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Abstract

Plasmonics play an essential role now in the area of compact on chip optical 

systems; this is due to their unique characteristics and the ability of guiding light below 

the diffraction limit. Moreover, the integration between optical systems and electronic 

systems can be realised using those nanostructures. Since the advent of these devices, 

there is an urgent need to have an accurate numerical model for plasmonic structures. 

Numerical simulations play an important role for the design and modeling of 

plasmonics. In this thesis, the conventional full vectorial finite difference method 

(FVFDM) and a nine node based full vectorial finite difference method for linear 

oblique and curved interfaces (FVFDM-LOCI) are used.

In this dissertation, new plasmonic structures for manipulating light at the 

nanoscale are explored. The modal analysis of a novel design of three trenched single 

mode channel plasmon polaritons is introduced and analysed using the full-vectorial 

finite difference method for linear oblique and curved interfaces. The analysed 

parameters are the real effective index, propagation length, and lateral mode radius T^B- 

In addition, the figure of merit (FOM), defined as the ratio between propagation length 

and lateral mode radius, is also studied. The analysis is performed for different channel 

plasmon polariton (CPP) waveguides; trenched-groove. V-groove and the suggested 

three trenched structure over a specific spectral range (200 - 550 THz). The selected 

frequency band is chosen to ensure the existence of the CPP fundamental mode. The 

reported design offers a very high FOM at a low frequency band of (200-350 THz)
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compared to the well-known V-groove structure. However, the lateral mode radius 

of the suggested three trenched structure is slightly smaller than that of the V-groove 

structure. For a high frequency band of (350 - 550 THz), the FOM is still higher than 

that of the V-groove structure while the lateral mode radius r^B is slightly greater than 

that of the V-groove structure.

Moreover, the modal analysis of a novel design of hybrid long-range plasmonic 

waveguide is introduced and analysed using the full-vectorial finite difference method 

as well. The analysed parameters are the real effective index, propagation length, and 

coupling loss. In addition, the bending analysis of that waveguide has been included. 

The coupling has been performed between three different waveguides. A straight 

dielectric waveguide couples through a straight hybrid long-range plasmon waveguide 

to a uniformly bent hybrid one. Using the high index materials as a cap for the hybrid 

waveguides reduce the propagation loss and optimum bending radius as well.
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Chapter 1 

Introduction

1.1 Introduction

The development of information technology increases the need for faster 

information processing. Since the invention of the transistor, the new area of silicon 

electronics technology has appeared, and our data-hungry society continuously drives 

electronic devices to become smaller, faster, and more efficient. However, further 

increases in electronic processing speed are at present limited by delays depending on 

electronic interconnections [1. 2]. Because of this, the integration of modern electronic 

devices for information processing is rapidly reaching a fundamental speed limitation.

However, the photon velocity is much higher than that of an electron in a 

dielectric material. Conventional photonic devices cannot be integrated as densely as 

their electronic peers. In fact, the diffraction limit of light in dielectric media for 

conventional dielectric devices does not allow light to be confined in a region smaller 

than the wavelength of light. Consider an air-silicon-air dielectric slab waveguide (Fig. 

1.1). Such a wave guiding structure always supports a fundamental optical mode for any 

silicon core thickness. When the thickness of the silicon core w is ~ 0.68/l0 /n, the 

fundamental mode can be effectively guided in such a waveguide. In other words, the

1
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modal field is highly confined in the silicon core. Here, A0 is the free-space wavelength, 

and n is the refractive index of silicon.

If the thickness w decreases, the fundamental guided mode starts to go out into 

the surrounding air cladding region (Fig. 1.1). Therefore, decreasing the core thickness 

of the waveguide does not lead to sub wavelength guiding of the optical mode.

It is clear from Fig. 1.1 that the restriction comes with the diffraction limit of 

light in conventional dielectric waveguides, and reveals that the problem appears when 

attempting to reach chip-scale integration of optical devices. Therefore, traditional 

dielectric waveguides cannot act as highly-compact waveguides. Moreover, the large 

size mismatch between electronic and optical devices indicates that there is no way to 

integrate these two technologies in the same chip. In short, the speed of electronics is 

limited by delays of electrons, whereas the dense integration of traditional dielectric 

devices is restricted by the diffraction limit.

Therefore, the information processing needs the development of a new 

generation of devices those combine the size of nanoscsale electronics and the speed of 

photonics, and thus breakdown the gap between nanoscale electronics and mircoscale 

photonics. The most efficient way to overcome the diffraction limit and confine light 

into nanoscale regions much smaller than the wavelength of light is to use materials 

with negative dielectric permittivity, such as metals. More specifically, the interface 

between a metal and a dielectric supports the so-called surface plasmon-polariton (SPP) 

modes. These SPPs are electromagnetic waves coupled to the collective oscillations of
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the electron plasma in the metal [3]. When the operating frequency reaches the surface 

plasmon frequency, the field profile of these modes is highly confined in a deep 

subwavelength region at the metal-dielectric interface. Therefore, plasmonics guide 

light at the nanosacle, and could perfectly solve the technical difficulties mentioned 

previously. Plasmonics could provide ultra-fast and ultra-compact optical waveguides.

Air

H' = 0.684,7/7

Silicon Air

is the free space wavelength

n is the refractive index of silicon

H> = 0.36/^7/7

Figure 1.1 Shows the air-silicon-air dielectric slab waveguide.

Different plasmonic applications have been presented. Near-field scanning 

optical microscopy (NSOM) is one of most early plasmonic applications. Plasmonic 

devices also include the invention of plasmonic structures that support SPP modes, like 

nanogaps drilled in metal [4], arrays of nanometallic particles [5, 6], metal grooves [7, 

8], metal wedges [9, 10], and metal-insulator-metal (MIM) waveguides [11]. Among
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these, MIM plasmonic waveguides attract great interest because they support modes 

with deep subwavelength scale over a very wide range of frequencies from DC to 

visible [4].

1.2 Motivation

The novel characteristics of surface plasmons enable a wide range of practical 

applications [12-15]. This provides compact photonic circuits that have a size much 

smaller than those presented in [13, 14]. Using metallic nanostructures to manipulate 

light at nanometric length scales has opened huge opportunities.

Plasmonic is used in subwavelength optics, data storage, light generation, microscopy 

and biophotonics [12-14]. However, exploration of functional nanoplasmonic structures 

and devices, including active plasmonic devices, is still in a very early stage. The 

realisation of such devices would enable, for the first time, controlling light and 

enhancing light-matter interactions at the nanoscale, beyond the diffraction limit. This 

would be fundamentally impossible to achieve with dielectric-based device 

components. This in turn would have profound implications for computing, 

communications, and energy applications. The development of these nanoscale devices 

and their integration will be challenging. It is therefore important to theoretically and 

computationally explore this area and to identify the most promising structures for 

specific device applications such as sensing and switching.
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1.3 Aim and Objectives

The aim of this work is to create a novel accurate and numerically efficient Full 

Vectorial Finite Difference (FVFD) for linear oblique and curved interfaces mode 

solver. This mode solver is to analyse the challenging surface plasmon waveguides. To 

achieve this aim, the following objectives have been set:

a. Develop a novel graded nonuniform orthogonal mesh that enables accurate

meshing of very thin metal nanostructures that require very fine mesh,

embedded in dielectric microstructures. 

b. Develop a full-vectorial finite difference mode solver that can deal with linear

oblique and curved interfaces, 

c. Investigate the ability of the mode solver to deal with plasmonic structures and

calculate different nanostructures' parameters such as; electromagnetic field

component, effective index neff, propagation length Lprop and attenuation, 

d. Study bent plasmonic waveguides, obtain the bending loss in that structure and

calculate the optimum bending radius at which minimum bending loss occurs, 

e. Study coupling mechanism between the plasmonic waveguide and conventional

dielectric waveguide, 

f. Present a novel plasmonic waveguide that enable guiding light in subwavelength

region based on metal grooves and has good confinement and moderate loss, 

g. Present a novel hybrid plasmonic waveguide with a small bending radius that

will be a promising device for compact optical systems.
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1.4 Outline of The Thesis

The remainder of this thesis is organised as follows. In Chapter 2, the basic 

concept concerning the surface plasmon phenomena is presented. In Chapter 3, the 

finite-difference frequency-domain technique and its application in simulating 

plasmonic devices has been discussed. In Chapter 4, nonuniform meshing techniques 

for plasmonic waveguides have been discussed. In Chapter 5, a novel channel plasmon 

polariton based on a three-trenched groove waveguide is introduced. In Chapter 6, a 

novel hybrid long-range plasmonic waveguide including bends is presented and the 

coupling characteristic is studied. Finally, in Chapter 7, I summarise my conclusions, 

and provide suggestions for future work.

1.5 Contributions to Knowledge

The contributions of this work to knowledge can be summarised as follow:

1) Develop a novel full vectorial finite difference method for linear oblique and 

curved interface that can overcome the staircase problem that appears with the 

conventional finite difference method. This is necessary to decrease the 

numerical modelling error that appears from staircase meshing for oblique and 

curved interfaces.

2) Develop a novel graded mesh that can be used to model nano metallic structures 

embedded in micro dielectric materials. This graded mesh provides very fine 

mesh at metal/dielectric interface while mesh size increases gradually when

6
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moving away from the interface. Graded mesh enables using less mesh points 

and therefore, reduces the computational time.

3) Present a novel plasmonic channel waveguide called the three trenched groove 

plasmonic waveguide. This structure can confine light as good as the famous V- 

groove while it has a better propagation length. This waveguide can be used in 

optical switches, interferometers and optical interconnectors.

4) Present a novel hybrid plasmonic waveguide that can be bent into a small radius 

with low damping metallic loss. Such a device would be essential for the 

integration process between traditional dielectric waveguide and electronic 

devices.

1.6 List of Publication

Journal Papers

1- A. M. Heikal, M. F. O. Hameed, S. S. A. Obayya, ''Improved Trenched Channel 

Plasmonic Waveguide", accepted for publication in IEEE J. Lightwave 

Technology.

2- A. M. Heikal, M. F. O. Hameed, S. S. A. Obayya, "Coupling Characteristic for 
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for publication in IEEE Journal of Quantum Electronics.
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MTA'13, the 4th International Conference on Metamaterials, Photonic Crystals 

and Plasmonics, 18-22 March 2013, Sharjah, United Arab Emirates.

2- A. M. Heikal, M.F.O. Hameed, S.S.A.Obayya, " Coupling characteristic for 

novel hybrid long-range plasmonic waveguide including bends " presented at 

OWTNM'XXI, the 21th international Workshop on Optical Wave and 

Waveguide Theory and Numerical Modelling, 19-20 April 2013, Enschede, The 

Netherlands.
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Chapter 2

Surface Plasmon Waveguides

2.1 Definition of Plasmonics

'Plasmonics' is a relatively new term in photonics which refers to applications or 

phenomena in which the surface plasmons (SP) is introduced [3, 12]. SPs can be 

defined as the interaction of surface electrons of metals with electromagnetic waves. 

However, the difference between the characteristics of surface electrons and those in the 

bulk of metals has been known for a long time, only recently have the surface plasmons 

phenomena attracted the attention of scientist and engineers from varying disciplines. 

The Great development in technology enables the fabrication and implementation of 

nano-metallic structures. SPs are of either propagating or localised type.

2.1.1 Propagating Surface Plasmons (p-SPs)

The optical field is confined in higher refractive index region in dielectric 

waveguides. Surface plasmons travel along dielectric and metal interfaces. For a planar 

interface of a metal and a dielectric the electromagnetic field is confined at the interface 

[16]. The field decays exponentially in both metal and dielectric in the direction 

perpendicular to the interface. The interfaces can be complicated geometries or even be 

periodic (grating). For certain geometries the electromagnetic field of surface plasmon



Chapter 2 ________________________Surface Plasmon Waveguides

waveguides can be confined in a few nanometres. An example is a very thin dielectric 

film embedded between metal claddings (Metal-Insulator-Metal MIM structure) [17]. 

Since electromagnetic field components decay in metal much faster than in dielectric, 

the effective thickness of this type of waveguide is just a few nanometres. Moreover, 

dielectric waveguides have a fundamental limit for the mode size, the diffraction limit. 

The diffraction limit principle states that the dimensions of optical mode of a dielectric 

waveguide cannot be smaller than half the wavelength in the core [18]. However, SP 

waveguides led to more compact optical systems instead of the conventional dielectric 

waveguides.

2.1.2 Localised Surface Plasmons (1-SPs)

If light is incident on a metallic nanoparticle, free electrons of the nanoparticle respond 

to the electromagnetic field. When the diameter of the particle is much smaller than the 

wavelength of field, the free electrons move in phase and oscillate with a certain 

frequency. This frequency depends on the shape, size and material of the particle. 

Moreover, the properties of the surrounding cladding and the wavelength of the exciting 

light have a great effect on the oscillation of these free electrons. The electric dipole 

model can be used to implement theoretically, the electron oscillation over a very small 

localised distance. Energy builds up in the dipole field to a level that the near field of 

the dipole could be enhanced by several orders of magnitude compared to the exciting 

field. The confinement of free electrons to a very small volume leads to electromagnetic 

field enhancement. This phenomenon is the main idea for a number of applications

10
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including single molecule detection [19], microscopy [20] and small particle 

manipulation [5]. The nanoparticle strong near field encourages nonlinear effects that 

can be used for novel applications such as all optical switching.

When metallic nanoparticles are arranged close enough to interact with each other. Each 

particle can be modelled by an electric dipole that couples to the next one. A single 

dimensional array of particles has been used as a waveguide [21] with a very small 

cross section. Sharp bends have also been presented [22]. Two dimensional arrays of 

particles can be adjusted to form gratings with different capabilities [23].

2.2 Single-Interface Surface Plasmon Waveguide

Consider two different dielectrics as shown in Fig. 2.1.

(a)

\Hy I is magnetic field component in y direction

\EX | is electric field component in x direction 

x

metal
(b)

Figure 2.1 (a) Single interface SPWG schematic showing the electric field lines, (b) Amplitudes 
of magnetic and normal electric fields above and below the interface indicating the penetration

depth in each region.
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Using Maxwell equations (Appendix A. 1 and A.2 in appendix), by assuming a 

sinusoidal plane-wave (d/dt = ja>) with no charge ( p = 0 ), no current ( / = 0 ) and 

d/dy = 0

(2.1)

V x H = ja)£E (2.2) 

decouple equations (2.1) and (2.2) into two sets of equations

Transverse Electric (TE) mode (no z component for the electric field):

(2.3)

dEv ,....  (2-4)
dx 

tx dHz . (2.5)
dz dx 

Transverse Magnetic (TM) mode (no z component for the magnetic field):

cWy = _. (2.6) 
dz

(2.7)

dEx 6EZ , (2.8)
dz dx 

In the TE case for a guided mode with propagation constant P we separate the z

coordinate dependence as

E(x,z) = E(x)e-tfz (2.9)

12
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Equations (2.3) to (2.5) result in the wave equation

d 2 Ev (2.10)

The solutions to the wave equation are exponential functions. Considering that a 

physical solution cannot contain unbounded growth as distance increases from the 

interface [16] then

(A-ie xl , x > 0 . ,

where AI and AI are constants and kx is the x component of the wave vector given by

 3  -,

The interface conditions rule that Ey and Hz (or equivalently  -) must be

continuous at x = 0. The first condition leads to A| = A2 which makes the second 

condition unsatisfiable. This means that a single planar interface between two media 

cannot support TE modes. For the case of TM waves, however, things turn out to be 

different. Here we have

with the solution

(Aifi~~ x ^ 0 (2.14) 
H = ] ' 

y (A 2 e~kx2X , x < 0

with kx 1,2 given by (2.12). Interface conditions demand H } and - - be continuous

across the interface leading to A] = A2 and

13
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fc£i = _fc*2 (2.15) 

*i £2

First, we notice that (2.15) requires £| and 82 have different signs (if they are 

real). Using (2.12) in (2.15) we find the dispersion equation

where fc 0 = OJyjUfo, wave number of vacuum is used. In practice Si is commonly a 

dielectric material with small or negligible loss and e2   £2 ~j£2 is a metal with 

£2 < 0 and | £2 1 > £ 2   In this case real and imaginary parts of the propagation constant 

in (2.16) can be written as [16]

1" = k0 e
< 2 ' 18 '

For ft' to be real we must have \E[\ > e{ . ft is defined as the decay of the guided mode 

due to the loss of metal represented by £2 - ^n a metal and dielectric interface oscillation 

of free electrons of metal at the surface (surface plasmons) is the main reason of the 

guided SP mode. Electric field lines at the surface are shown in Fig. 2.1. Maximum of 

the field occurs at the interface and decays exponentially. If metal has no damping loss, 

the decay constant in the dielectric kxl < ft, but in the metal kx2 > ft. This means that 

the fields decay faster in metal than they do in dielectric.

14
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The dispersion of single interface surface plasmon waveguide for an interface 

between air and a metal is shown in Fig. 2.2. The dielectric permittivity of the lossless 

metal can be obtained from Drude model:

2 (2.19) 

in which a)p is the plasma frequency for silver (a)p = 2n x 2.18 x 10 15 rad/s). In the

fee
dielectric, the light line can be calculated by u> = — where c is the speed of light in freend

space, k is the wavenumber in the dielectric and nd is the dielectric refractive index. 

This line represented by a dotted line in Fig. 2.2. Due to momentum (k) mismatch, any 

field whose dispersion curve comes below the dotted line cannot propagate in that 

dielectric and is called non-radiative field. However, fields whose dispersion curves fall 

in the left side of light line can propagate into the dielectric region ('radiative' fields). 

The dispersion curve of single interface surface plasmon waveguide has two regions, 

the nonradiative zone and the radiative zone.

15
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'P

'P

// &>p is the plasma frequency
>

P is the propagation constant

c is the speed of light in free-space

Figure 2.2 Shows the dispersion curve for single-interface surface plasmon waveguide

There is a discontinuity at 0) = -j= where |g2 | = fi = 1. In the ideal case

(lossless) when frequency increases and reaches the discontinuity frequency 

propagation constant becomes very large and phase and group velocities approach zero. 

In the practical case (losses are included), the propagation constant is bounded and it 

reaches a maximum which depends on the loss value.

As mentioned before, the maximum of fields of the surface plasmon mode occurs at the 

interface and decays exponentially into the surrounding zone. Skin depth (xj) can be 

defined as the distance at which the dominant field component approach 1/e times its 

maximum.

16
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k11 Xl

1

, x>0 
i (2-20)

, x < 0

At X=1.55 um, using equation (2.20) where k0 = -^ and £1? £2 can be obtained using
A

the Drude model [14]. The skin depth in air (silver/air interface is considered) is xd i = 

2.66 um however in silver it is xj2 = 22.82 nm. Therefore, the field expansion into the 

dielectric is over hundred times of that in metal.

The main disadvantage of the single interface surface plasmon waveguide is the 

very short propagation length due to metal loss. The imaginary part of the metal 

permittivity leads to a complex propagation constant and fields decrease exponentially 

by exp( |/? |z) . The propagation length can be defined as the distance by which the 

intensity of electromagnetic field attenuates to 1/e from its maximum value. However, 

intensity is proportional to exp( 2|/?"|z), the propagation length is L = -r-r. where

/?"is imaginary part of complex propagation constant. Also, a = 2\fi | is called the 

attenuation constant. For silver/air interface at the wavelength of 1.55 um the 

propagation length is about 299 um and the attenuation constant is 32 cm" . The very 

small propagation of field into the metal is enough to cause a large attenuation value 

that limits the application of single interface surface plasmon waveguide at visible and 

near infrared wavelengths.

17
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2.3 Thin Metallic Film Surface Plasmon 

Waveguide

Now, consider the existence of guided modes for insulator-metallic-insulator 

(MIM) structure as shown in Fig. 2.3.

"3

2
—*• z

A
2

Figure 2.3 Shows thin film surface plasmon waveguide.

The film of thickness h is embedded between two dielectrics and z is the direction 

of propagation. Dielectrics in zones 1 and 3 have refractive indices nx and n3 , 

respectively. For the TE mode, the solution to the eigenvalue equation (2.10), 

applying the radiation boundary condition for regions 1 and 3 is [24]

18
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+ A

x <-- 

— < x < - (2.21)

where AI to A4 are constants and wavenumbers kx i, kX2 and kX3 in the x direction are 

calculated, as before, from

/? 2 -fc^ = <uVoei, i = 1,2,3 (2.22)

At the two interfaces the electric field component Ey and its derivative must be 

continuous. Therefore four algebraic equations with four unknown constants AI to A4 

are obtained:

-A2 cosh (—kx2 j) -A3 sinh (—kx2 j 

kxl i -A2 kx2 sinh (-kx2 -^ -A3 kx2 cosl\ (-kx2 ^ 

3 z +A2 cosh (kx2 -^ +A3 sinh (kx2 -

(kx2 ^) +A3 fex2 cosh (kx2 ^

= 0 

= 0

= 0
(2.23)

Since the equations are homogenous, in order to have nontrivial solutions for the 

constants, the determinant of the system of equations must be zero:
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h / /l\
e x ^-"2 — rr^cH 1 _ lr - — \ *• CLJolJ 1 "t x'2. 1

D = V *2 2/
/ h\ 

0 cosh kr7 — \ V X2 2J
( h\

X2 sln ( X2-Z)

— sinh f   kx2 —\ 0

/ h\ 
-kx2 cosh\-kx2 -J 0

sinh(*x2 -) -e'^

/ /)\ . fl I \ ^If
L- fncli 1 \r • — \ If & -^ ' 2A- v 7 ^- *-* j 1 1 1 A-v7 « 1 "'Vl C-

(2.24)

= 0 

After simplification we have

(2-25)

or

tanh(fcx2 /i)(l s3 ) = 0 (2.26)

where

Si = 5, = (2.27)
X2

For lossless waveguides (neither metallic nor dielectric loss), where P is real and 

positive, there is no solution for eq. (2.26) for p. Therefore, TE guided modes cannot 

exist in a thin film surface plasmon waveguide.

Now, consider TM guided modes supported by the thin film structure. Here,

20
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HV = A 2 cos\\(kx2 x) + A 3

h -

< x < -
L+ L*

x >-

(2.28)

with the x-direction wavenumbers given by

i = 1,2,3 (2.29) 

Applying the boundary conditions at the two interfaces. These are the continuity of Hy

IdHy
and   —*- which generate four equations:

^e'^z -A2 cosh (-kx2 ^) -A3 sinh (-kx2 ^

(2.30)

= 0 

1  ^   1   nIV-K9 o I — ^

ft / h\ f h\ 
—A 4 e~ r3 2'+A2 cosh f kx2 -~\ +A3 sinh f kx2 -*\ =0

^^e~fc«2+A2 ^sinh(/Vx2 |)+A3 ^cosh(j^2 ^) =0

Setting the determinant of the above equations to zero brings us to the same dispersion 

equation given by (2.26) [24]:

s3 ) = 0 (2.3 1

But with the following definition

(2 - 32 )
x2

From this equation, Si and 83 are negative real numbers. Therefore, the first term of 

(2.31) is positive, however, the second term is negative and hence there are solutions to
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that equation. Specifically, there are one or two solutions which relay on the structure 

parameters. Before considering the general case, we take a look at two special cases,

Case 1) Very thick film (h -» oo)

From (2.31) as kx2 h is very large, tanh(kx2 h~) is replaced with unity. As a result, the 

equation becomes

(1 + Sl)(l + s2 ) = 0 (2.33)

with the solution si = -1 or 53 = -1. Using (2.29) and (2.32) we obtain

i 
0 = k (J&-}* (2.34)

VCl + ^2/

Or

(235)

which are the dispersion relations for a single MI interface given in (2.16). Therefore, 

for a very thick metal film there are two independent surface plasmon modes at each 

interface. Each mode decays exponentially into the film, therefore, for very thick films; 

the two modes cannot be coupled. When the film becomes thinner coupling occurs and 

give rise to two 'super modes' (see Fig. 2.2).

Case 2) Symmetric structure, (£x = £3 ) 

The dispersion equation (2.31) becomes
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(2.36)

which after some algebraic manipulation changes to

(tanh (^) + Sl ) (Sl tanh (^) + l) = 0 (2.37) 

giving two equations

tanh -) = -Si (2.38)
V 2

(2.39)
tanh v 2

Fig. 2.4 shows symmetric and asymmetric modes in thin film surface plasmon 

waveguide formed by coupling of SPP modes. It is clear that by putting A3 = 0 in the 

equation (2.30), equation (2.38) is obtained, which is the dispersion equation of a mode 

at A3 = 0. This mode is a symmetric mode. However, eq. (2.39) is the dispersion 

relation of the asymmetric mode at AI = 0.
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dielectric
metal 
metal
dielectric

rf a,
Symmetric _V ___ Asymmetric_

Figure 2.4 Shows symmetric and asymmetric modes in thin film surface plasmon waveguide.

Fig. 2.5 shows the effect of changing the film thickness on real and imaginary parts of 

the propagation constants of symmetric and asymmetric mode. However the values 

shown are the normalised to the free space wavenumber (the effective indices of guided 

modes). In the simulation we assumed, Si = 83 = 10.23 and £2 = -115.37-jll.14 

(dielectric constant of silver at >.=1550 nm, two decimal places is efficient to obtain 

accurate results [24]). At small metal thicknesses h, the real part of effective index of 

the symmetric mode converges to the refractive index of dielectric claddings. It is clear 

from the mode profile of the symmetric mode in Fig. 2.2; as the film thickness reaches 

zero the symmetric mode becomes similar to a plane wave propagating in the dielectric 

medium surrounding the film. Moreover, the symmetric mode loss which is 

proportional to the imaginary part of the effective index reaches zero. However, in 

asymmetric mode case, the real effective index increases unboundedly as film thickness
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decreases to zero. Therefore, the mode becomes more and more confined inside the 

film. The asymmetric mode cannot be supported by the dielectric region when film 

thickness approaches zero as the sign of Hy field component should be changed 

suddenly. Therefore, the asymmetric mode is compressed inside the film. It is clear that 

asymmetric mode loss is larger than that of the symmetric mode. The symmetric and 

asymmetric modes are also called long range and short range surface plasmon modes 

(LRSP and SRSP), respectively.

When the film thickness increases, propagation constants of the modes get 

closer and in the limit of thick film they degenerate, as previously explained.

Fig. 2.6 shows the frequency dispersion of the LRSP and SRSP modes for a 20 

nm thick film embedded in dielectric materials of 81= £3 = 1.
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Figure 2.5 Shows the variation of propagation constant (a) Real part and (b) imaginary parts 
of the two modes of thin surface plasmon waveguide, symmetric (s curve) and asymmetric (a

curve), with film thickness h.
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3"
"a

Figure 2.6 Shows the dispersion curves for symmetric and asymmetric modes of thin film SP
waveguide.

(Drude) model is assumed for the dielectric constant of metal with a plasma 

frequencyojp = 2n x 2.19 x 10 15 rad/s. Frequencies are normalised to the plasma 

frequency and propagation constants to the free space wavenumber at the plasma 

frequency (kp). As the two modes are below the light line, they cannot travel in the 

dielectric zones and are bound to the metal interface. At large values of propagation 

constants the two modes become constant and reach a frequency called the surface 

plasmon frequency. It is clear that the dispersion equations (2.29) and (2.30). When

oo, tank 1 and % ->   and both dispersion equations give

which is the surface plasmon frequency of single interface surface plasmon waveguide. 

This is because at very large propagation constants the guided wavelength is very small 

and the film appears as a very thick to the modes.

27



Chapter 2 ___________________________ Surface Plasmon Waveguides

In the general case of e^ =£ £3 the two modes are quasi symmetric and quasi 

asymmetric. Fig. 2.7 shows the mode profiles for an asymmetric structure with £x < £3 . 

The major difference between symmetric and asymmetric thin film surface plasmon 

waveguides is the existence of a cutoff film thickness for the symmetric mode in an 

asymmetric structure [24]. For metal films thinner than the cutoff value, the symmetric 

mode stops propagating. Similarly, there is a cutoff wavelength above which the 

symmetric mode stops propagating. Fig. 2.8 shows the real and imaginary parts of the 

propagation constant of an asymmetric surface plasmon waveguide. The parameters of 

the surface plasmon waveguide are similar to those used for Fig. 2.5 except that 83= 1 1. 

At cutoff, if EI < £3, the lateral wavenumber (kx ) in region 3 is zero applying (2.29) 

gives

/? = kQ3 (2.40)

Therefore, for lossless dielectrics the propagation constant at cutoff is real. This is 

confirmed by Fig. 2.8, as waveguide loss drops dramatically near cutoff. Other lateral 

wavenumbers are obtained as follow:

(2.42)
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(a) (b)

H

E.

Figure 2.7 Shows (a) quasi symmetric mode and (b) quasi asymmetric mode for asymmetric thin
film surface plasmon waveguide
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Figure 2.8 Shows the variation of propagation constant with thickness h for asymmetric film
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.5 9 9.5 10 10.5 11 11.5

Figure 2.9 Shows the variation of the cutoff thickness hc with the permittivity of the dielectric in
region 1 for asymmetric thin film.

Using these relations in the dispersion equation (2.31) an analytical formula is obtained 

for the cutoff film thickness provided metal loss is neglected [27]

-to - (2.43)

which is valid when

- £2
(2.44)

Symmetric modes of thin film tolerate only a small amount of structural asymmetry, 

especially, at longer wavelengths. For a surface plasmon waveguide with e3= 1 1 and a 

Drude metal with plasma frequency of a)p = 1.36 x I0l6rad/s, Fig. 2.9 shows the 

cutoff film thickness as a function of e\. Curves 1, 2 and 3 are corresponding to 

wavelengths 1 (am, 1.3 urn and 1.55um, respectively.
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2.4 Metal-Insulator-Metal (MIM) Surface 

Plasmon Waveguide

The planer MIM structure similar to the IMI structure does not support TE 

mode. However, it supports two TM SP modes; one symmetric and one asymmetric. 

Moreover, there are ordinary TE/TM modes of the conventional type considered in the 

introductory waveguide theory (where the structure is usually called the parallel plates 

waveguide). Unlike surface modes, the ordinary modes do not decay away from metal 

interfaces into the dielectric region and metal claddings act merely as reflectors. The 

energy carried by them is concentrated in the dielectric region rather than metal surfaces 

and as a result the dielectric layer should be reasonably thick, these type of modes 

depend on the geometry of the structure for metal grooves. These are called channel 

plasmon polariton modes CPPs. Now consider surface modes, for a symmetric structure 

with gj = £3 = -116.37 -yil.12 and £2 = 11.3 at X=1.55 urn, Fig. 2.10 shows the 

variation of propagation constant with dielectric film thickness. It is clear that from 

Figs. (2.10) and (2.5), there are a number of differences between MIM and IMI surface 

plasmon waveguides. A lower cutoff thickness for the asymmetric mode of MIM 

structure exists even for a symmetric structure. Second, the symmetric mode loss is 

huge and increases as the dielectric layer thickness decreases. This makes the structure 

impractical for many applications. For a very thick dielectric layer the propagation 

constants and losses of the two modes reach their corresponding values of a single 

interface structure. Therefore, the propagation losses of both modes are always larger
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than the loss of a single-interface surface waveguide. Since the electromagnetic field 

decays much faster in metal than it does in dielectric, the spatial extent of the surface 

plasmon modes in the MIM configuration can be dramatically less compared to mode 

sizes in the IMI counterpart. This makes the MIM structure attractive for subwavelength 

and nanophotonic applications. But as a waveguide, its use is restricted to very short 

distances.

oa. 

I
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10 100
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Figure 2.10 Shows the variations of real and imaginary parts of propagation constant of MIM 
structure modes with dielectric thickness h.
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2.5 Other Types of Surface Plasmon Waveguide

Other than the three simple geometries considered in the previous sections 

numerous types of surface plasmon waveguides with more complex geometries have 

been proposed, characterised and measured. Fig. 2.11 shows various kinds of surface 

plasmon waveguides. The main purpose of these structures is to achieve one with low 

loss and well confined long range surface plasmon modes. Such structures are the 

backbone to implementation of a high density optical and optoelectronic integrated 

systems. Ease of in- and out- coupling of SPP modes to free space, optical fibres or 

other waveguides is another important design consideration.

From Fig. 2.11 the first three surface plasmon waveguides are called nanowires. 

The cylindrical shell nanowire (b) compared to the solid cylinder in (a) has the 

advantage of low loss when the radius is large [25, 26]. The waveguide has one LRSP 

mode and when the radius is large it becomes similar to the LRSP mode of an IMI 

structure. The square cross section SPWG in (c) not only supports low loss LRSP 

modes, but also couples favourably to fibre and the planar feature makes the fabrication 

easier compared to (a) and (b). This waveguide is a limiting case of (g) with the metal 

width and thickness being equal. Therefore, the modes of (c) are the evolved versions of 

those of (g). Because of its symmetry the square cross section waveguide has two 

degenerate TE and TM modes polarised perpendicularly. Modal power loss as low as 

0.14 dB/mm with a coupling loss of 3 dB to single mode fibre is expected 

computationally [27]. Waveguides in (d)-(f) are ID geometries, all shown to support
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LRSP modes [28-34]. (d) and (f) contain high index dielectric slabs close to the metal 

slab. Individually, these dielectric slabs have their well-known conventional modes and 

therefore, when they get closer to the metal slab their conventional modes couple to 

SPP modes of metal slab to form hybrid modes. Since part of the field is guided outside 

the metal slab, their LRSP modal loss is lower than the loss of metal slab LRSP mode 

provided the structural parameters are selected properly.

(a)

(d)

(b)

o
(e)

(c)

(f)

(9)

c.

(h)

0) (k)

Figure 2.11 Various types of surface plasmon waveguides.
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The low index gaps adjacent to the metal slab in (e) and (f) push the LRSP of 

those structures toward cutoff. Near cutoff, the loss decreases dramatically. The 

structural parameters, therefore, should be selected in the way that the waveguide is 

operating near cutoff. The problem, however, is the sensitivity to layer thicknesses as a 

slight offset leaves the LRSP mode in cutoff. In (e), when the low index slabs are filled 

with a high index material and the high index claddings are replaced with a low index 

material, loss increases compared to the IMI system, but modal confinement improves, 

again indicating the loss-confinement tradeoff.

For confinement in both transverse directions structures (g)-(k) have been 

introduced. SPWG in (j) comprises a metal slab passing through a buried rectangular 

dielectric waveguide. The modes are similar to the modes of IMI waveguide, except 

they are laterally confined due to the higher index of the buried channel. If the slab is 

thin enough the waveguide supports an LRSP mode [35].

The thin metal stripe SPWG in Fig. 2.1 l(g) is the most extensively studied one 

among the two dimensional SPWGs. Reducing the width of a metal slab to a finite 

value makes the modal loss smaller, but also changes the mode spectrum, dramatically. 

Unlike its metal slab counterpart, the propagation characteristics of metal stripe SPWG 

cannot be calculated analytically and the computational effort involved is considerably 

greater. The structure supports four fundamental bounded modes [36, 37] as opposed to 

only two bounded modes of the IMI structure. There can also exist higher order modes 

depending on the structural parameters. One of the fundamental modes referred to as 

° acquires a large propagation length provided the structure is symmetric (&\ = s2) and
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the film thickness is reasonably small. The mode is, accordingly, named LRSP mode. 

Similar to the metal slab structure there is a loss-confinement tradeoff as the film 

thickness varies. However, the loss in the finite width stripe can be orders of magnitude 

lower than the loss of metal slab waveguide. Another advantage is that its LRSP mode 

can be excited efficiently using end-recoupling to dielectric waveguides including the 

optical fibre [38, 39]. Reference [40] demonstrated propagation of the LRSP in an 

SPWG comprising an 8 u.m wide, 20 nm thick gold stripe embedded in SiO2 at the 

communications wavelength of 1550 nm with a modal loss of 0.9 dB/mm. Modal losses 

of smaller than 0.1 dB/mm at the same wavelength have been predicted theoretically.

The structure of Fig. 2.11(h) is obtained by embedding a metal stripe in a 

dielectric slab waveguide. The modes are hybrid SPP-dielectric modes. The structure is 

shown to alleviate the attenuation-confinement trade-off compared to Fig. 2.11(g) [41]. 

The propagation length of a 6 |j.m wide and 10 nm thick gold stripe in BCB material 

was measured to be several millimetres at the 1550 nm wavelength [44].

The waveguide of Fig. 2.11(i) can be seen as the 2D generalisation of 

waveguide (e) and is meant to add the lateral confinement to the benefits of the former 

[42, 43]. Reference [42] reports the simulation results of a structure with a gold stripe of 

1 um*20 nm cross section, EI = (1.45)2 , £h = (1.6)2 operating at X0 = 850 nm. Without 

the low index nanolayers the LRSP mode size was 1.76 urn and the 1/e propagation 

length was 935 (im. With 25 nm thick nanolayers the mode swelled to a size of 7.18 urn 

while the propagation range reached 2.65 cm. Further increasing the nanolayers 

thickness pushes the mode toward cutoff. At a critical thickness the mode stops being
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bounded to the film and the mode size is infinitely large much the same way as the 

waveguide (e).

Finally, the asymmetric structure shown in (k) can be designed in such a way to 

support a tightly confined long range SPP mode. Reference [44] calculated and showed 

that at Xfl = 1.55 um a propagation length of over 3 mm with a mode size of 1.6 (am.

Most of structures shown in Fig. 2.11 are very complicated structures to get an accurate 

analytical solution for the mode guided through. Therefore, a numerical model for those 

structures is needed in order to investigate their characteristic.

2.6 Summary

In this chapter the definition of surface plasmons was presented. It is the 

interaction between surface electrons at metal/dielectric interface and the 

electromagnetic wave of light. Plasmonic waveguide can be considered as a metal- 

insulator-metal (MIM) or insulator-metal-insulator (IM1) waveguide. Plasmonic 

waveguides enable the propagation of light behind the diffraction limit. However, 

plasmonic waveguides suffer from metal damping losses. The traditional planer MIM 

and IMI waveguides have been studied. Both of them can support symmetric and 

asymmetric plasmonic modes. However, MIM waveguide has a high confinement; it 

has also a high metal damping losses compared to IMI waveguide. Also different 

geometries of plasmonic waveguides have been presented. Such waveguides are 

designed for different proposes depending on the application.
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Chapter 3

Finite-Difference Frequency-Domain

Technique for Plasmonic Waveguides

3.1 Introduction

During the last few years, various accurate modelling methods have been 

developed for modal analysis of optical waveguides. These methods included the finite 

difference method (FDM) [45], finite element method (FEM) [46] and multipole 

method [47]. However, the modal solution techniques based on the finite difference 

method are very popular due to their simple implementations. In this thesis, the full 

vectorial finite difference method (FVFDM) [45] is used for analysing the optical 

waveguides successfully. An overview of the modelling methods is presented 

thoroughly in this chapter. In addition, the formulation of the FVFDM [45] with perfect 

boundary conditions capabilities is explained in detail.

3.2 Overview of Modelling Methods

Numerical simulations play an important role for the design and modelling of 

optical waveguides. So far, various modelling methods in which not only a full-vector
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model but also an approximate scalar model is used have been developed. An 

approximate-scalar model [48] is a valuable tool for aiding fabrication efforts because it 

is easy to use and provides good qualitative information. However, in order to model 

optical waveguides accurately, it is crucial to use a full-vector model. In particular, a 

complete vector model is necessary for predicting sensitive quantities such as dispersion 

and birefringence. The FEM [46] can provide high accuracy by means of flexible 

triangular and curvilinear meshes to represent the waveguide cross section. However, 

this results in an algorithm that is complex to implement. Also, the finite element based 

imaginary distance beam propagation method (IDBPM) has been suggested as a ''mode 

solver" for optical waveguides [49]. Although accurate and versatile, IDBPM may 

sometimes lack convergence if a suitable initial field distribution is not chosen. 

Moreover, if higher order modes are needed, successive running of the iterative IDBPM 

code is required, which is not computationally efficient. On the contrary, the mode 

solvers based on the FDM [45] and multipole method [46] are very attractive because of 

their simple implementations. The FDM is probably the most widely used technique for 

the numerical modelling of optical waveguides. The appropriate algorithms for a rough 

finite difference solution to a structure with a very general geometry can be 

programmed very quickly. At the same time, FDMs offer a degree of flexibility with 

non-uniform meshing and also are applicable to all of the common modelling problems, 

including modal and propagation analyses.

The FDM is a procedure for transforming a partial differential equation into a 

finite set of linear equations. To do this, a rectangular mesh composed of lines parallel
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to the coordinate axis is superimposed on the problem space. The mesh points lie at the 

intersection of the mesh lines and form the discrete set of points at which the function 

values are stored. A portion of a two-dimensional finite-difference mesh is shown in 

Fig.3.1. In the figure the mesh steps Ax, and Ay are the distances between any two 

adjacent mesh points, in x and y directions, respectively. For each mesh point i and j 

with corresponding coordinates x,- and y;-, an approximate expression (or difference 

equation) cpij = (p(Xi ,yy) for the partial differential equation is formed that involves 

the function value at i,/, and at some of the surrounding points. This is normally done 

by expanding the field at various neighbouring points as a Taylor series to produce 

expressions for the derivatives occurring in the partial differential equation at i and j. 

Once this process has been performed for each point in the problem space, the complete 

set of linear equations relating the function values at all points is solved to give an 

approximate solution to the partial differential equation.
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Ay

t Ax J

t;

Figure 3.1 A part of typical uniform finite difference mesh

3.3 Introduction to the Simulation of Plasmonic 

Devices

The Finite-Difference Frequency-Domain (FDFD) technique is a general- 

purpose numerical technique for the solution of Maxwell's equations of 

electromagnetism in the frequency domain. It can be applied to structures of any length 

scale and for sources of electromagnetic radiation of any frequency. Here, however, the 

focus is on the use of this technique in nanooptics, and in particular plasmonics. 

Plasmonic is a rapidly evolving field of science and technology based on surface 

plasmons. Surface plasmons are electromagnetic waves that propagate along the
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interface of a metal and a dielectric. In surface plasmons, light interacts with the free 

electrons of the metal, which oscillate collectively in response to the applied field. 

Recently, nanometre scale metallic devices have shown the potential to manipulate light 

at the subwavelength scale using surface plasmons [50J. This could lead to photonic 

circuits of nanoscale dimensions.

Surface plasmons can be described by macroscopic electromagnetic theory, i.e., 

Maxwell's equations, if the electron mean free path in the metal is much shorter than 

the plasmon wavelength [51]. This condition is usually fulfilled at optical frequencies 

[51]. In macroscopic electromagnetic theory, bulk material properties, such as dielectric 

constant, are used to describe objects irrespective of their size. Here, all materials are 

assumed to be nonmagnetic (jj. = /j. 0 ) and are characterised by their bulk dielectric 

constant e(r, &>), where r = (x,y, z) = xx + yy + zz, and ca is the angular 

frequency. However, for particles of nanometre dimensions a more fundamental 

description of their optical and electronic properties may be required [52].

Analytical methods, such as Mie theory [53], can only be applied to planar 

geometries or to objects of specific shapes (spheres, cylinders) and have therefore, 

limited importance in the analysis of plasmonic devices and structures. Numerical 

simulation techniques are therefore, very important for the analysis and design of 

plasmonic devices. Numerical modelling of plasmonic devices involves several 

challenges which need to be addressed. First, as mentioned above, plasmonic devices 

can have arbitrary geometries. Several techniques are specific for one type of
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geometrical configuration and are therefore not appropriate for modelling arbitrary 

plasmonic devices.

Second, the dielectric constant of metals at optical wavelengths is complex, i.e., 

€r (a)~) = Re{£r (ai)} +;7m{er (tL>)} and is a complicated function of frequency [54]. 

Thus, several simulation techniques that are limited to lossless, nondispersive materials 

are not applicable to plasmonic devices. In addition, in time-domain methods the 

dispersion properties of metals have to be approximated by suitable analytical 

expressions [55]. In most cases, the Drude model is invoked to characterise the 

frequency dependence of the metallic dielectric function [56]

2

where a)p and y are frequency-independent parameters. However, the Drude model 

approximation is valid over a limited wavelength range [56]. The range of validity of 

the Drude model can be extended by adding Lorentzian terms to Eq. (3.1) to obtain the 

Lorentz-Drude model [56]

where a), and y/ stand for the oscillator resonant frequencies and bandwidths, 

respectively, and // are weighting factors. Physically, the Drude and Lorentzian terms 

are related to intraband (free-electron) and interband (bound-electron) transitions, 

respectively [56]. Even though the Lorentz-Drude model extends the range of validity
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of analytical approximations to metallic dielectric constants, it is not suitable for 

description of sharp absorption edges observed in some metals, unless a very large 

number of terms are used [56]. In particular, the Lorentz-Drude model cannot 

approximate well the onset of interband absorption in noble metals (Ag, Au, and Cu), 

even if five Lorentzian terms are used [56]. In Fig. 3.2, the Drude and Lorentz- Drude 

models are compared with experimental data for silver. It is observed that even a five- 

term Lorentz-Drude model with optimal parameters results in a factor of two error at 

certain frequencies.

In surface plasmons propagating along the interface of a metal and a dielectric, 

the field is concentrated at the interface, and decays exponentially away from the 

interface in both the metal and dielectric regions [12]. Thus, for numerical methods 

based on discretisation of the fields on a numerical grid, a very fine grid resolution is 

required at the metal-dielectric interface to adequately resolve the local fields. In 

addition, several plasmonic devices are based on components of subwavelength 

dimensions [12]. In fact, most of the potential applications of surface plasmons are 

related to subwavelength optics. The nanoscale feature sizes of plasmonic devices pose 

an extra challenge to numerical simulation techniques.
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Figure 3.2 Real and imaginary part of the dielectric constant of silver at optical frequencies. The
solid lines show experimental data |54|. The dashed lines show values calculated using (a) the

Drude model and (b) the Lorentz-Drude model with five Lorentzian terms. The parameters of the
models are optimal and obtained through an optimization procedure |56).
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The challenges involved in modelling plasmonic devices will be illustrated here 

using a simple example: an infinite periodic array of silver cylinders illuminated by a 

plane wave at normal incidence (inset of Fig. 3.3(a)). The FDFD method, which is 

described in detail below, is used to calculate the transmission of the periodic array. 

This method allows one to directly use experimental data for the frequency-dependent 

dielectric constant of metals, including both the real and imaginary parts, with no 

approximation. The fields are discretised on a uniform two-dimensional (2-D) grid with 

grid size Ax = Ay = Al. The calculated transmission as a function of frequency is 

shown in Fig. 3.3(a). Also shown is the transmission of the structure calculated with the 

Drude model of equation (3.1). It is observed that the use of the Drude model results in 

substantial error. In general, the Drude model parameters are chosen to minimise the 

error in the dielectric function in a given frequency range [57]. However, this approach 

gives accurate results in a limited wavelength range, as illustrated in this example. In 

general, the complicated dispersion properties of metals at optical frequencies pose a 

challenge in modelling of plasmonic devices not encountered in modelling of low- or 

high-index contrast dielectric devices.

The calculated transmission at a specific wavelength as a function of the spatial 

grid size Al is shown in Fig. 3.3(b). It is observed that a grid size of Al « Iran is 

required in this case to yield reasonably accurate results. The required grid resolution is 

directly related to the decay length of the fields at the metal-dielectric interface. In 

general, modelling of plasmonic devices requires much finer gird resolution than 

modelling of low- or high-index-contrast dielectric devices, due to the high localisation
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of the field at metal-dielectric interfaces of plasmonic devices. The required grid size 

depends on the shape and feature size of the modelled plasmonic device, the metallic 

material used, and the operating frequency.
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Figure 3.3 (a) transmission spectrum of an infinite array of silver cylinders (shown in the inset) 
for normal incidence and transverse magnetic (TM) polarization (involving only the 
Ex,Ey andHz vector field components). Results are shown for a diameter a = 100 nm. The 
dashed line shows the transmission spectrum calculated using the Drude model equation (3.1) 
with parameters a)p = 1.36 x lO 16 ^" 1 and y - 7.28 x 10 13 s~ 1 . (b) Calculated transmission 
at 855 THz as a function of the spatial grid size A/.
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3.4 Introduction to Finite-Difference Methods

FDFD is based on approximating the derivatives in Maxwell's equations by finite 

differences. A brief overview of the main features of finite-difference methods is 

therefore first provided here. In finite-difference methods, derivatives in differential 

equations are approximated by finite differences. To approximate the derivative 

df/dx\ XQ Taylor series expansions of f(x) about the point XQ at the points X0 + Ax and 

x0 — Ax are used to obtain [55]

df_ 
dx xo

+ Ax) - f(xa - Ax) 
2Ax

(3.3)

Here, the notation 0[(^lx) 2 ] (to be read as "order (4x) 2 ") denotes the remainder term 

and indicates its dependence on Ax, i.e., that it approaches zero as the second power of 

Ax. Thus, Eq. (3.3) shows that a central-difference approximation of the first derivative 

is second-order accurate, meaning that the remainder term in Eq. (3.3) approaches zero 

as the square of Ax.

In finite-difference methods a continuous problem is approximated by a discrete 

one. Field quantities are defined on a discrete grid of nodes. The rectangular grid with 

node coordinates r iik = (*i,y7- ,zk) is the simplest and most commonly-used. A field 

quantity at nodal location rijk is denoted for convenience as fijk = f(riik ). Based on 

Eq. (3.3), the first derivative can be approximated by the following central-difference 

formula
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df_ /t+1 -/t-! 
dx i

which is second-order accurate, based on the discussion above, if the rectangular grid is 

uniform, i.e. xt = iAx. For example, if the numerical resolution in the x direction is 

increased by a factor of 10 (Ax' = Ax/lQ), then the error introduced by the finite- 

difference formula in Eq. (3.4) reduces roughly by a factor of 10 2 = 100.

Similarly, the second derivative can be approximated by the formula

- (3-5)dx 2 (A*) 2

which is also second-order accurate on a uniform grid [55],

By replacing derivatives in differential equations with their finite-difference 

approximations, we obtain algebraic equations which relate the value of the field at a 

specific node to the values at neighboring nodes. By applying the finite-difference 

approximation to all nodes of the grid, a system of linear equations of the form Ax = b 

is obtained. Since the equation for the field at each point involves only the fields at the 

four (six in three dimensions, two in one dimension) adjacent points, the resulting 

system matrix is extremely sparse. Such problems can be solved efficiently if direct or 

iterative sparse matrix techniques are used.

3.5 Maxwell's Equations

Maxwell's equations are a set of four partial differential equations (see appendix A) that 

describe the properties of the electric and magnetic fields through the medium. In the
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frequency domain, the propagation of electromagnetic waves through the waveguide is 

governed by Maxwell's equations which can be written as follows (assuming sinusoidal 

plane-wave (d/dt = jo)) with no charge ( p = 0 ) and no current (7 = 0))

V x E = -juiiH (3.6) 

V x H = juzE (3.7) 

0 (3.8) 

0 (3.9) 

where the vector quantities E and H are electric and magnetic field vectors, 

respectively, £ — £Q £r and \JL — [t0nr . The quantities s and u, define the electromagnetic 

properties of the medium and are the permittivity tensor and the permeability of the 

waveguide material, respectively. so=8. 854x10"' F/m is the permittivity of free space, 

and \iQ = 4jr><10"7H/m is the permeability of free space. £r and p,r are the relative 

permittivity and permeability of the waveguide material. In this study for nonmagnetic 

waveguides, fir is taken as unity.

3.6 Wave Equation

The total electromagnetic field that is supported by a waveguide can be 

expressed in terms of only the electric or magnetic field components to produce wave 

equations. In this section the derivation that models the magnetic field is considered. In 

this case, the electric field is removed from the derivation by taking the curl of equation 

(3.7) and substituting using (3.6). The vector wave equation for the magnetic field 

vector, H, can be written as
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V x (e^V x//) - fcg//= 0 (3.10)

where k0 is the free space wave number kl — w 2 ^0 £0 . The anisotropic material is 

assumed to have one of its principal axes points in the direction of the waveguide. 

Under this assumption, the permittivity tensor takes the form

£ = £Q £r = £0

^xx ^xy '-'

0 0
(3.11)

For isotropic waveguides, £Xx=eyy=e7.z and sxy=eyx=0, in this work all materials will be 

considered isotopic materials. Using the vector identity V x (45) = VA x B + AV x B, 

the vector wave equation (3.10) can be rewritten as follows

V2 // + klerH = -£- l V£r x (V x //) (3.12) 

The transverse component of the vector wave equation (3.12) can be expressed as

V2 Ht + k 2Q ertHt = -Ert^t Ert X (Vt X Ht) (3.13) 

where the subscript "t" stands for the transverse components and sn is the transverse 

components of the relative dielectric tensor and can be defined such that

[ £xx £-<-vT 
Zyx Zyy] (3 ' U)

Assuming a z dependence of e"^z for all fields, the longitudinal component Hz can be 

computed from the transverse component Hx and Hy by applying the divergence relation

V.H = 0.

1 (dHx dHv\HZ =— br^ + ir^ ( 3 - 15 >
)P\dx dy J 

where p is the propagation constant of the propagated mode. Using the vector wave
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equation (3.13), (3.15) and the divergence relation V.H = 0, one can obtain, after some 

algebraic treatment, the following full vector eigenvalue equation

[AXXX A XV][HX ] = ^[HX ] (3 - 16)

where AXX. Axy, Ay* and Ayy are the differential operators which can be defined such that 

[45]

A u _d 2 Hx eyy d 2 Hx eyx d 2 Hx t _  

AH = l ~--fc" (3.18) 
V ezz )dxdy ezz

£XX\3 2 HX £xv d 2 Hx-^)——^-^y-——^-k 2 £xy Hx (3.19) 
8zz Jdxdy EZZ 3y 2 xy

3 2 Hy £XX 8 2 HV £xv d 2 Hv .- — ~ — ~yyyyy y gy 2 £

The differential operators can be approximated by using the finite difference methods 

[45] as illustrated in Appendix A. Equation (3.16) is a full-vector eigenvalue equation, 

which describes the modes of propagation for anisotropic optical waveguides. The two 

transverse field components Hx and Hy are the eigenvectors, and the corresponding 

eigenvalue is P .

Once all three components of the magnetic field H are known, the electric flux 

density D can be found by applying V x H = ja)D, which gives

-1 f5 2 Hx d 2 Hv\ $
D*=^ br-T + lTT1 +-"y 

<i>/? \dydx dy 2 ) u> y
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Dv = —— ——- +——^}--Hx (3.22) 
o)p \oxoy ox 2 J o>

/ (dtix dHv\D* = L \-r—r-} (3 - 23)
a> \ oy ox J 

And the electric field can be computed from D by using E = S~ Das follows

e0 (exx£yy - exy£yx)

E - -D -^Z — UZ T i£0 szz ue0 £zz \dy dx

3.7 The FDFD Method in One Dimension

The FDFD equations will now be derived by approximating the spatial derivatives in 

Maxwell's equations with finite differences. Assuming an exp(ia>t) harmonic time 

dependence for all field quantities, Maxwell's curl equations, shown in Appendix A, in 

the frequency domain take the form (assume no charge ( p — 0 ) and current source is 

polarized in z direction (J — Jz ))

V x E(r) = -ia)n0 H(r~) (3.26) 

V x H(r) = 7(r) + icoeE(r) (3.27)

It should be noted that the field vectors E(r, t),H(r, t) are real (measurable) quantities 

that can vary with time, whereas the vectors E(r, oj), H(r, co) are complex phasors that 

do not vary with time. The former can be obtained from the latter by multiplying by 

exp(ia)f) and taking the real part. For example,
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E(r, t) = Re{E(r)e io}t ] (3.28)

It should also be noted that in most cases, for simplicity, the frequency dependence of 

the complex phasor is not explicitly shown, e.g., E(r) is used instead of E(r, o>). 

Maxwell's equations can be simplified by considering electromagnetic fields and 

systems with no variations in two dimensions, namely, both y and z. By dropping all 

the y and z derivatives in Eqs. (3.26) and (3.27), and assuming a current source 

polarised in the z direction (/ = /zz), Maxwell's equations simplify to

flF

(3.30) = ]z
dx 

In the Finite-Difference Time-Domain (FDTD) technique a staggered spatial grid,

known as the Yee grid [55], is used for interleaved placement of the electric and 

magnetic fields. The Yee grid enables the approximation of the continuous derivatives 

in space by second-order-accurate two-point centered finite differences. Since the 

spatial derivatives involved in Maxwell's equations in the frequency domain are exactly 

the same as those in the time domain, the Yee grid can also be used in FDFD. The 

placement of the electric and magnetic fields on a one-dimensional (1-D) Yee grid for 

FDFD is identical to the one for FDTD, and is shown in Fig. 3.4.

/I in(3.31)

Hy

55



Chapter 3 Finite-Difference Frequency-Domain Technique for Plasmonic Waveguides

y

Figure 3.4 The placement of electric and magnetic field vectors in FDFD for Maxwell's equations in
one dimension.

As mentioned above, by applying Eqs. (3.31) and (3.32) at all points in the Yee grid, a 

system of linear equations is obtained, which can be solved to find the electromagnetic 

fields. If the system obtained from Eqs. (3.31) and (3.32) was directly solved, all 

electric fields (EZ \^,EZ \ 2 , ...,Ez \ Nx+^, and all magnetic fields

would have to be included in the vector of

unknown fields. (A 1-D Yee grid terminated at electric field positions was assumed 

here). Thus, the system of linear equations would have a total of 2NX + 1 unknowns. 

However, in the system of equations obtained from the FDFD algorithm, it is
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straightforward to eliminate either all the electric or all the magnetic fields. To see this, 

Eq. (3.31) is applied at two adjacent grid points:

= //„AX ">".--i/2

(3.34)
Ax 

Equations (3.33) and (3.34) are now substituted into Eq. (3.32) to obtain

Ez\i+i — Ez\i 1 Ez \i~E
Ax [idL>fJ.0 Ax L(I)/J.O Ax 

which can also be written as

(3-35)

z+ z z z _ 2 
^  (A^   ~ (Ar)2 +"2 *li**li - -AL (3.36)

Thus, application of finite-difference approximations at the node location xt results in a 

linear algebraic equation which relates the field Ez \i to the fields at the two adjacent 

nodes £"z |,._i and £"z |,- +1 . By applying the finite-difference approximation to all internal 

nodes of the grid, a system of linear equations of the form Ax = b is obtained, where b 

is determined by the source current :

-2

(Ax) 2 '^° (3.17)
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The FDFD equations for the boundary nodes depend on the boundary conditions 

at the boundary of the simulation domain. Typically, they involve only the two 

outermost nodes, e.g., auX) + ai 2x2 - 0. Thus, in the 1-D case the linear system matrix 

A is tri-diagonal, and it is straightforward to eliminate the magnetic fields, and obtain a 

system of equations which only involves the electric fields (Ez \i, Ez \ 2 , ... , EZ \ NX+I ) and 

has a total of Nx + 1 unknowns.

Finally, if Eqs. (3.29) and (3.30) are combined, the Helmholtz equation in 1-D is 

obtained:

d 2 Ez

When the spatial derivatives in this equation are approximated by centered finite 

differences, Eq. (3.36) above is obtained. In other words, the FDFD equations can be 

directly obtained by discretising the Helmholtz equation for the electric field.

3.8 The FDFD Method in Two and Three 

Dimensions

For the 2-D case, it is assumed that there are no variations of either the fields or the 

excitation in one of the directions, say the z direction. Thus, all derivatives with respect 

to z drop out from the two curl equations (3.26) and (3.27). A current source polarised 

in the z direction (/ = Jz z) is also assumed, so that only the transverse electric (TE)
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polarisation (involving only the Hx , Hy and Ez vector field components) is excited [55] 

and Maxwell's equations simplify to

dEz "97

9EZ .—— = ia)fj. 0 Hv (j.jyj 
ox

dHy dHx

If the above equations are combined, the 2-D Helmholtz equation is obtained 

3 2 EZ d 2 Ez
(3-40)

As mentioned in the previous section, the exact same FDTD Yee grid can be 

used in FDFD. A portion of the Yee grid for the TE case is depicted in Fig. 3.5. The 

FDFD equations can be obtained by discretising Eq. (3.39). It is then straightforward to 

eliminate Hx and Hy to obtain the FDFD equations which only involve the Ez field. 

Here, however, the 2-D Helmholtz equation (3.40) is discretised to directly obtain the 

FDFD equations which only involve the Ez field. Once Ez is calculated by solving the 

FDFD equations, the Hx and Hy fields can be calculated by using the discretised 

versions of Eq. (3.39).
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Figure 3.5 An FDFD unit cell for transverse electric (TE) waves. The small vectors with thick
arrows are placed at the point in the grid at which they are defined. For example, Ez is defined at

grid points (i,y), while Hy is defined at grid paints (i + 1/2,7).

For simplicity a uniform rectangular grid with x j = iAx and y t = iAy is considered, 

and the derivatives in Eq. (3.40) are replaced with their finite-difference approximations 

to obtain

(Ax) (Ay) 2 (3.41)

Thus, application of finite-difference approximations at the node location r^ — (xit y;-) 

results in a linear algebraic equation which relates the field Ez \ tj to the fields at the four 

adjacent nodes £z |i_ij, Ez \ i+1j, Ezlij+i and Ez\ij-i • m the end, the finite-difference 

approximation is applied to all nodes of the grid to obtain one FDFD equation at each 

grid point (i,j"). These equations form a system of linear equations Ax — b with 

(Nx + 1) x (Ny + 1) equations and unknowns. The vector of unknown fields x will 

include the electric fields at all mesh points (i,j), where i = 1, 2,..., Nx + 1, and 

; = 1, 2, ...,Ny + 1. Note that x is a one-dimensional vector. We should therefore
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construct a one-to-one mapping between the two-dimensional electric field Ez \ij , 

i — 1, 2, ...,NX + 1, j = 1, 2,..., Ny + 1 and the one-dimensional vector of unknown 

fields xm,m = 1,2,...,(NX + 1) x (Ny + 1). Choosing the right mapping is in 

general important and can affect the convergence of the system of linear equations. One 

simple mapping function in the two-dimensional case is:

+ l)+7 (3-42)

Using this one-to-one mapping function, the following system of linear equations is 

obtained:

(A*)2

1
= (Ayy 

-2 2 , (3 - 43 )

The same approach can be applied to obtain the FDFD equations for the 2-D TM case 

as well as for the 3-D case.

3.9 Numerical Dispersion of the FDFD Algorithm

A single plane wave propagating in a uniform medium has a simple dispersion 

relation connecting the angular frequency w and the wave number k • a) = ck [58],
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where c is the speed of light in the medium. Numerical techniques such as the FDFD 

technique introduce numerical dispersion. To derive the dispersion properties of the 

FDFD algorithm, a single wave or Fourier mode in space is considered. The dispersive 

properties of FDFD are assessed by obtaining the dispersion relation of the scheme, 

relating the frequency of a Fourier mode on the grid to a particular wavelength X (or 

wave number k):

<» = fFDFD (k,Ax} (3.44) 

In the 1 -D case, a plane wave propagating in a uniform medium is considered

£(x) = ejkx (3.45) 

and its discretised version is

(3.46) 

In a uniform medium with no sources the FDFD equation (3.36) becomes

i ' E.zlj-1 , 2 I r- I n fl /n\i = 0 (3.47)

Equation (3.46) is substituted into Eq. (3.47) to find

_ 7 + f,-jk&x\
*** = 0 (3.48)

from which one obtains

. 
sm -^-
   i A 1 (3 - 49)kAx ' ^ '~^T
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Eq. (3.49) is the dispersion relation of 1-D FDFD. It is observed that, in the limit 

Ax -» 0, Eq. (3.49) reduces to the exact dispersion relation a> = ck. Using Eq. (3.49),

the numerical phase velocity vp = — and group velocity vg =   of the FDFD scheme

can be derived. The numerical phase velocity of 1-D FDFD as a function of the 

numerical resolution Ax /A is shown in Fig. 3.6. It is observed, for example, that for a 

spatial resolution of 20 grid points per wavelength (Ax/X — 0.05) the numerical error in 

the phase velocity is less than 1%.

2 0.94

0.931
0.01

Figure 3.6 Dispersion of 1-D FDFD. Variation of numerical phase velocity with numerical
resolution Ax/A in 1-D FDFD.

In the 2-D case, wave-like modes propagating in both x and y directions are considered

E(x,y) = 

and their discretised version is

(3.50)
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E\ u = e kxi*x+kyjw (3.51) 

where kx and ky are the wave numbers in the x and y directions, respectively.

In a uniform medium with no sources, the 2-D FDFD equation (3.41) becomes

(Ax) 2 

= 0

(Ax)' (3.52)

Equation (3.51) is substituted into Eq. (3.52) to find after some manipulation:

' /kvAy\ ' sin (__J
2-,

(3.53)

It is observed again that, in the limit Ax -> 0, Ay -» 0, Eq. (3.53) reduces to the exact 

dispersion relation <y 2 = c 2 (fe 2 + ky}.

1
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Figure 3.7 Dispersion of 2-D FDFD. Variation of numerical phase velocity with wave-propagation 
angle in a 2-D FDFD grid for three different cases of numerical resolution.
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It can be seen from Eq. (3.53) that the numerical phase velocity vp for the 2-D case is a 

function of angle of propagation through the FDFD grid. To see this, wave propagation 

at an angle 6 with respect to the positive x axis is assumed, in which case k x = 

k cos(0) and ky = k sin(0), where k = ^/k% + k^ is the wave number. Fig. 3.7 

shows a plot of normalised numerical phase velocity as a function of propagation angle 

9. The dependence is, in general, relatively small (compared to dispersion errors due to 

the discretised grid), with vp /c varying by only a few percent between 9 — 45° and 

9 = 0°, even for very coarse (e.g.. Ax — Ay = A0 /5) spatial grids. The dependence 

ofvp /c on propagation angle B is known as grid anisotropy and is a source of additional 

numerical dispersion effects.

Finally, it is noted that, unlike FDTD, in FDFD only the spatial derivatives are 

approximated by finite differences. In fact, for time-harmonic sources and fields the 

FDTD equations reduce to the FDFD equations in the limit of At -> 0.

3.10 Boundary Conditions

To create a practical solver, the effects of the simulation boundaries should be 

considered. Basic beam propagation method (BPM) and FDM boundary conditions set 

the field just outside the simulation area to zero, simulating a perfectly conducting metal 

box. The perfect matched layer (PML) [60] is an artificial absorbing layer for wave 

equations, commonly used to truncate computational regions in numerical methods to 

simulate problems with open boundaries, especially in the FDM and FEM methods. The 

key property of a PML that distinguishes it from an ordinary absorbing material is that

65



Chapter 3 Finite-Difference Frequency-Domain Technique for Plasmonic Waveguides

it is designed so that the waves incident upon the PML from a non-PML medium do not 

reflect at the interface. This property allows the PML to strongly absorb outgoing waves 

from the interior of a computational region without reflecting them back into the 

interior.

The PML was originally formulated by Berenger in 1994 [60] for use with 

Maxwell's equations, and since that time there have been several related reformulations 

of PML for both Maxwell's equations and for other wave equations. Berenger's original 

formulation is called a split-field PML, because it splits the electromagnetic fields into 

two non-physical fields in the PML region. A later formulation that has become more 

popular because of its simplicity and efficiency is called uniaxial PML or UPML [61], 

in which the PML is described as an artificial anisotropic absorbing material. Both 

Berenger's formulation and UPML were initially derived by manually constructing the 

conditions under which incident plane waves do not reflect from the PML interface 

from a homogeneous medium. However, both formulations were later shown to be 

equivalent to a much more elegant and general approach: stretched-coordinate PML 

[62, 63]. In particular, PMLs were shown to correspond to a coordinate transformation 

in which one (or more) coordinates are mapped to complex numbers. More technically, 

this is actually an analytic continuation of the wave equation into complex coordinates, 

replacing propagating (oscillating) waves by exponentially decaying waves. This 

viewpoint allows PMLs to be derived for inhomogeneous media such as waveguides, as 

well as for other coordinate systems and wave equations.
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As an example for a PML designed to absorb waves propagating using the stretched 

coordinate system in the x direction, the following transformation is included in the

wave equation. Wherever an x derivative d/dx appears in the wave equation, it is 

replaced by [63]:

d I d 

d*~7+^2^* (3 ' 54)
OJ

where co is the angular frequency and a is some function of x. This can be obtained by 

applying the following transformation to complex coordinates:

x -» x + — J a(x)dx or equivalently dx -» dx (l + ^-J . Therefore, wherever a is 

positive, propagating waves are attenuated because:

(3.55)

where a plane wave propagating have been taken in the +x direction (for k > 0).

3.11 Comparison to Other Numerical Techniques

FDFD is a frequency-domain technique, and can thus treat arbitrary material 

dispersion. Non-uniform and/or non-orthogonal grids are required in FDFD for efficient 

treatment of curved surfaces and rapid field variations at material interfaces. In FDFD, 

as in all other methods which are based on discretisation of the differential form of 

Maxwell's equations in a finite volume, absorbing boundary conditions (ABCs) are 

required, so that waves are not artificially reflected at the boundaries of the 

computational domain. Very efficient and accurate ABCs, such as the perfectly matched
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layer (PML) [55, 59] have been demonstrated for FDFD. As mentioned above, FDFD 

results in extremely sparse systems of linear equations. Such problems can be solved 

efficiently if direct or iterative sparse matrix techniques are used.

FDTD is also a finite-difference method, so its performance in modeling 

plasmonic devices is similar to the performance of FDFD. There are many similarities 

between the two techniques. Both can be used to model structures with arbitrary 

geometries. In addition, many of the methods used in combination with FDTD (total 

field/scattered field method, etc.) can also be used with FDFD. However, there are some 

major differences. First, as mentioned above, in time-domain methods the dispersion 

properties of metals have to be approximated by suitable analytical expressions which 

introduce substantial error in broadband calculations. In addition, the implementation of 

methods for dispersive materials in FDTD requires additional computational cost and 

extra memory storage [55, 64]. On the other hand, in FDTD it is possible to obtain the 

entire frequency response with a single simulation by exciting a broadband pulse and 

calculating the Fourier transform of both the excitation and the response [55].

The Finite-Element Frequency-Domain (FEFD) method is a more powerful 

technique than FDFD, especially for problems with complex geometries. However, 

FDFD is conceptually simpler and easier to programme. The main advantage of FEFD 

is that complex geometric structures can be discretised using a variety of elements of 

different shapes, while in FDFD a rectangular grid is typically used leading to staircase 

approximations of particle shapes [59, 65]. In addition, in FEFD fields within elements 

are approximated by shape functions, typically polynomials, while in FDFD a simpler
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piecewise constant approximation is used [65]. In short, FEFD is more complicated than 

FDFD but achieves better accuracy for a given computational cost [65].

3.12 Summary

In this chapter different computational techniques used to model plasmonic 

waveguide. These techniques can be divided into two types: frequency domain methods 

and time domain methods. In modelling of plasmonic waveguide it is preferred to use 

one of frequency domain methods. This is because permittivity of metal is complex and 

it depends on frequency. A novel nine node based full vectorial finite difference 

frequency domain method for linear oblique and curved interface has been presented. 

This method overcomes the staircase problem associated with conventional finite 

difference methods and also it gives better convergence and less computational time.
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Chapter 4

Nonuniform Meshing Techniques for

Plasmonic Waveguides

4.1 Introduction

The FDFD method as had been described in chapter 3 involves a regular, 

orthogonal grid of identical cells with dimensions Ax, Ay, and Az in Cartesian 

coordinates. Cylindrical and spherical coordinates can be used when the simulation 

space (and/or scattering structures) lends themselves more accurately to those 

coordinates. The resulting grids in cylindrical and spherical coordinates are orthogonal, 

but non-uniform, since the sizes of the grid cells varied with cp and 9. In addition, grids 

can be non-orthogonal or even unstructured. Many of these grid techniques can be used 

in the FDFD method; for example, an orthogonal, non-uniform grid, as described in the 

next subsection, can be easily implemented in FDFD. However, the more advanced 

techniques of non-orthogonal or unstructured grids become cumbersome in FDFD, and 

it is in those circumstances that finite volume or finite element methods are a better 

choice.
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4.2 Nonuniform Orthogonal Grids

The FDFD algorithm lends itself to orthogonal grids, as the Yee difference 

equations are simplest to describe in the standard orthogonal coordinate systems. 

However, the grids can be made nonuniform quite easily. For example, while the 

Cartesian coordinate system is uniform, the cylindrical and spherical systems are 

nonuniform, as the grid cell sizes in (p and 6 vary with distance. Other types of 

nonuniform, orthogonal grids are possible. The simplest example is a grid in Cartesian 

coordinates where the grid sizes Ax, Ay, and/or Az vary in their respective 

dimensions; an example is shown in Fig. 4.1. In this example, each spatial grid size 

varies along its respective direction, but each of the cells is still abutting rectangles. 

However, the usual centered difference approximations to the spatial derivatives in 

Maxwell's equations are no longer valid. To see this, notice that in the expanded cell in 

Fig. 4.1, the Ez component at the cell corner is no longer equidistant from the pairs of 

Hx and Hy components, so the "centred" nature of the difference equation is lost.
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^4 t .'•o- 4-

Figure 4.1 Nonuniform orthogonal mesh surrounding a two metallic thin films.

These types of cells require special handling through a new derivation of the difference 

equations, this takes into account the changing cell size and assigns Ax; and A yy- to 

each location in the grid [66, 67]. This method reduces the simulation to first-order 

accuracy in these transition regions; however, Monk [66, 67] has shown that second- 

order accuracy is maintained globally.

4.3 Novel Graded Nonuniform Orthogonal Grids

Other types of nonuniform grids can be imagined; for example, one might use a 

grid of rectangular cells, but as the distance grows from the scattering object, larger 

rectangular cells size can be a factor of smaller cells size such that these cells form a
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geometric series with base Ax0 and Ay0 in x and y direction respectively. The step size 

of cell i can be determined through equation (4.1):

(4.1)
AXi = Ax0 (fxy

Ay, = Ay0 (/y)'

Where fx and fy are arbitrary factors greater than one. Using this kind of meshing 

reduce the number of nodes in computational domain and thus reduce the computational 

time.

Graded Grid

Cell

Metal dielectric 
interface

Figure 4.2 Nonuniform orthogonal graded mesh surrounding metallic thin Him.

4.4 Adaptive Mesh Refinement

One highly advanced version of a nonuniform but orthogonal grid can be 

described through adaptive mesh refinement (AMR). In this method, the grid cell sizes 

are adapted as the fields propagate, so that where high gradients in the field (i.e., high
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frequencies) exist, smaller grid cells are used, but where the fields are zero or have low 

gradients (low frequencies), larger grid cells can be used. This is illustrated in Fig. 4.3. 

In this method, the grid is now dynamic, where until now we have discussed only static 

grids. In either the static, irregular grid or the dynamic AMR grid, one must treat the 

interfaces between coarse and fine grid cells carefully, as shown in Fig. 4.3. A number 

of different methods for interface interpolation have been used with success in different 

AMR algorithms [68].
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Figure 4.3 Grid-level boundaries in AMR. Interpolation and averaging of fields are required at the
interface of different grid levels.

4.5 Nonorthogonal Structured Grids

One can easily devise a grid that is structured, but not orthogonal; furthermore, 

the grid does not need to be regular, in that adjacent cells are not the same shape as
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shown in Fig. 4.4. For example, the grid cells might be arbitrary parallelepipeds, the 

coordinates of which are the unit vectors along the edges of the cell. Such a grid 

structure can be easily conformed to structures within the simulation space. These types 

of grids are still structured, however, in that the vertices of the grid cells can be 

described by ordered arrays x(i,j, k},y(i,j, fc), and z(i,j, k} [69].

\

Figure 4.4 Nonorthogonal structured grid [69]

4.6 Unstructured Grids

In any discretised grid, consider the nodes of the grid to have locations (i,j, k}. 

Fundamentally, a grid is considered structured if the nodes can be ordered; for example, 

(i,j,k) and (i,j, A: + 1) are neighbors. This means that only the node locations 

themselves need to be defined, and it is assumed that each is connected to its nearest 

neighbours. In an unstructured grid, however, this assumption is not valid. As such, not 

only must the node locations be defined, but information about how they are connected 

must be provided. Unstructured grids provide complete freedom in conforming to
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material surfaces, and as such they provide the most powerful method for simulating 

detailed structures [69].

4.7 Novel Full Vectorial Finite-Difference 

Frequency Domain Method for Linear Oblique 

and Curved Interface

For the plasmonic waveguides, it is quite usual that the structure is piecewise 

homogeneous and thus contains a step refractive index profile. A general cross-sectional 

view of the structure is shown in Fig. 4.5 (a). The complete solution of the 

electromagnetic fields for such a problem is generally vectorial rather than scalar or 

semi vectorial. Since the differential equations are approximated with their 

corresponding finite-difference equations in the FDM, the efficiency and accuracy of 

the FDM are greatly affected by its finite-difference (FD) formulae.

-Ih)

(*)

Figure 4.5 (a) Cross section of step index waveguide (b) Stair-case approximation for the oblique
interface.
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The simplest FD formula is based on the scalar approximation and it may not be 

sufficiently accurate when the polarisation-dependent characteristics of the structure 

need to be taken into account. Over the years, many approaches have been proposed to 

improve the efficiency and accuracy of the FDM, including semivectorial [70, 72] and 

full-vectorial [73, 71] formulations. In those formulations, the vectorial analysis usually 

starts from the following equation derived from Maxwell's equations:

rQ-xx axy~\ \^x\
[ayx ayy \ \Ey\ ~ 

where the differential operators are defined as

a / 1 d(n2 Ex)\ d 2 E.

y Ey

"-y V jC *i I O i I i *7ox \nz ox J dy^

d ( 1 d(n2 Ey}\ d 2 Ey
yy y dy [n2 8y J dx2

(4.3)
_ . . . .... d 2 E,,

,;£v —
d I 1 g(n2 y y
dxn2 dy dxdyy

f-t __ ___ I __ A I •"•

yx x dy\n2 dx J dxdy

where /? is the modal propagation constant, n is the transverse refractive-index function, 

and is the free-space wavenumber. Note that axx ^ ayy causes the polarisation 

dependence, whereas axy ^ 0 or axy ^ 0 induce polarisation coupling between Ex and 

Ey . Conventional FD schemes are obtained by directly discretising equations (4.3) with 

the graded-index approximation at the interface. The graded-index approximation 

assumes that the transverse refractive-index function is graded varying and continuous
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across the interface. The conventional FDMs are generally arranged in such a way that 

the fields are continuous in the first partial differential operation in order to avoid the 

discontinuity problem at the interface. However, the second-order partial differential 

operation still can only be approximated by the graded-index assumption. Recently, 

some modified treatments have been presented to deal with optical waveguides with 

step-index profiles [70-78]. Most of the improved formulae have been constrained to 

semivectorial cases. Although some of them are full-vectorial in nature, in those 

formulations the improved FD formulae were still substituted back into the above 

equations based on the graded-index approximation in order to evaluate the coupling 

term between the two polarization components of the field [71].

Besides the step-index interface problem, the rectangular meshes usually used in 

the FDM cause another problem in the FDM when the structure contains oblique or 

curved interfaces, as shown in Fig. 4.5 (b). The conventional treatment is to use either 

the graded-index approximation or the staircase index approximation. Vassallo [71] 

derived an improved FD formulation considering an oblique interface, but the 

formulation is only suitable for the scalar case and the truncation error is of the first 

order at best. In his treatment of the semivectorial case, the structures were only allowed 

to have discontinuities directed along either the x or y axes, just like other semivectorial 

Formulations.

In this dissertation, improved FD formulations had been derived which can treat optical 

waveguides with step-index profiles. The formulations are full-vectorial ones and the 

interface can be oblique to the x and y axes. The process of derivation is similar to
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Vassallo's [71] in that perform the Taylor series expansion and then match the interface 

conditions have been employed. To obtain a full-vectorial formulation that can treat the 

oblique interface, further the local coordinate transformation is introduced and a 

rigorous expressions for the interface conditions in the locally transformed coordinate is 

derived. Although matching interface conditions, the coupling between the two 

transverse polarization components of the field will be automatically included in the 

resultant FD formulae.

A general relation between the field (ps \(m,n)' s — x or y at the sampled point 

(m,n) and the fields nearby, as shown in Fig. 4.6 for a linear oblique interface is 

derived in this section.

Starting from Maxwell's equations, the vector wave equation for the magnetic field 

vector, H, can be derived as V x (£~V *H)- (O 2 ^1QH = 0(1)

0 (4.4) 

where o> is the angular frequency, //0 is the permeability of free space, and e is the 

permittivity tensor of the waveguide material which is given by £ = £0 sr where £0 is

the permittivity of free space, and £r is the relative permittivity tensor of the waveguide 

material. The formulation of the method is based on nine mesh points. The relation 

between the fields as shown in Fig. 4.6 at the nearby point (TO + 1, n + 1) with the

fields H X ,H y and the their derivatives at the sampled mesh points (m, n) is
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H(m+\,n+\) = D( m+\,n+\) • H(m.n) (4.5)

where

D(m+\,n+\) = D(m+\,n+\):R ' DRC • DRL • DCl ' D L(m,n) (4.6)

The relation between the above mentioned fields and their derivatives can be illustrated 

as [19]

n (/n+l,;j+l
TES __ LCT A MBC 

n,.M,i>j? R DKC R Dm
>H

LCT __ TES

L Da L Di,m,:
(4.7)

where TES denotes Taylor series expansion, LCT denotes local coordinate 

transformation, and MBC denotes matching the boundary conditions. After connecting 

the fields and their derivatives at the mesh point (m, n) to the nearby eight mesh points 

and using equation (4.4) the following equation obtained:

'H\

D.
(m+1,/1-1) 

(ro-l./j+l)

(ni+1,/7-1)

\(m,n)

(m,n)

_ nl

LJ

* "77 - /7)

H
(4.8)

where D is a 2 x 18 matrix containing entries obtained from the derived new FD 

formulae, and e(m n) denotes the relative permittivity at the point (m, n).
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Figure 4.6 Cross section of Linear Oblique Interface

By assembling the fields at all sampled points in the computation domain as

LJ — " ~ Lf fj 1 f
(M,N)>" y (0,0)'"'' y (M,N) ] (4.9)

and applying (4.8) together with suitable boundary conditions, we obtain an algebraic 

eigenvalue equation

(4.10)

where /? is the propagation constant and the differential operators Axx, Axy, Ayx and 

Ayy result from the operator d 2 1 dx 2 +d 2 1dy 2 on H and their elements can be 

obtained from the elements of the matrix D. Equation (4.10) is a full-vector eigenvalue 

equation, which describes the modes of propagation for the optical waveguides. The 

two transverse field components Hx and Hy are the eigenvectors, and the corresponding 

eigenvalue is /? 2 . The differential operators can be approximated by using the finite 

difference methods [45] and the robust perfectly matched layer (PML) boundary
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condition [63] is employed at the edges of the computational window in order to 

account for the leakage property of the modes. In addition, non-uniform meshing is 

used in order to get accurate modelling results. It should be noted that the full vector 

eigenvalue equation is solved numerically for a set of modes, and the dominant mode is 

defined as the mode with the highest real effective index value. Since, V.// = 0 and 

interface boundary conditions are automatically satisfied in the formulation, then there 

is no chance for spurious (nonphysical) modes to appear in the spectrum of the solution.

4.8 Summary

Through this chapter different meshing techniques have been presented. 

Meshing techniques in general can be divided into uniform mesh or non-uniform mesh. 

Non-uniform mesh decreases the computational time efficiently; but it is more complex 

to be implemented. A novel graded non-uniform mesh has been presented. This graded 

mesh provides a very fine mesh at metal/dielectric interface where the surface plasmon 

modes generated. While the mesh size increases gradually away from the interface to 

decrease the number of mesh points and hence decrease the computational time
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Chapter 5

Channel and Wedge Plasmon Polaritons

5.1 Introduction

This chapter presents the electromagnetic modes guided by metallic grooves and 

wedges. Various approaches employed for the computation of the electromagnetic field 

in such structures are presented. The wave guiding properties are obtained by 

electrodynamics techniques. Dispersion, modal size, shape, polarisation, and 

propagation length of these modes is presented. It is concluded that both channel and 

wedge modes are well confined with reasonable losses, wedge structures being 

favourable in terms of modal size.

Channel plasmon polaritons (CPPs) are electromagnetic modes supported by 

grooves carved in metallic surfaces whereas wedge plasmon polaritons (WPPs) are the 

corresponding modes sustained by metallic wedges. One can say, without being too 

precise at this point, that the electromagnetic field of CPP and WPP modes is guided 

along the bottom of the groove or the edge of the wedge, respectively. For reasons 

discussed in the next paragraph, these modes have received quite a lot of attention in the 

last 10 years. This chapter is devoted to a description of the guiding properties of CPPs 

and WPPs.

83



Chapter 5_____________________Channel and Wedge Plasmon Polaritons

There has been an interest in the behaviour of electromagnetic fields next to 

corners and edges for a long time. The first report dealing with these geometries within 

the context of surface plasmons was published by Maradudin and Coworkers [79]. The 

mentioned paper considers an idealized geometry in the electrostatic approximation. 

The next landmark, in 2002, was a complete treatment including retardation and for 

realistic geometries [80]. After this, the number of works, both theoretical and 

experimental, reporting on CPPs and WPPs increases rapidly. The following reasons for 

this late interest can be summarised as follows. First, from a general point of view, in 

the last ten years or so the field of plasmonics has blossomed and various SPP-based 

waveguiding schemes are being considered. The achievement of tightly confined modal 

fields and long propagation lengths count among the main design goals. CPPs and 

WPPs feature good confinement and a reasonable propagation length, and are therefore 

promising candidates. Secondly, the planar paradigm is preferred from a technological 

perspective, and the modes studied in this chapter fit well with planar metallic 

structures. In spite of the difficulties to fabricate narrow angle CPPs and WPPs, these 

have been already demonstrated and CPP-based functional devices have been reported 

[7]. Finally, from a more fundamental point of view, edges and corners appear 

whenever a flat surface is folded. In this sense CPPs and WPPs constitute building 

blocks that show up in other kinds of plasmonic guides such as stripes, trenches, gaps, 

and so on. Thus, understanding the properties of CPPs and WPPs is very useful for the 

design of most of the remaining plasmonic waveguides.
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vacuum

(a) groove carved in surface

(b) wedge grown on surface

(c) infinite wedge

Figure 5.1 Schematics of structures support channel and wedge plasmon polaritons.

5.2 Approximate Approaches

Fig. 5.1 displays examples of the structures being analysed, and the definition of 

coordinates and geometric parameters. These structures of two different kinds: 

structures truncated at a certain height y = h [Figs. 5.1 (a) and (b)], and idealized non-

sides of the groove or wedge aretruncated structures where h -> oo and the inclined 

infinitely extended [Fig. 5.1(c)]. The modes corresponding to non-truncated structures 

called CPP(oo) and WPP(oo). In most cases the lateral sides of the groove or wedge are 

approximately flat and form an angle denoted by 0. Corners and edges shall be rounded 

and the corresponding radii of curvature are denoted as r or R. The chosen radii are 

always larger than 5 nm. With this election, the minimum feature size of the structures
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is sufficiently large so as to use bulk dielectric functions in the metal. Notice that, for 

small feature sizes (radii smaller than about 2 nm), one has to take into account more 

complex effects in the dielectric function of the metal. Namely, a size-dependent 

damping due to electron scattering at the metal surface, or/and a non-local behaviour of 

the permittivity of the metal er (a>, A:), u> and k being the frequency and wave vector, 

respectively. In addition, it should be mentioned that smaller radii are extremely 

difficult to fabricate.

We shall be concerned with modes propagating along the Z axis and confined in the 

transverse XY plane. The determination of the modes supported by the considered 

structures requires the resolution of Helmholtz equation for the electromagnetic fields in 

vacuum and metal, supplemented by the boundary conditions at the interfaces.

5.3 The Electrostatic Limit

The simplest approximation consists in disregarding retardation. In this limit, Helmholtz 

equation is replaced by Laplace equation. There are some wedge (or groove) geometries 

for which the equation can be solved analytically, the easiest one being a sharp (r =

0) wedge, with flat sides and infinite height f h -> oo 1, see Fig. 5. l(c). Laplace equation

for this configuration can be separated in polar coordinates and was considered in [79]. 

The corresponding solution is attractive of being very simple but it has two important 

problems. First, the fields are divergent at the tip of the structure, and second, the 

computed modes do not have a standard dispersion relation a> = w(A:z ), where o> and

kz are the frequency and modal wave vector, respectively. It was soon realised [81J that
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both defects are due to the infinitely sharp tip. In the following years analytical 

solutions for wedges with rounded edges (corresponding to parabolic [82] and 

hyperbolic [83] cross sections) were computed, and it was shown that the mentioned 

difficulties no longer occur. However, it can be seen [9] that the dispersion relation 

obtained within this framework is not a good approximation when it is close to the light 

line. This regime turns out to be the most interesting one, and for this reason the 

remaining approaches take into account the finite propagation speed of the 

electromagnetic fields.

5.4 Geometric Optics Approximation and 

Effective Index Method

The geometric optics approximation (GOA) and the effective index method 

(HIM) have been used to understand several aspects of the behaviour of 

Electromagnetic fields in grooves and wedges. Their main merit is that they allow one 

to obtain important properties of the electromagnetic field and, moreover, they are not 

complex numerical techniques [84, 85].

w(y) '

Figure 5.2 Stack of variable width metallic films (left) or gaps (right)
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For both approaches it is useful to consider the wedge (respectively groove) as a 

vertical stack of metallic films (respectively vacuum gaps in a metal) with infinitesimal 

vertical thicknesses, and horizontal widths depending on the vertical coordinate w(y), 

see Fig. 5.2.

The effect of the varying width of the wedge (or groove) is taken into account 

by considering the modes supported by the infinitesimal slices. The dispersion relations 

of the first modes supported by a metallic film or gap with constant width w is plotted 

in Fig. 5.3 for several widths (for the sake of simplicity the dielectric constant of the 

metal is represented by a Drude model with a typical plasma frequency fp — 1.91 x 

10 15 s~ 1 and no absorption).
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Figure 5.3 Dispersion relation for plasmonic modes supported by (a) film, and (b) gap, both of width w.

As it is well known, for increasing width the SPP modes at both interfaces 

decouple and the modal dispersion relation tends to that of a single SPP on a flat 

interface. In the case of the film, those modes below the SPP curve have even parity
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with respect to symmetry plane (they are named Short Range Plasmon Polaritons). On 

the other hand, the gap modes below the SPP curve have odd parity. For both 

configurations, the modes below the SPP curve become more and more separated from 

the dispersion relation of a SPP as the width w decreases. In other words, at a given 

frequency the modal effective index neff = kz /k0 , k0 being the wave vector in 

vacuum) of these modes depends on the width, neff(w~) increasing as the width 

decreases. This is the necessary behaviour to achieve field confinement at the bottom of 

the grooves (or the edge of the wedges), where the width is smaller. The reason is that 

the modes corresponding to a small width u/< are outside the dispersion curve 

corresponding to a larger width w> . Thus, the former modes are evanescent along the 

vertical direction in the gap (or film) of width w> and are therefore vertically confined.

The geometric optics approximation and the effective index method are based on the 

above explained behaviour of the effective index of the modes supported by a gap or a 

film. In both approaches the groove (or wedge) is replaced by a dielectric medium the 

refractive index N of which is non-homogeneous and is defined as follows: (i) N is 

constant in the horizontal (XZ) planes, and (it) N(y~) = neff (w(y}}. Notice that the

modal effective index ne^-»oo as w -»0 so that N(y) diverges at a height y 

corresponding to the structure tip, Figs. 5.4(a) and (b).
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>X -r

Y
/max.

(a) groove (b) refractive index (c) ray

Figure 5.4 Geometric optics approximation: (a) groove geometry, (b) refractive index JV(y) of 
equivalent medium, (c) ray path corresponding to guided mode.

The GOA consists in the optics of rays (representing the propagation direction 

of gap plasmons) in the mentioned non-homogeneous dielectric medium. It predicts the 

important properties that the rays bend toward the tip, slowing down while the 

corresponding field amplitude increases, leading to a Nano focusing effect. Within this 

picture a guided mode corresponds to a ray progressing along the Z coordinate while 

bouncing back and forth between two heights ymin,ymax • The lower height ymin 

corresponds to the point where the adiabatic approximation of GOA breaks down and 

the ray is reflected, Fig. 5.4(c). Thus, guided modes are consistent with the GOA but 

their properties cannot be determined within this framework [86, 87].

The HIM solves numerically the one dimensional Helmholtz equation in the 

mentioned non-homogeneous dielectric medium. The basic formulation assumes that 

the electromagnetic field has the same vector components as the gap (or film) 

plasmonic mode, i.e., Hy, Ex, Ez, having transverse magnetic (TM) character. In this 

fashion a dispersion relation, propagation length, and vertical modal profile can be 

found [87, 88]. This is a very useful approach but there are a number of issues to be

90



Chapter 5_____________________Channel and WedRe Plasmon Polaritons

improved. First, the computed dispersion relation and propagation losses are 

approximate. For CPPs, in most cases, the results are surprisingly good, but for WPPs 

the approximation is worse. This is most likely due to the fact that the assumed 

polarisation is (approximately) the correct one for CPPs whereas it is not correct (near 

the tip) for WPPs.

Second, the two-dimensional modal shape and polarisation cannot be computed. 

This impedes the quantitative computation of the coupling of the mode with external 

incident fields. Third, for grooves truncated at a finite height y = h, two additional 

side edges appear that sustain WPP modes.

This effect, substantially modifies modal shape, size, polarisation, and 

propagation length, and cannot be accounted for within this approximation. Finally, the 

divergence of N(y) at the tip of the structures leads to some questions (not yet 

definitively answered within the HIM) about the value of the field at this location [87].

For the explained reasons, the above described approximate techniques are not 

completely adequate to determine the properties of CPP and WPP modes.

5.5 Rigorous Techniques Basic Structures

There are a few rigorous methods that have been applied for the computation of 

CPPs and WPPs. The first one is using the finite-difference time-domain algorithm 

described in an early paper dealing with retarded WPP modes [85J. The technique is 

accurate, but it is designed for a very specific geometry (parabolic cross section
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cylinder). A method valid for generic geometries (based on Green's second integral 

identity) was presented by Maradudin and coworkers [79]. Since then various general 

purpose numerical techniques have been used to study CPPs and WPPs, such as the 

Multiple Multipole (MMP) method, the Finite Differences in Time Domain (FDTD) 

technique, and the (FE) method. In addition, a modal expansion method was reported in 

[88]. The structures are made of gold in vacuum. The dielectric constant of gold is 

represented by a Drude-Lorentz model (including absorption), which nicely fits the 

well-known experimental data of Johnson and Christy [69] in the spectral range 

considered here, A E [0.6/j.m, 1.6jum] The structures considered in this section are not

truncated (h -» oo).

5.6 Dispersion

Fig. 5.5 and 5.6 render the dispersion relation corresponding to CPP(oo) and 

WPP(oo) modes. There corresponds to bound modes and they are outside the light line 

and outside the dispersion curve of a SPP on a flat surface, i.e., outside the shaded 

regions in these figures (otherwise the mode would be radiated either to free space or 

along the metallic interface). The modes are very close to the SPP curve at telecom 

wavelengths rendering the electrostatic approximation inadequate to determine accurate 

values of the dispersion relation.

For high frequencies the dispersion relation is far from the light line which 

means that the modes are well confined at the tip of the structures. On the other hand 

the modal size increases for small frequencies. Let us mention that this behaviour
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imposes stringent conditions on the mesh size, and the size of the simulation window. 

For high frequencies a very fine mesh was needed (for FDTD the results were 

converged for a mesh size of 5 nm), whereas large simulation windows were needed for 

small frequencies (for MMP the size has to be much larger than the modal size). In the 

small frequency regime the size of the numerical problem rapidly increases, and for this 

reason it is very difficult to demonstrate numerically that the modes have no cut-off 

(and are asymptotic to the light line). However, we never found a cut-off and the exact 

electrostatic solutions suggest that none exists.

Fig. 5.5 displays the first two CPP(oo) modes but it is clear that the structure 

supports an infinite number of them, higher order modes having larger modal size. The 

modes corresponding to the curves have odd parity. On the other hand Fig. 5.6 displays 

a single WPP(oo) mode of even parity. Actually, higher WPP(oo) modes exist, but they 

appear for very high frequencies, outside the scale of the diagram. These higher order 

modes are very much confined at the tip (in the region where the structure is rounded) 

but, unfortunately, they are extremely lossy and thus useless for guiding purposes [89].
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Figure 5.5 Dispersion relation of CPP(oo) modes. The groove angle is <|> = 25. The radius of 
curvature of the tip is r = 10 nm.

- vacuum light line
-spp(flat)

<n.»"o

s-

7 8 9 10 11
wave vector (jif""')

13 14 15

Figure 5.6 Dispersion relation of a WPP(oo) mode. The wedge angle is <(> = 20. The radius of
curvature of the tip is r = 10 nm
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5.7 Accurate Characterisation of a Novel Three- 

Trenched Groove Waveguide

Many optical devices operate on telecommunication wavelength nowadays 

depends on the CPP such as waveguide bends, splitters, interferometers, and resonators 

[7, 90-94]. Among the different structures that have been proposed, there have been two 

representative groove types, triangular (V-shaped) groove and rectangular (trenched) 

groove [90]. The simplest structure of the CPP is the rectangular groove. In any CPP 

there is always a trade-off between confinement of the field inside the groove and the 

propagation loss [91]. The propagation loss of the wide groove CPP is smaller than that 

of the narrow groove CPP with the same depth. However, the field confinement factor 

of the narrow groove CPP is smaller than that of the wide groove CPP. On the other 

hand for fixed width, the deeper groove shows high confinement factor while the 

propagation loss is relatively high. So in order to get high field confinement and low 

propagation loss at the same time the trenched groove must be wide and deep. 

Therefore, the CPP component length will be increased and the ability of implementing 

ultra-compact photonic-device [90] will be limited. One of the most popular CPP is the 

V-shaped groove which is drilled in the top side of the metal [92]. Its popularity came 

from the fact that it is the most efficient groove which has well confined field inside the 

groove. However, it has a moderate propagation length.

In this thesis a novel full-vectorial finite difference method for linear oblique 

and curved interfaces (FVFD-LOCI) [78] is used to model the V-Shape groove,
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rectangular groove and the proposed structure. FVFD-LOC1 method overcome the step 

index problem as well as the oblique or curved interface problem. In order to get 

accurate results a non-uniform meshing is used, so that a high condensed meshing is 

applied in the expected field regions and a low condensed meshing is applied in the 

empty field regions.

A comprehensive study has been done to investigate the dispersion 

characteristics of a novel design of CPP based on three-trenched-type groove. The 

simulation is performed by the full vectorial finite difference method (FVFDM-LOCI) 

[78] with non-uniform graded meshing capabilities. The analysed parameters are 

effective index neff, propagation length, lateral mode radius r3dB and figure of merit 

(FOM). The suggested symmetric three trenched design shows a very good confinement 

behaviour which is relatively close to V-shape while the propagation length is greatly 

improved. The FOM can be adapted and controlled by changing the groove widths and 

depths. Therefore, a three trenched CPP waveguide with very high FOM can be 

implement at a certain band of frequency. In addition, the three trenched fabrication 

process is much easier than that of the V-shaped groove and narrow deep trenched 

groove. At the fabrication process V-shaped groove has a curved edges and a curved 

bottom. For A €. (0.6 [im, 0.8 tmi), the dispersion relation is extremely sensitive to the 

fine details of the groove bottom.
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5.8 Numerical Results
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Figure 5.7 Schematic diagram of (a) novel three-trenched groove structure (b) conventional 
rectangular structure (c) V-shaped structure

Fig. 5.7(a) shows the suggested novel three-trenched groove CPP structure. The 

reported CPP consists of three-trenches drilled vertically on the top surface of the gold 

metal with three different widths W1 ,W2 andW3 . The depths of each groove are 

d1( d2 ,and d3 . However, the conventional rectangular structure and V shape structure 

are shown in Fig. 5.7(b) and Fig. 5.7(c), respectively.
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Figure 5.8 PML setting for trenched groove
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In order to have fixed computational domain, all sides are truncated with the 

PML which plays an essential role in the calculation. The PML as shown in Fig. 5.8 is 

used to prevent any interference resulting from the radiating wave reflections at 

computational boundaries. PML is needed due to the wide difference in the refractive 

index between gold and air. In addition, the field widely spreads when the cut-off 

occurs and the mode transfers from CPP mode (gap mode) to another type of SPP mode 

(surface mode). FVFD-LOCI method [78] is used in order to get accurate results in a 

reasonable computational time specially when we do simulation for V-groove structure 

with oblique interface.

8

FVFDM 
FVFDM-LOCI

'0.002 0.01
Mesh Size [jim]

o.o:

Figure 5.9 Variations of the propagation length and effective index of the V-shaped structure with
the meshing size
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Fig. 5.9 shows the variation of the propagation length and real part of complex effective 

index neff of the V-shaped structure with the meshing size using conventional FVFDM 

[45] and FVFDM-LOCI [78]. In this study, the meshing size Ax in x direction is equal 

to meshing size Ay in y direction. In addition, the width W and depth d of the V grove 

are taken as 0.5 jam, 1.2 um, respectively. It is revealed from Fig. 5.9 that the FVFDM- 

LOCI is more accurate than the conventional FVFDM in studying the CPP with oblique 

interfaces. As the meshing size decreases, ne// decreases while the propagation losses 

increases until convergence occurs at meshing size of Ax — Ay = 0.003 um. 

Therefore, meshing size Ax = Ay = 0.003 \im is used in the subsequent simulations 

throughout this work. The refractive index of Gold is calculated using extended Drude 

Model.

Throughout this work, the propagation length Lprop is defined as:

(5.1)

In addition, the effective index neff can be calculated from the complex propagation 

constant /? and free space wave number k0 as follows

(5.2)
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5.8.1 Modal Analysis for Conventional CPP 

Waveguides

Initially, the V-groove and rectangular groove waveguides are considered and 

studied. In this evaluation, the depth of both waveguides are fixed to d = 1200 nm. In 

addition, the V-groove waveguide width is fixed to W = 500 nm. However, the 

rectangular groove waveguide is studied using three different widths; 120 nm, 300 nm 

and 500 nm. Fig. 5.10 (a) and (b) show the variation of real part of effective index neff 

and propagation length with the frequency for the V-groove and rectangular groove 

with three different widths, 120 nm, 300 nm, and 500 nm.

——V-Shape
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rect W=300nm 
rectW=120nm
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Figure 5.10 Variation of (a) real part of effective index neff and (b) propagation length with the 
frequency for the V-groove and rectangular groove with three different widths, 120 nm, 300 nm,

and 500 nm.
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It is revealed from Fig. 5.10 (a) that the real part ofneff of the trenched groove 

decreases as the groove width increases. As the groove width increases the field starts to 

be less confined inside the groove. In addition, the field starts to go up towards the 

groove opening which has relatively less effective refractive index compared to the 

bottom zone of the groove. It is also evident from Fig.5.10 (a) that neff of the trenched 

and groove increases by increasing the frequency. As the frequency increases, at fixed 

groove width, the launched wave wavelength decreases and the field starts to be more 

confined inside the groove and hence neff increases.

Fig.5.10 (a) also reveals that neff of the V-shaped groove is bounded between 

that of the narrow trenched groove width W = 120 nm and that of the wide width W = 

500 nm in the frequency range from 300 TH to 500 TH. However, neff for the V- 

shaped groove at low frequency / < 300 THz is smaller than that of wide trenched 

groove because the V-shaped becomes shallower than that of trenched groove. At high 

frequency / > 500 THz, neff of the V groove is greater than that of the narrow 

groove because the field starts to be well confined inside the very small sharp groove.

It is also shown from Fig. 5.10 (b) that the propagation length for the wide 

trenched groove waveguide is greater than that of the narrow trenched groove. The 

mode of the wide groove is confined in the upper region of the groove at which the 

damping loss is smaller than that of the narrow groove. The damping loss at the bottom 

is higher than that of the top region of the groove. This is due to the high variation in 

refractive index between air and gold in the bottom region at which the air is
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surrounded by gold from three directions. As the frequency is increased the wavelength 

of the propagating wave is decreased. This means that the mode will be more confined 

inside the groove and has more damping loss. Fig. 5.10 (b) also reveals that the V- 

shaped groove shows a moderate propagation loss in the frequency range / < 40077/z. 

However the propagation length at frequency / > 400T//Z is smaller than that of 

narrow trenched groove. This is due to the high confinement of the field in the small 

cross section near the bottom of the groove which has high damping loss.

There is always a trade-off between the confinement of the field inside the 

groove and the propagation loss caused by that groove. So in order to choose the better 

groove, one must compromise between its propagation length and the confinement of 

the field inside the groove. The confinement of the field inside CPPs waveguides based 

on air groove can be well explained by studying the lateral (parallel to the x-axis) mode 

radius r3dB which is defined as the distance of -3dB power drop point from the 

waveguide symmetrical plane. In addition, to compare between several configurations, 

figure of merit (FOM) has been used and defined as,

Propagation Length LpropFUM = -—-——-——-————-——— (5.3) 
Lateral mode radius r3dB

Fig. 5.11 shows the variation of lateral mode radius r3dB with the frequency for 

the V-groove waveguide and for trenched groove at different widths; 120 nm, 300 nm, 

and 500 nm. It is revealed from this figure that the trenched groove mode radius is 

almost constant with the frequency variation. This is due to the fixed uniform width of 

the groove. However, the mode lateral radius T3dB of the V-shaped groove is
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approximately constant at 271.1 nm in the frequency range from f = 200 THz to f = 350 

THz. If the frequency is further increased to 550 THz, the lateral mode radius r3dB of 

the V-shaped groove decreases below 50 run. This is because the field starts to be 

confined inside the groove and the field moves toward the bottom region.
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Frequency (THz)

Figure 5.11 variation of the lateral mode radius r3dB with the frequency for the V-groove 
waveguide and for the rectangular groove at different widths; 120 nm, 300 nm and 500 nm.

Fig. 5.12 shows the FOM variation with the frequency for the V-groove 

waveguide and for trenched groove at different widths; 120 nm, 300 nm and 500 nm. 

The narrow groove of width W=120 nm has very small r3dB compared to the wide 

groove of width W=500 nm as shown in Fig. 5.11. Therefore, FOM for narrow groove

is greater than that of the wide groove as shown in Fig. 5.12. However, the propagation
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length of the narrow groove is smaller than that of the wide groove. The r3dB of the V- 

shaped groove in the frequency range from f=200 THz to f=350 THz is approximately 

constant and it is slightly smaller than that of the wide groove. However, the 

propagation length of the V groove has much smaller than that of the wide groove. 

Therefore, FOM of the V groove is smaller than that of the wide groove. Through the 

frequency range from 350 THz to 500 THz, r3dB decreases sharply compared to the 

decreasing rate of the propagation length. However, the FOM of the V groove is 

bounded by the wide and narrow trenched groove curves as shown in Fig. 5.11. If the 

frequency is further increased, the FOM of the V-shaped groove is slightly better than 

those of the wide and narrow trenched groove.

— v-shape
— rect W=500nm
—— rect W=300nm
— rectW=120nm

300 400 500 
Frequency (THz)

Figure 5.12 Variation of the figure of merit with the frequency for the V-groove waveguide and for 
the rectangular groove at different widths; 120 nm, 300 nm and 500 nm.
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5.8.2 Modal Analysis for The Novel Three- 

Trenched CPP Waveguide

Next, the suggested three-trench CPP is studied and analysed. A schematic 

diagram of the reported three-trench waveguide is shown in Fig. 5.7 (a). The reported 

structure can be understood as three trenches with different widths M/l5 W2 and l/K3 

forming a simple stack in the direction oriented vertically to the metal surface. The 

depths of each groove are taken as d ls d2 , and d3 . In this study, d± is fixed to 200 run, 

while d2 and d3 are varied so that d2 + d 3 = 1000 nm.
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Figure 5.13 The frequency dependent neff for the suggested three trenched CPP waveguide, V-
groove CPP, rectangular groove CPP
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The frequency dependent neff and propagation length for the suggested three 

trenched CPP waveguide, V-groove CPPs, and rectangular groove CPP are shown in 

Fig.5.13 and Fig. 5.14, respectively. In this investigation, the widths of the 3-trenched 

groove Wl5 W2 and W3 are fixed to 500 nm, 300 run and 120 nm, respectively while the 

depth da is fixed to 200 nm. The depth d3 takes four different values 200 nm, 400 nm, 

600 nm and 800 nm and the depth d2 = 1000 -d3 . It is evident from Fig. 5.13 and Fig. 

5.14 that most of neff and propagation lengths values for the three-trenched CPP 

waveguides are bounded between those values of the narrow and wide trenched groove 

waveguide. In addition, the suggested three-trenched CPP waveguides with shorter d3 , 

200 nm, 400 nm and 600 nm show a great improvement in the propagation length 

compared to the V-groove waveguide. As the depth d3 increases the propagation length 

decreases and it becomes smaller than that of the V-groove for d3 = 800 nm.

Variation of the lateral mode radius r3dB with frequency for the 3-trenched 

groove waveguides with different d3 depths, 200 nm, 400 nm, 600 nm and 800 nm are 

shown in Fig. 5.15. In addition, r3dB variation of the V-groove and trenched groove 

with different widths, 120 nm, 300 nm and 500 nm are also shown in Fig.5.15. It is 

evident from this figure that for each studied 3-trenched groove r3dB remains almost 

constant at a certain level over a specific range of frequency. At a specific frequency the 

lateral mode radius of the three trenched groove starts to change in a step form. This 

occurs because the field starts to be more confined inside the narrow bottom groove by 

increasing the frequency. Therefore, the value of r3dB can be controlled by changing the 

frequency of the incident wave. In addition, Fig.5.15 reveals that r3dB values of the
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three trenched groove with different d 3 depths are bounded between those of the wide 

and narrow trenched groove.

120
mimiiiirect W=500nm
——— rectW=120nm

—— rect W=300 nm 
^^— V-shape
———• 3-tr. d3=800 nm
——— 3-tr. d3=600 nm
——• 3-tr. d3=400 nm
——— 3-tr. d3=200 nm

200 300 400 500 200 300 
Frequency(THz)

400 500

Figure 5.14 Variation of propagation length for the suggested three trenched CPP waveguide, V- 
groove CPP, rectangular groove CPP
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""--rect W1=500 nm
——rectW2=120nm
——rectW3=300nm 
^—V-shape
——3-trenched d3=800 nm 

3-trenched d3=600 nm 
3-trenched d3=400 nm 
3-trenched d3=200 nm

0.05

200 250 300 350 400 450 500 550
Frequency(THz)

Figure 5.15 Variation of the frequency dependent lateral mode radius r3dB for the trenched groove, 
V-groove and the three trenched groove waveguides with different d3 depths,
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rectW=500nm 
rectW-120nm 
rectW=300nm 
V-shape 
3-tr. d3 =800 nm 
3-tr. d3 *600 nm 
3-tr. d3 "400 nm 
3-tr. d3 «200 nm The FOM for V-groove 

start to be larger than that 
for rectangular groove 
with width W=300 and 
500 nm as the wevelength 
decreases and the field 
start to be more confined 
at the bottom of the 
groove

200 300 400 
Frequency(THz)

500

Figure 5.16 Variation of frequency dependent FOM for the trenched groove, V-groove, and three 
trenched groove waveguides with different d3 depths.

The variation of FOM for the three trenched groove waveguides with the frequency at 

different d3 depths is shown in Fig. 5.16. The frequency dependent FOM of the V- 

groove and rectangular groove are also shown in Fig. 5.16. It is revealed from this 

figure that the V-groove is the most efficient groove with the highest FOM for

frequency greater than 500 THz. However, in the frequency range from 350 to 400 THz
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the propagation length for the 3-tenched groove with d 3 = 200 nm is greater than that of 

all other grooves. However, r3dB is small and near to that of W=300 nm as it is the 

longest depth d 2 = 800 nm. Therefore, FOM increases by decreasing d3 . When the 

frequency decreases below f = 350 THz, r3cj B for the three trenched groove with a short 

d3 = 200 nm starts to increase causing the FOM to drop down suddenly. The same 

effect occurs for the three trenched groove with d 3 =400 THz which has a sudden drop 

at f = 225 THz. Therefore, a great improvement in the FOM of the suggested groove has 

been accomplished
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Figure 5.17 (a), (b), (e) and (f) the field profiles of the fundamental TE mode of suggested three- 
trenched CPP, at two different frequencies, 200 THz, and 500 THz. Figure 10 (c), (d), (g) and 
(h) shows the variation of the major field component ll y for the TE fundamental mode at the 
maximum plane in x and y directions

Fig. 5.17 (a), (b), (e) and (f) show the field profiles of the fundamental TE mode of the 

suggested three-trenched CPP, at two different frequencies, 200 THz and 500 THz. As 

shown from these figures, the field leaks to the widest channel groove at low frequency 

200 THz while the field is confined to the narrow groove at high frequency of 500 THz. 

Fig. 5.17 (c), (d), (g) and (h) shows the variation of the major field component Hy for
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the TE fundamental mode at the maximum plane in x and y directions. In order to get 

the maximum plane, the point (xmax , ymax) at which Hy maximum occurs is first 

obtained. Then the variation of Hy through the planes x = xmax and y = ymax is plotted. It 

should be noted that there is two maximum points (xmax] , ymax) and (xmax2 , ymax) because 

the field is symmetric around the plane x=5.25 um. The second maximum plane in 

Fig.5.17 (c) and (g) is selected at x= xmax2 where xmaX2=5.3952 and 5.3081 for Fig. 5.17 

(c) and (g) respectively.

The FOM is greatly affected by the variation of widths of the three-trenched groove. 

The numerical results reveal that the narrow groove W3 has a great impact on the FOM 

of the suggested structure. Therefore, a comprehensive study has been done in order to 

investigate the proper width for W3 which maximizes the FOM. First, the effect of the 

width W3 on n^ff and propagation length is investigated. Fig. 5.18 (a) and (b) show the 

variation of the propagation length with W3 of the reported three trenched structure at 

two different frequencies 200 and 500 THz with different d3 , 200 nm, 400 nm, 600 nm 

and 800 nm. However, the other parameters are fixed to Wi=500 nm, W2 = 300 nm, di 

=200 nm. It should be noted that the groove width d3 of 200 nm is very short compared 

to the wavelength of the incident wave. Therefore, the propagation length of the three- 

trenched groove with d3=200 nm at f=200 THz is almost constant as revealed from Fig. 

5.18 (a). However, the propagation lengths at d3 = 400 nm, 600 nm and 800 nm, 

increase significantly by increasing the width W3 from 90 to 120 nm. If the W3 is 

further increased from 120 nm to 150 nm, the propagation lengths slightly increase. 

This is because the smallest groove becomes wide compared to the wavelength. At
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f=500 THz, the propagation lengths for d3 =200 nm and d3=400 nm are approximately 

constant. However, the propagation lengths for the wide three trenched structures of 

d3=600 nm and d3=800 nm increase by increasing W3 .

90 100 120 140 150
Width of W3(nm)

(a)

3.5

2.

f = 500 THz
<p- 43=800 nm 
*— d3=600 nm 

-•- d3=400 nm

•d3=200 nm
0 100 120

Width of W3(nm)

(b)

140 150

Figure 5.18 Variation of propagation length with W3 of the suggested three trenched structure 
at different d3 at two different frequencies (a) f=200 and (b) f=500 THz

Fig. 5.19 (a) and (b) show the variation of the r3dB of the suggested three trenched 

structure with W3 at two different frequencies 200 and 500 THz at different d3, 200 nm, 

400 nm, 600 nm and 800 nm. It is evident from Fig. 5.19 (a) that the lateral mode radius 

r3 dB of the three trenched structure with d3= 400 nm, 600 nm and 800 nm at low 

frequency of 200 THz increases with increasing Ws. However, the trench with d3= 200 

nm shows a different behaviour. At d3= 200 nm, the depth is short (shallow). Therefore, 

as the width W3 decreases below a certain width of 120 nm at f = 200 THz, the field 

cannot confined itself inside the groove. In addition the field starts to go out of the 

bottom part of the groove. This causes the lateral mode radius r3 d B to increase as we are 

so close to the cut-off of the single mode. It should be noted that the width of the
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rectangular groove cannot be decreased forever as at a certain width the channel cannot 

support single mode anymore. At high frequency f = 500 THz, when Wa is increased 

from 90 to 120 nm the lateral mode radius slightly increases due to the well 

confinement of most of the field inside the narrow groove as shown in Fig 5.19(b). 

When Wa is further increased, V/3 starts to be close to W2 and part of the field starts to 

go up towards Wi. Therefore, when Wa is increased from 120 to 150 nm r3dB increases 

rapidly. Fig. 5.20 (a) and (b) show the variation of FOM with the width Ws. From these 

figures it is found that the optimum Ws width of the suggested structure with maximum 

FOM in the studied frequency range is equal to 120 nm.
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Figure 5.19 Variation of the lateral mode radius r3dB of the suggested three trenched structure 
with \V3 at different d3 at two different frequencies (a) f=200 and (b) f=500 THz.
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Figure 5.20 Variation of the FOM with the width W3 at different djat two different frequencies 
(a) f=200 and (b) f=500 THz at different d3.

5.9 Summary

The channel plasmonic waveguides (metallic groove or wedges) have been studied. 

Through this study V-groove has the best confinement; while the rectangular groove 

with same width and depth has a better propagation length (i.e. less metal damping 

losses). As there is always a trade-off between the confinement of the mode inside the 

groove and the propagation length, the figure of merit FOM has been used to decide 

which groove has the best performance at a certain range of frequency. A novel three 

trenched plasmonic groove has been presented. Such groove has a good confinement as 

well as V-groove, however it has a better propagation length. So, this structure can 

provide high FOM compared to V-groove or rectangular groove.
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Chapter 6

Hybrid Long-Range Plasmonic

Waveguide

6.1 Introduction

In SPP, electromagnetic waves can be confined in a small cross-section located 

perpendicular to their direction of propagation while most of the power is confined to 

the interface. One of the amazing applications of plasmonics is the implementation of 

nano-photonic integrated circuits on conventional electronic devices. Therefore, several 

nano-plasmonic waveguides based on metallic channel, wedge, and gap structures have 

been analysed [93-98]. However, the loss due to internal damping of radiation in metal 

limits the progress of practical application. Many SPP waveguide structures have been 

introduced with highly confined electromagnetic waves and a moderate loss [97, 98]. In 

addition, Long-range SPP (LRSPP) based on thin metal films or stripes have been 

investigated by Berini [38]

Owing to the SPP dispersion, the SPP is a wave accumulating energy from the 

incident light and providing field enhancement near the metal interface. Therefore, the 

SPP wave can be localised beyond the diffraction limit and opens huge opportunity to
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subwavelength optics [99]. As a result of ohmic losses in metal, SPPs have a finite 

propagation distance that depends on the geometry of the supporting structure [100].

Metal-dielectric-metal (MDM) and dielectric-metal dielectric (DMD) structures 

have two types of super SPP modes of even and odd symmetries. These two super- 

modes show opposite characteristics. The odd super-mode called short range SPP mode 

(SRSPP) shows good confinement as the metal layer gets thinner. However 

confinement of the even super-mode, called long range (LRSPP), gets looser for the 

thinner metal layer and hence, its propagation length increases [99-103]. The LRSPPs 

can propagate for several millimetres [101] and are very sensitive to changes of the 

dielectric environment. Therefore, the LRSPP has a lot of applications in biosensor 

optical devices [102].

Since those planar SPP-supporting structures composed of dielectric-metal, 

MDM, and DMD provide field confinement only in one dimension, an additional means 

to confine light in the direction parallel to the metal surface is needed to implement 

two-dimensional confinement. Various SPP-based waveguide structures have been 

proposed with different additional confinement means. In waveguide structures such as 

metal channel waveguides [98], metal hetero waveguides [99]. and MDM waveguides 

with high-index cores [104], the additional confinement means are based on index- 

guiding, that is, light is confined in a high-effective index region. There have been 

proposed other approaches such as thin dielectric film loaded-SPP waveguides [97] and 

MDM waveguides with low-index cores [105], in which light is confined in a low- 

effective-index region. In these waveguides, the additional confinement relies on the
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difference of the dispersion characteristics of SPP modes between the low- and the 

high-index regions. The high-index regions are designed not to have propagation modes 

so that the addition confinement is quite strong. In some other proposed waveguide 

structures, the additional confinement is achieved by modifying metal geometry itself, 

which include metal grooves [101].

Recently, a type of hybrid plasmonic waveguide, with high-index-contrast 

dielectric material and plasmonic waveguide has attracted intensive research interest 

because of its ability to balance the propagation distance and modal size. This is due to 

the coupling between the dielectric waveguide and plasmonic modes [106-111]. The 

hybrid plasmonic waveguide with a metal cap has been presented in [106], to realise a 

low-voltage compact optical modulator when the nano-layer material between the Si 

layer and the metal layer has high electro-optical coefficient. However, silicon-based 3- 

D hybrid long-range plasmonic waveguide that not only supports long-range 

propagation, but also has a compact modal size is introduced by Chen et al. [111].

In this work, comprehensive study has been done to investigate the dispersion 

characteristics and bending analysis of a novel design of hybrid long-range plasmonic 

waveguide with Si cap. The suggested design is based on a metal strip embedded in a 

dielectric rib. In addition, a very thin high index dielectric cap is placed on the top of 

the dielectric rib. The high-index Si cap decreases the propagation loss for the hybrid 

plasmonic waveguide. Moreover, the coupling between the straight dielectric 

waveguide and straight hybrid plasmonic waveguide is studied. Finally, the coupling 

between straight hybrid plasmonic waveguide and bent hybrid plasmonic waveguide is
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calculated. The suggested structure can be used to construct various functional devices 

in nanophotonic integrated circuits.

In general, SPP-based waveguides show a trade-off between the field 

confinement and the propagation loss: a waveguide has a good confinement, has a high 

propagation loss due to Ohmic loss of metal. In terms of the propagation loss, 

waveguides based on the LR-SPP such as the metal-stripe waveguides are preferred.

6.2 Numerical Model

Modal solutions are very useful for the characterisation and design of plasmonic 

waveguides. To calculate accurately vector modal field profiles of plasmonic 

waveguide, a full vectorial modal solution approach is necessary. Many modal solution 

techniques have been proposed in the past few years such as the finite element method 

(FEM) [46], finite element based imaginary distance beam propagation method 

(IDBPM) [49], finite difference method (FDM) [45], and multipole method [47]. In this 

study, the full vectorial finite difference method (FVFDM) [45] with perfect matched 

layer (PML) boundary conditions [63] is used to calculate the full vectorial quasi 

transverse electric (TE) and quasi transverse magnetic (TM) modes for the suggested 

waveguide. In order to get accurate results a non-uniform meshing is used, so that a 

high condensed meshing is applied in the expected field regions and a low condensed 

meshing is applied in the empty field regions.

The simulation is performed by the FVFDM [45] with non-uniform meshing 

capabilities. The analysed parameters are effective index ivr, propagation loss (insertion
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loss), optimal bending radius r and coupling coefficient. The reported design shows a 

very good confinement behaviour and a great reduction for the propagation loss.

6.3 Novel Hybrid Long-Range Plasmonic 

Waveguide

Fig. 6.1 (a) and (b) illustrate the suggested novel hybrid long-range plasmonic 

waveguide. In this study, the wave is coupled from a dielectric waveguide 

(Benzocyclobutene (BCB) on SiOa with Si cap) over a straight hybrid plasmonic 

waveguide to a uniformly bent hybrid plasmonic waveguide.

(a)
(b)

Figure 6.1 (a) Illustration of the considered dielectric and hybrid plasmonic waveguide 
structure. The wave couples from a dielectric waveguide (BCB on SiO2 with Si cap) over a 
straight hybrid plasmonic waveguide to a uniformly bent hybrid plasmonic waveguide. Fig. 1 
(b) Schematic diagram of hybrid long range plasmonic waveguide.
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The hybrid plasmonic waveguide consists of a gold strip of thickness tm = 20 nm 

and width Wm embedded in BCD rib of fixed width Wr = 6.5 um and height hr=l .6 um. 

In addition, high-index Si cap of thickness ts j covers the BCB rib to decrease the 

propagation loss. In order to obtain the maximum coupling between the straight 

dielectric waveguide and the straight hybrid plasmonic waveguide, the metal strip 

centre is shifted from the centre of the BCB rib (in y direction). Moreover, to achieve 

maximum coupling between the straight hybrid plasmonic waveguide and the bent 

hybrid plasmonic waveguide only a shift (in x-direction) is needed. Furthermore, the 

metal strip height from the SiOj substrate is taken as h while the distance between the Si 

cap and metal strip is defined as ho.

In this paper, all simulation results are obtained at the telecommunication 

wavelength X=1.55|um where the gold metal has a permittivity em= -131.95+J12.65 

which is calculated using extended Drude model [112]. However, the permittivity of 

BCB, Si and SiO2 are taken as 2.356225, 12.0409 and 2.0736 respectively [113] at 

A=1.55nm.

In order to have fixed computational domain, all sides are truncated with the 

PML which plays an essential role in the calculation. The PML is used to prevent any 

interference resulting from the radiating wave reflections at computational boundaries.

The top cap thickness must be chosen carefully due to its effect on the coupling 

characteristic and propagation loss of the reported design. If the thickness of the cap 

layer is increased above a certain value it starts to work as a second core due to its high
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refractive index. The thickness of the cap layer depends on the cap refractive index and 

the rib geometrical parameter.

Fig. 6.2 shows the effect of the cap thickness ts j on the effective index and 

propagation loss for the straight hybrid plasmonic waveguide with metal strip of width 

Wm= 3 urn and metal strip height h = (hr-tm)/2 = 0.79um. It is revealed from this figure 

that as the thickness ts j increases the effective index increases while the propagation loss 

decreases. This is due to the field movement towards the high index cap region away 

from the metal strip which decreases metal loss.
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Figure 6.2 Variation of the real part of n eff and propagation loss with the thickness tsi of Si top layer

It is evident from Fig. 6.3 (a) and Fig. 6.3 (b) that at ts , = 0.7 urn the mode is not

pure SPP mode. The maximum value of the minor field component Hy will be in the top
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layer away from the metal strip as shown in Fig. 6.3 (b) and (f). Therefore, part of the 

field propagates as a slab mode. However, at tsi = 0.3 urn as shown in Fig. 6.3 (g) and 

Fig. 6.3 (h), both minor and major field components propagate at metal-BCB interface. 

Therefore, in order to have pure plasmonic mode and to prevent this effect ts j is fixed to 

0.3 fim in the subsequent simulation.
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Figure 6.3 (a), (b), (c), (d), (e) and (f) field profile for the magnetic field component H, and H y at
t^ = 0.7 jim, Wm =3 urn and h=0.684 urn while Fig.3 (g), (h), (i), (j), (k) and (I) show field profile

at tsi =0.3 \im, \V m = 3 jim and h = 0.724 fim

The height h of the metal strip above the SiOi substrate affects the value of 

effective index and the propagation loss. The field on top and bottom sides of the metal 

faces of different materials (Si on top and SiOa on bottom) and at a certain height h=hopt 

a minimal loss occurs. As the metal strip moves down and up the field starts to be more 

less symmetric. It should be noted that symmetric field distribution of the asymmetricor

multilayer structure decreases the propagation losses [102].
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Figure 6.4 Variation of the real part of n eff and propagation loss with the metal strip height at 
W m=3 for straight hybrid plasmonic waveguide.

In Fig. 6.4 the effect of changing the metal strip height h of width Wm=3 um on 

the effective index neff and propagation loss for only the straight hybrid long-range 

plasmonic waveguide structure (no coupling and no bent is considered in this case) has 

been studied. For h < (hopt =0.724 urn) as h decreases the field starts to be more 

confined between metal strip and substrate. So the effective index decreases and 

propagation loss increases. For h > hop, as h increases the field starts to be more 

confined at top region between cap and metal and also effective index decreases and 

propagation loss increases. At a certain optimal height hopt the field is confined
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symmetrically around the strip which minimises propagation loss and maximizes the 

effective index.
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Figure 6.5 Variation of the optimal metal strip height with metal width W m

Fig. 6.5 shows variation of the optimal metal strip height with the metal width 

Wm . It may be clear from this figure that this height is slightly affected by the metal 

width by few nanometres. As the width Wm changes from 0.5 to 3 um, the optimal 

height hopt changes from 72.4 mn to 73.4 nm, respectively.
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6.4 Bending Analysis

Waveguide bend analysis is essential for the design of integrated plasmonic 

circuits. As mentioned by Berini et al. [114], an optimal radius ropl for a given plasmonic 

waveguide exists, where the radiation and propagation losses are minimised.

-with Si cap Wm=3 \an 

.with Si cap Wm=0.5 urn 

with BCB cap Wm=3 fi 
with BCB cap Wm=0.5 

without cap Wm=3 fi 
. without cap Wm=0.5

10' 10 
Bending Radius r him]

Figure 6.6 Variation of real part (n eff) with the bending radius r
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Fig. 6.6 and 6.7 illustrate the variation of the effective index neff and propagation 

loss Lprop with the bending radius, respectively with Si cap, with BCB cap and without 

cap at two different widths Wm , 0.5 um and 3.0 um.

with Si cap Wm-3 |im

— — - with Si cap Wm»0.5 um

—_ with BCB cap Wm-3 um 
_ . . with BCB cap Wm=0.5 u
•»••>» without cap VVm-3 tan

-. -. • without cap Wm-0.5 um

10 10 
Bending Radius r [um]

Figure 6.7 Variation of propagation loss (Lprop) with the bending radius r

It is evident from Fig. 6.7 that the high index Si cap decreases the propagation 

loss, at r > 1000 um, by 11-20% compared to without cap case at Wm = 3 um. However, 

the Si cap is very useful when metal width is small and small bending radius is
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considered, as at r<100 um and Wm=0.5 um, the propagation loss decreases by 41-86% 

compared to without cap case. In addition, the propagation loss is decreased by 

increasing the refractive index of the cap. Therefore, the propagation loss without cap is 

higher than that with BCB cap and Si cap. It is also revealed from Fig. 6.6 and Fig.6.7 

that the effective index of the suggested structure with Si cap is greater than that with 

BCB cap. Moreover, the propagation loss and optimum bending radius ropt with Si cap 

with minimum propagation length, is smaller than that with BCB cap. At Wnl = 3 um, 

Lprop = 0.91 dB/mm and ropt = 90 um are obtained with BCB cap while Lprop = 0.77 

dB/mm and, ropt = 80 um are achieved with Si cap. The numerical results also reveal 

that the effective index and propagation loss at Wm=3.0 um are greater than those of 

Wm= 0.5 um as shown in Fig 6.6 and Fig.6.7. It is also shown from Fig. 6.6 that the 

effective index ne ff decreases by increasing the bending radius from r =70 jam to 1000 

um. If the bending radius is further increased, ne fr starts to be constant.

Fig. 6.8, Fig. 6.9 and Fig. 6.10 shows the effect of varying the width of metal 

strip Wm on the refractive index, propagation loss and bending loss for the bent hybrid 

plasmonic waveguide (when the Si cap is considered) respectively. The results has been 

obtained at four different widths Wm = 0.5 um, 1 um, 2 um and 3 jam.
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(0
® A I-o: 1.5

1.4 0100200 5001000 
Bending Radius

5000

Figure 6.8 Variation of real part (n eff) with the bending radius r

It may be clear from Fig. 6.8 that the effective index at different Wm decreases 

by increasing the bending radius from 70 (am to 1000 um. If the bending radius is 

further increased the effective index will be approximately invariant.
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Chapter 6 Hybrid Long-Range Plasmonic Waveguide

6.5 Coupling Characteristic

Now consider the coupling between straight dielectric waveguide and straight hybrid 

waveguide is considered. The coupling coefficient can be calculated through the 

following formula [115]

C =

where E ,, E 2 are the electric field distribution for the two waveguide.

o
£0.98
Q)'o

|0.97
o
Ql
1 0.96
a
3

3 0.95

.--&"' max
,-'' ^

f N

/
/

/

/

/
/ '
/

1
1

t

(6.1)

40 60 80
Vertical Offset y (nm)

Figure 6.11 Variation of Coupling Coefficient C with the Vertical offset y (nm)

It should be noted that as both waveguides are straight waveguide there is no 

need to realign both waveguides horizontally in x-direction because the field centres in 

both waveguides are in the same x-plan. However, it was previously mentioned that in
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hybrid waveguide the propagation loss decreases when the field is symmetric around 

the metal strip. This occurs at a certain optimum metal strip height hopt . Therefore, at a 

certain vertical offset yopt the coupling coefficient between these two waveguides is 

maximised as shown in Fig. 6.11. Fig. 6.11 shows the variation of the coupling 

coefficient C with the vertical offset y. The metal width Wm=3 um and the metal strip 

height h=hop,

^0100 200 500 1000 
Bending Radius r

5000

Figure 6.12 Variation of the optimum values of lateral offset xopt with the bending radius r for
different metal width W m
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Finally, coupling between straight hybrid waveguide and bent hybrid waveguide 

is investigated. As both waveguides are hybrid waveguides there is no need for vertical 

offset y. However, due to the bending effect the coupling efficiency between two 

waveguides is not optimum. This is because the field in the bent waveguide is shifted 

slightly from the centre towards the left side or right side depending on the bend 

direction. Therefore, a lateral offset x is needed in order to overcome this misalignment. 

Fig. 6.12 shows the variation of the optimum values of the lateral offset xopt with the 

bending radius r at different metal widths Wm , 0.5, 1.0, 2.0, and 3.0 um. It is revealed 

from this figure that as the bending radius r decreases the optimum lateral offset xopt 

increases. However, at r < ropt , xopt starts to be constant as shown in Fig. 6.12. For the 

fabrication of the hybrid plasmonic, a thick SiOi is selected as substrate. After 

sputtering SiCh layer, a BCB layer with thickness h (um) is fabricated by sputtering and 

plasma enhanced chemical vapor deposition (PECVD) methods. Then, a metal (Au) 

strips with different widths Wm are made by cover lithography, Au magnetic sputtering 

and lift-off process. Finally, another BCB layer is deposited on the top of the waveguide 

by sputtering and PECVD and the core width Wr is formed by UV lithography and 

reactive ion etching fill].

6.6 Summary

In this chapter a novel hybrid plasmonic waveguide with high index Si cap has 

been presented. Such waveguide can be integrated on electronic chip and it provides a 

good matching interface between conventional dielectric waveguides and electronic
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circuits. Also, this waveguide has small bending radius with small bending loss. Using 

the high index Si cap in such waveguide decrease the metal damping loss and provide 

better performance. Finally, the coupling characteristic of the hybrid waveguide has 

been studied. The maximum coupling between the dielectric waveguide and the straight 

hybrid plasmomc waveguide can be utilized by changing the vertical offset y. While, 

coupling between the straight hybrid plasmonic waveguide and the bent one can be 

maximised by changing the literal offset x.
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Chapter 7

Conclusion and Future Research

Directions

7.1 Conclusion

In this thesis, the investigation has been focused on the numerical modelling in 

frequency domain for plasmonic waveguide and its application. Objectives that have 

been presented in Chapter 1 have been satisfied as follow:

a. A novel graded nonuniform orthogonal mesh has been introduced and this kind

of mesh enables accurate model of metallic nanostructures surrounded by

dielectric mirostructures. 

b. A full-vectorial finite difference mode solver that can deal with linear oblique

and curved interfaces has been developed based on the novel graded nonuniform

orthogonal mesh, 

c. The mode solver capability for calculating calculate different parameters for that

nanosturctures such as electromagnetic field component, effective index tierr,

propagation length Lpr0p and attenuation has been examined by studying

different structures presented in chapter 5 and chapter 6.
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d. The bending analysis for plasmonic waveguide has been presented in chapter 6

and the novel hybrid plasmonic waveguide that has been introduced shows a

very small bending radius with a moderate bending loss. 

e. Coupling characteristic for plasmonic waveguide has been introduced in chapter

6 and coupling coefficient can be maximised by align the plasmonic waveguide

with conventional dielectric waveguide.

A novel three-trenched symmetric groove has been presented and analysed in 

chapter 5. Numerical simulation has been performed to analyse the reported structure, 

which reveals that it has a good confinement behaviour similar to the V-groove 

structure while it is easier in fabrication and design. In addition the propagation loss is 

better than that of the V-groove structure. Moreover, the FOM of suggested structure 

can be adjusted by controlling widths and depths of the three trenched groove. 

Therefore, the propagation length and the field confinement can be controlled and 

maximised using the reported structure.

In chapter 6, a novel design of hybrid long-range plasmonic waveguide is 

introduced and analysed using full-vectorial finite difference method. The reported 

design with high index material (Si) as a thin cap decreases the propagation loss, at 

bending radius r > 1000 um, by 11-20% compared to without cap case at Wm = 3 jam. 

In addition, the propagation loss is decreased further by 41-86% compared to without 

cap case at small bending radius r <100 um and small metal width Wnl=0.5 |am. In 

addition, the optimum bending radius is reduced. The numerical results reveal that
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optimum bending radius, ropt = 90 nm is achieved with Si cap while ropt= 100 nm is 

obtained with BCB cap.

7.2 Future Research Directions

The application of the FDFD method to various theoretical test structures 

illustrated the accuracy and flexibility of the method. However, it would be beneficial to 

carry out a controlled experiment to further validate the method. This could be done, for 

example, by depositing various thicknesses of a lossy material, such as gold, onto a 

waveguide near the waveguide core. Deposition of a material layer that is very close to 

the core could be achieved using a side-polished fiber, or an integrated waveguide 

fabricated with a custom, thin cladding. The benefit of using the side-polished fiber 

would be that the geometry and distance to the core could be well characterised, and the 

thickness of each thin layer could be accurately measured, using ellipsometry for 

example. The insertion losses due to lossy layers of various thickness could be 

measured, and the comparison of these measurements to results obtained using the 

FDFD method would provide another verification of the accuracy of the method.

If the guided modes of a waveguide are of primary interest, the FDFD method is 

more appropriate, as the modes are directly solved without multiple propagation steps 

or post-processing. Another invaluable tool for waveguide analysis is the finite 

difference beam propagation method (FD-BPM). Whereas the FDTD method provides 

the "transient response" of a waveguide structure to a time-limited electromagnetic 

pulse, the BPM utilises a given input field to solve for the steady-state behaviour of an
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arbitrary waveguide, as long as the paraxial approximation holds. The major benefit of 

the BPM is that it clearly shows the evolution of the electromagnetic fields through 

waveguide junctions, discontinuities, or other structural variations along the direction of 

propagation. It would therefore be beneficial if the FD method could be integrated into 

a BPM algorithm. This would allow the study of the evolution of the fields and such 

phenomena as intermode coupling caused by the presence of the thin layers.

It would also be interesting to investigate alternative plasmonic sensor and 

coupler geometries. Coupled waveguide-cavity systems which are widely implemented 

in dielectric waveguide sensors could also be considered for plasmonic sensors.
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Appendix

A. Maxwell's Equations

Maxwell's equations are a powerful tool to account for the propagating 

electromagnetic waves in dielectric media. There are mainly four electromagnetic field 

vectors that govern the electromagnetic phenomena. These four electromagnetic vectors 

describe the relationship between electric and magnetic fields that are function of both 

position r [m] and time t [s]. In their differential form, Maxwell's equations for EM 

propagating are written as>

V x E = - — — + M (A.I) 
8t

<A - 2)
d t

V .D = p (A3) 

V .B = 0 (A.4)

where E is the vectorial electric field, in V/m, H is the vectorial magnetic field, in A/m, 

D is the electric flux density, in Coul/m2 , B is magnetic flux density, in Wb/m2 , M is the 

(fictitious) equivalent magnetic current density, in V/ m2 , .7 is the current density, in 

A/m2, p is the free charge density, in Coul/m .

The physical background behind theses equations is that according to (A. 1 ) the origin of 

the electrical field vortices (Vx£) is the time-dependent change of magnetic field (
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%/ )• At the same time as (A.2), the magnetic field vortices (Vx//) can be either

time-dependent change of the electric flux density ( ^A/ ) or a result of the current

density in the material (J).

In order for a linear, homogeneous, and isotropic medium, the following constitutive

relations are written

B = {i H (A.5)

D = £ E (A.6)

J = o- E (A.I)

M = a- * H (A.8)

where e is the dielectric permittivity, in F/m, u is the magnetic permeability of the 

medium, in H/m, a is the electric conductivity, in S/m, a is the equivalent magnetic 

loss, in fJ/m.

By handling equations (A.I) and (A.2), the following system of six scalar equations in 

Cartesian coordinate are obtained from Maxwell's equations for electromagnetic 

propagation theory, as expressed below:-

1 (A. 9)

dEy _\(8Hx dH2 ,,} (A. 10)
dt £\ dz dx

dt e dx dy
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dHx _\(dEy dE. . } (A. 12)——— — — ——— — ——— — (Til
dt ju(dz dy A J

dt vdx dz

3H, l(dEx dEy } (A. 14)——— — — ——— — ——— — (T n . \
dt ju{dy dx ')

B. Finite Difference Frequency Domain

When deriving the finite difference equations, it is assumed that the dielectric 

tensor is piecewise uniform, with boundaries constrained to coincide with the finite 

difference grid points, as depicted in Fig. B.I. In addition, the spacing between mesh 

points need not be uniform. After some algebraic simplification, the finite difference 

operators representing AXX and Axy can be expressed in terms of the transverse magnetic 

fields at the point under consideration (P) and at the eight neighbouring grid points as 

follows

x H(XNE) +a(x^H(xW) +a(x:) H(xp) +a£)Hf +a xsxW) H(xSW)

+a(xf

and similarly for Ayx and
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a (NW)Tj(NW) 
yx x

'

yy

x -yy 
(SW)u(SW) ._TT+a yy M y

*yx
(SW) 
x

yy
(W)TJ(W)
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The expressions for the finite difference coefficients ajk are summarised as follows

NW

W

SW

IN

£<" „ £<4>

—— w —— • —— e —— (
F(2) ' P p(3) fc S t

————————— • ————————— (

NE

E

'SE

Figure B.I The mesh points used in the finite difference equations . The superscripts P, N, S, E, W, 
NVV, NE, SW, SE are used to label the point under consideration and its nearest neighbours to the 
north, south, east, west, northwest, northeast, southwest and southeast, respectively. The quantities 
n, s, e, and w denote the distance between P and the nearest mesh points in the north, south, west 
and east directions, respectively. The symbols e(1) , e' 2 ', £<3) and £(4> indicate the dielectric permittivity 
tensors, which are assumed to be homogeneous within each rectangular region between mesh 
points.

a xx ='

,(3) 0,^(4) _ np (4) p' 2 »llb yx . b yy

v34 n(e + w
yx

v 21 n(e + w)
(B-3)

(4) 0^^(3) 0 ^(3)

v34 s(e
yy

v 21 s(e + w)
(B.4)
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<> -a*' -a'* -a™ -a™ -a'*' -a£"> -a<™>

(B.20)—+ - '
v 2l (e + w) v 34 (e + w)

(B.22)

The remaining 18 finite difference coefficients describing Ayx and Ayy can be 

obtained by applying the following transformations to (B. 1)-(B.22)

x <-» y 
n,N <-» e,E 
s,S <->w,W

v 4 = nc + sc ^ h 14 = es (:' + w^ (B.23)

Ifs =S =8 =8 and E . = £ ,. =0.these finite difference equations will bexx yy zz xj yx

reduced to those of isotropic waveguide.
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