the partial- 
differential equation (2.1) used for the population 
density in this model. It should be noted that whilst 
this preliminary equation has enabled a solution 
for population density to be found it has limited 
applicability in reality, since, it assumes that the 
cyanobacteria motion is determined by a buoyant 
velocity that is solely dependent on the diurnal il 
lumination cycle. More realistically the active mo 
tion of the waterbody, especially in the epilimnon, 
should be accounted for. Therefore the next ap 
proximation would be to incorporate diffusive mix 
ing by the inclusion of a diffusive term into the 
partial-differential density equation (PDDE). The 
cyclic buoyant velocity of the cyanobacteria has 
been approximated by combining a Bouguer-Beer 
Law for radiation absorption with depth and a har 
monic term to account for diurnal cycling. The ap 
proach used would be improved by including the 
cyanobacterial cell response to illumination inten 
sity, and consequently by change in cell buoyancy. 
This process, though, is strongly non-linear because 
it includes additional absorption and scattering of 
light by overlapping cells and spectral depletion of
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the biologically active part of the light spectrum 
(Belov & Giles, 1997). The feedback mechanism is 
thought to be an important component of cyanobac- 
terial surface bloom formation and collapse of the 
population which follows catastrophic water intox 
ication.

Section 5 (Toxin release into water) discusses 
the work currently being undertaken on the under 
standing of toxin release by cyanobacteria and out 
lines factors that should be considered when mod 
eling water toxicity in general and then with partic 
ular regard to cyanobacteria. A diffusion equation 
for water toxicity is presented, in section 7, and for 
the case of a still water column, it is shown that it 
is possible to find a analytic solution for the toxicity 
present in the water column at a given time.

The results derived from this equation are plau 
sible, and give confidence that further work on this 
model would benefit the understanding of the pro 
cess of toxin release and its diffusion within the wa- 
terbody of the lake.

Within the model, there is much scope for ex 
perimentation. The buoyancy regulation section of 
the model is mainly based on the behaviour of the 
cyanobacterium Microcystis Sp., since it has not 
been possible to find published quantitative data, 
with regard to response under varying illumina 
tion, for other genera. Whilst this data is not re 
quired in the initial stages of model construction, 
it is necessary for further validation of the model. 
The initial, "bell-shaped", vertical distribution of 
the cyanobacterial population is based on data pre 
sented in Reynolds and Walsby, 1975.

The model would greatly benefit from experimen 
tal work and field observation because data would 
provide verification of assumptions made in the 
model as well as enabling calibration of model pa 
rameters which include biological, ecotoxicological 
and limnological aspects.

Further, it should also be noted that observa 
tional data with regard to the vertical distribution 
of phycotoxins and their trends, within the water 
body, is very limited. The authors hope that this 
model will provide some framework for the appro 
priate experimental work to take place. We can 
hypothesize, though, that the phycotoxin concen 
tration profile in the water will follow, in general, 
the cell distribution. Turbulent mixing within the 
water body can change the toxin concentration pro 
file and the horizontal distribution with time. This 
is demonstrated by the solution that is presented in 
this paper.
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