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SUMMARY

This thesis presents a numerical study of crack 

propagation in brittle materials. The finite element 

method using constant strain triangular elements was 

used. The experimental investigation is based on 

7 Gurney and Hunt's quasi-static method of fracture 

testing.

The applicability of the finite element method of 

analysis to problems of fracture mechanics is demon 

strated for the simple cases where a theoretical 

solution is obtainable. The comparison of both 

solutions gives good agreement.

The effect of test specimen geometry and the 

effect of halting the crack tip on one side of a 

symmetrical specimen on stability and the shape of P,u 

curve is investigated. Numerical P,u curves are 

produced and compared with those obtained experiment 

ally. A good correlation of results may be seen.

The possibility of using an O-section as a 

fracture toughness specimen is discussed.

Determination of the crack path using dv/da energy 

criterion is shown and the results are verified by 

experiments using the brittle lacquer technique.

Possible future work is discussed in the last 

chapter.
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NOTATION

3 ............. plate thickness

w ............. plate width

b ............. plate depth

a ............. half crack length

A ............. crack opening area (i.e. crack length

for a plate of unit thickness) 

E ............. Young's modulus

   ............. Shear modulus

y ............. Poisson's ratio

3C ............. material constant, !K = 3 - 4 y for

plane strain, 3& - (3-y)/.(l + y) for

generalised plane stress 

g ............. crack angle (as measured from the

direction of load) 

6o ............. fracture angle

x,y, z .......... orthogonal cartesian coordinates

r,0 ........... polar coordinates

f^j ........... various functions of 8 in crack tip

equations 

u, v, w, A ..... displacement components

Xij ........... influence coefficients (compliance)

a ............ uniform stress applied at infinity

om ............ mean stress

°x» °y Txy     components of stresses

o r , 0g, T re ... stress components with reference to

(r f e) coordinates

u



P f X ......... applied load and load at fracture

Fi ........... body force

Q ........... y-component of force F

M ........... bending moment

p(x, r) ....... distribution of stresses

z ........... complex variable

a ........... half angle subtended by a curved crack.

Re{ } ......... real part of

X 7 Y 7 Z ....... non-dimensional forms of stress

intensity factors

Kj ........... stress intensity factor for mode I

o.... plane strain critical stress intensity

factor for mode I 

..... fictitious stress intensity factor }

evaluated on the basis of local 

results, near crack tip, by using 

crack tip equations. Its limiting 

value of the crack tip should equal Kj. 

..... stress intensity factors for mode II

and mode III

J ........... a independent path integral defined by

(12) 

 6 ............ crack-extension force or strain-energy

release rate, Ib/in

R ............ radius of hole

R! , R 2 ........ inside and outside radius of ring



C, D ........... stability coefficients

 ^IC* R ......... fracture toughness of material, inde 

pendent of test specimen geometry

•&c> PC  .»...«-. critical value of-6 at point of

instability of crack extension, taken 

to be measure of fracture toughness; 

dependent on geometry, initial crack 

length, specimen thickness

V ............ total strain energy stored in the body

Oy ............ tensile yeild stress

W ............ total potential energy

K ........... stiffness matrix

{P} ........... load vector

(u> ........... displacement vector

IV



CHAPTER I

INTRODUCTION

During the last sixty years/ investigators of brittle 

fracture have sheared in the general growth of applied 

mechanics research. Among the fracture failures responsi 

ble for interest in this field were those of welded ships, 

gas-transmission lines, large oil-storage tanks, bridges, 

pressurized cabin planes etc. The propagation of a 

brittle crack across one or more plate, in which the average 

tensile stress was thought to be safely below the yield 

strength, is a prominent feature of these examples. Struc 

tures often contain initial flaws of cracks, or develop 

cracks in service. To decide whether a flaw or crack 

(when detected) can be tolerated or immediate repair should 

be carried out, it is necessary to be able to estimate how 

quickly such cracks are likely to grow and to what extent 

the static strength of the structure is impaired by a crack 

of known size and location.

The linear fracture-mechanics approach to design 

against failure is basically a relation between the inten 

sity of stress at the tip of crack and a criterion for 

fracture.

Many previous investigators have studied the elastic- 

stress distribution around cracks. One of the earliest 

analytical contributions to the study of the stress field 

in the vicinity of a crack point was that of Inglis (1). 

He studied the behaviour around elliptical holes in flat 

sheet and showed among other things, that the stress concen 

tration of the crack point is infinite.
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The elastic stress field near the crack tip may be 

characterized by a parameter K, called the stress intensity 

factor. The magnitude of K depends on the geometry of the 

cracked structure and the distribution and magnitude of the 

applied loads. Griffith (2) approached the problem of 

rupture from an energy viewpoint, and set up a criterion for 

crack extension. According to the known "theorem of mini 

mum energy", the equilibrium state of an elastic body, 

deformed by specified surface forces, is such that the 

potential energy of the whole system is a minimum. Griffith 

obtained a new criterion of rupture by adding to this theo 

rem the statement that the equilibrium position, if possible, 

must be one in which rupture of the solid has occurred, if 

the system can pass from the unbroken to the broken condi 

tion by a process involving a continuous decrease in poten 

tial energy. In order to apply this theory, it is necessary 

to calculate the elastic strain energy of the system. The 

slow crack extension will start when the corresponding stress 

intensity factor reaches a critical value. Although only 

the boundary stresses and displacements are actually necess 

ary for this calculation, one must nevertheless formally 

solve the problem as a whole to obtain this information. 

Griffith had not the knowledge of stress fields near cracks 

which is now available.

The stress fields near crack tips can be divided into 

three basic types, each associated with a local mode of 

deformation as illustrated in Fig. 1.1. The opening mode, 

I, is associated with local displacement in which the crack 

surfaces move directly apart (symmetric with respect to
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the x-y and x-z planes). The edge sliding mode, II, is 

characterised by displacements in which crack surfaces slide 

over one another perpendicular to the leading edge of the 

crack (symmetric with respect to the x-y plane and skew- 

symmetric with respect to the x-z plane). In the tearing 

mode III, the crack surfaces slide with respect to each 

other so that they are parallel to the leading edge (skew- 

symmetric with respect to the x-y and x-z planes). The 

superposition of these three modes is sufficient to describe 

the most general case of crack-tip deformation and stress 

fields. The most direct approach to determine the stress 

and displacement fields associated with each mode was given 

by Westergaard (11). Modes I and II may be analysed as 

plane-extensiona1 problems of the theory of elasticity which 

are subdivided as symmetric and skew-symmetric, respectively, 

with respect to the crack plane. Mode III may be regarded 

as the pure shear or tortion problem.

The elastic stresses near the tip of a sharp crack have 

an inverse square-root singularity. Referring to Fig. (1.1) 

for notation, the resulting stress and displacement field 

may be written as given below:

MODE I

KI e °x = ———t cos "y

ay /-> _\H cos -s-

1 - sin sin

6 30 1 + sin -5- sin •«—
(1.1)

Ki . e e 36TW = ———i. sin •=• cos -z cos •=—AY .^_v *s 2 t ^



Oy ) = O

V =

[r/(2ir)*j cos | jl - 2 V + sin2

KI
[r/(27t)J sin 2 - 2 U - cos 2 -

w = O

MODE II

2 + cos cos

r xy

.e e 3e sin TT cos TT cos -^~ 222

cos f fl - 
2 I

sin sin .

ay> T xz = T"- = °

(1.2)

u
K] 
G~

W O

fr/(2Tr)]^ sin | \2 - 2 M + cos 2 | 

fr/(2Tr)]^ cos | [-1 + 2y + sin2 |

MODE III

XZ
. e sin

cos

rx = °y = ° z = T xy

^



^ii f(2r)/7rjw = T^ii I (2r)/7r| % sin

u = v = O

Stress components in polar coordinates can be written as 

follows:

1 Of 2 6 3 0 = ————— cos _ |K_ (1 + sin •=•) + -=-KTT sin e - K,————— -5- _ • TT - TT 
(2D 1 *2 2 j I 2 2 II II

»*

tan

00 = cos cos2 " K sin

_ f )T rft — ———————— COS -i- KT Sin 9 + KTT (3 COS 0—1)
•*-° -, /^_\ II? 2 [ •>• -L-L J

ecos

Equations (1.1) and (1.2) have been written for the 

case of plane strain (that is w - O). They can be changed 

to plane stress by taking a z - O and replacing Poisson's 

ratio, y, in the displacements with an appropriate value. 

The equations (1.1), (1.2) and (1.3) refer to a cartesian 

system of coordinates x, y, z as shown in Fig. (1.1). The 

origin is taken at the crack tip and the x-axis in the plane 

of the crack and perpendicular to the crack front. Polar 

coordinates rj6 lie in the x - y plane with origin at the 

crack tip with 9 = O along the x-axis. These equations can 

be regarded as a good approximation in the region where r is 

small compared to other planar (x,y) dimensions, such as 

crack length, and exact in the limit as r approaches zero.



The parameters, Kj, KXI and KJJJ in the equations are 

stress intensity factors for the corresponding three types 

of stress and displacement fields. It is important to 

notice that the stress-intensity factors are not dependent 

on the coordinates r and 6; hence they control the inten 

sity of the stress fields but not the distribution for each 

mode. From dimensional considerations of equations (1.1), 

(1.2) and (1.3), it can be observed that the stress- 

intensity factors contain the magnitude of loading forces 

linearly for linear elastic bodies and they also depend 

upon the configuration of the body including the crack size. 

Consequently, stress-intensity factors may be physically 

interpreted as parameters which reflect the redistribution 

of stresses in a body due to the introduction of a crack. 

In particular they indicate the type (mode) and magnitude 

of force transmission through the crack tip region.

A rigorous determination of the crack tip stress int 

ensity factor requires an exact solution of the elasticity 

problem formulated for the cracked structure. Existing 

theoretical stress intensity factors are the product of 

highly sophisticated mathematical analyses. For the 

material which is used, critical values of K are determined 

by experiments under the same principal mode of loading. 

Conditions such as temperature should be the same during 

the experiment as in actual applications. If the computed 

critical stress-intensity factor is less than the critical 

value by a safe margin, then the flaw is acceptable. 

Otherwise, some sort of corrective measure must be taken to 

avoid failure, excessive crack growth or hazardous 

operation.



In most cases exact solutions to the actual problem 

are very difficult or nearly impossible to obtain. Since 

in many real situations it is not possible to find a suit 

able model representation for which an exact solution is 

available, the need for a relatively straight forward 

numerical method is apparent in order to estimate the stress 

intensity factor. The finite element method of analysis 

is suggested as the best candidate at the present time.

This thesis presents a study of a general theory for 

the application of the finite element method to some 

problems in fracture mechanics. The estimation of stress 

concentrations, stress intensity factors and energy release 

rates was carried out in cracked bodies of different geo 

metries and loading conditions. The approach was applied 

to configurations where exact solutions or well established 

values are in existence. When satisfactory results were 

obtained, the method was applied to problems where exact 

solutions are not available. The numerical method of 

finite elements used here is the method of direct stiffness.

This method of analysis was used for my M.Sc. thesis 

(31) where the buckling and collapse behaviour of plate 

members containing holes was investigated. The numerical 

analysis of square plates having central circular lipped 

holes, when subjected to pure shear loading, gave the stress 

concentrations around the holes and the eigenvalue solution. 

The results were verified by large numbers of experiments 

and very good agreement was obtained. The method was 

proved as an excellent numerical technique for the solution 

of such complicated cases.
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The plane stress program used in the above work was 

slightly modified to meet the needs of the present investi 

gation. The dimensions of matrices were increased 

considerably, and subroutines for calculations, energy 

release rates -Q and stress intensity factors were built

into the existing program. The actual computation was 

carried out in the Atlas Computer laboratory on Atlas and 

on a 19O 6A computer in Didcot. The college CALCOMP 763 

graph plotter was used to fit the best curve, when stress 

intensity factors vrere determined.

The validity of finite element results was established 

by verification of experimental values and it may be noted 

that good agreement was obtained.



CHAPTER II

Chapter II is a review of the work done by various 

authors on crack propagation. An historical review is 

given starting with the work of Inglis and concluding 

with the application of the finite element method of 

analysis to fracture mechanics. The latter is the 

basis of the vrork described in this thesis.



CHAPTER II

2.1. Review of some theoretical and numerical work in 
fracture mechanics

Sih, Paris and Erdogan (3) published in 1962 a paper 

dealing with the stress field near a crack-tip and stress 

intensity factors for plate extension and bending. The 

intensity of the local field of stress was represented in 

terms of two parameters Kj and K,,. expressed in terms of co 

ordinates measured from the crack tip, see Fig. (2.1) and 

eq.(l.l). To determine the factor K for individual cases, 

the stress invariant was used. From eq. (1.1.) the 

invariant takes the form;

(ax + ay ) = K] cos - sin % (2.1)

The stress intensity factors may be represented as the real 

and negative imaginary parts of a complex constant as;

K = Kj - iK-j-j (2.2)

Also introducing the complex variable

z = x + iy = zi + r eie (2.3)

where z\ is the location of the crack tip, equation (2.1) 

may be written, for extension:

a + av = Re {K 
x y z - zi } (2.4)

By the application of complex variable stress-function 

techniques the following problems were examined and partic 

ular stress intensity factors determined (3).
\0
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1) Curved crack in a sheet under biaxial tension 

Fig. (2.2)

,sin a (1 + COS a) x( —————————————— )
(1 + sin 2 |)

t L

/sin a (1 - cos a) ̂  .1 —————————————— ) (2.5)
(1 + sin 2 |)

2) Concentrated extensional force on crack surface 

Fig. (2.3)

- = p a + b ^ Q * " 1

and

Kn

3) Infinite plates subjected to extensional loading vjith a 
crack at an arbitrary inclination

Fig. (2.4)

k 2 
Kj =0 (ira) sin B

and (207 

= a(Tra)^ sin3 cos 8

For other geometries see ref. (3)

Erdogan and Sih (4) investigated the problem of crack 

extension in a large plate subjected to general plane loading. 

They obtained good agreement between their theoretical and 

experimental results.
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Two commonly recognised hypotheses for the extension 

of cracks in a brittle material under slowly applied plane 

loads may be stated as follows °,

(a) The crack extension starts at its tip in a radial 

direction.

(b) The crack extension starts in the plane perpendicular 

to the direction of greatest tension.

These hypotheses imply that the crack will start to 

grow from the tip in the direction along which the tangen 

tial stress OQ r is a maximum and the shear stress -rrg is 

zero. To find the angle of crack extension, 60, they 

considered two relatively simple cases, a symmetrical stress 

state, where KJJ = O, and a skew-symmetrical stress state, 

where Kj = O.

From eq. (1.2) the derivative of a. with respect to 6y

equal to zero, gives the required angle.

KIJ; = O, 6 = ±TT 8 0 = O

Kj = O, 6=±iT 9 o = ~ arc cos ~" = ~7°- 5 deg.

The first set of values, 9 = ±ir, correspond to the free sur 

face conditions of the crack and the second to the angles 

of maximum tangential stress.

In the more general case, the angle of maximum tangen 

tial stress is calculated from:

COS J sin e + KIZ (3 cos e - = o (2.8)
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which gives

e = ±rr
(2 . 9)

sin 6 0 + KJJ (3 cos 6 0 - 1) * O

The solution, 8 = +TT, again corresponds to the free surface 

condition and the second equation (2.9) gives 9Q in terms 

of Kj and KJJ.

For the case shown in Fig. (2.5) Kj and KJJ are given 

in (3) as;

Kj = oUaP sin 2 0, KJJ = 0(ira) 2 sin e cos B (2.1O)

Hence from equation (2.9) and equation (2.1O) they obtained 

the following relationship:

sin 9 0 + (3 cos e 0 - 1) coi. 0 - O (2.11)

provided B y* O, which is a trival case of fracture mechan 

ics.

From equation (2.11) it is seen that for O < 3 < \, 69 

is negative. It means that the crack would be expected to 

start in the directions indicated by the curved lines at 

the crack tips in Fig. (2.5). Fig. (2.6) shows the solu 

tion of equation (2.11) in graphical form.

A third hypothesis of brittle fracture can be added to 

(a) and (b), namely (c) the maximum stress criterion. From 

equation (1.2) a criterion for crack extension initiation 

under combined plane loading may be obtained.

For (2r)^ O Q = constant and T r = 0, the second and 

third equation of equation (1.2) give:
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cos -^ Kj cos 2 -5 ~ — KJJ sin 9 = constant

(2.12) 
cos |- Kj sin e + KJJ (3 cos e - 1) = O

Equations (2.12) may be considered as the parametric 

equations of a curve in the Kj and KJJ plane.

The authors of (4), using the idea of Griffith theory, 

restated the conditions under which the crack extension 

will take place as follows;

"The crack will grow in the direction along which the 

elastic energy release per unit crack extension will 

be maximum and the crack will start to grow when 

this energy reaches to a critical value".

The application of the Griffith theory in this form 

requires the calculation of the elastic energy release per 

unit crack extension in cases for which the crack extension 

is not colinear with the crack itself. To obtain a criter 

ion for crack extension in general two dimensional loading , 

where the crack is assumed to grow in its direction by a 

small amount <5 ; the elastic energy release can be written 

as:

AV = ff 6 ^ + l) (Kj 2 + Kjj 2 ) (2.13)

Since AV has to be a homogeneous quadratic form in the 

stresses for any direction of crack growth, it also has to 

be a honogeneous quadratic form in Kj and KJJ. Since AV 

is positive definite, the curve representing a constant AV 

in the KI - KJJ plane will have to be an ellipse. Hence 

the fracture criterion in terms of stress intensity factors, 

in general plane loading, is an ellipse.



2.3. Numerical Methods

Kobayashi (5) and his colleagues published in 1968 a 

technical report on the application of the method of finite 

elements to two dimensional problems in fracture mechanics. 

The objective of their paper was to demonstrate that this 

numerical method can be used effectively in evaluation of 

the stress intensity factors for most two-dimensional 

problems in fracture mechanics. For most industrial appli 

cations, where 3-5% error is acceptable, numerical solu 

tions to two dimensional problems seem to be more effective 

than a lengthy mathematical solution.

The authors of (5) considered a crack embeded in a 

large plate which was subjected to arbitrary in-plane loading 

conditions. The crack was assumed a straight line in the 

vicinity of the crack tip, as shown in Fig. (2.7). The 

elastic state of stress in the crack tip region was expre 

ssed in terms of the local polar coordinate system r,e as 

given in equation (1.2). The plane stress state of dis 

placements in the vicinity of the crack tip is given by 

equation (1.1).

If the state of stresses or displacements in the vici 

nity of the crack tip can be determined with a reasonable 

degree of accuracy, then the stress intensity factors can be 

calculated by the use of equations (1.1) or (1.2). The 

finite element method of analysis must therefore produce 

sufficiently accurate stresses and displacements within the 

local region where the equations (1.1) and (1.2) are valid. 

The authors of (5) suggest that the local region is defined 

as r < a/2O . where a is the half-crack length of a straight
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crack. This criterion is very important when establishing 

the minimum size mesh for the finite element analysis.

In order to determine the optimum procedure for evalu 

ating the stress-intensity factor, a finite-width tension 

plate with a central notch was considered (5), See Fig. 

(2.8). A quadrant of this plate was initially divided into 

339 rectangular elements for the coarse grid analysis shown 

in Fig. (2.9). Using the results of the coarse grid 

analysis, a portion of the plate surrounding the crack tip 

was analysed again in a fine grid analysis, as shown in 

Fig. (2.9), with the prescribed force boundary conditions 

established from the coarse grid analysis. 798 elements 

were used in this fine grid analysis.

Using the stress approach or equation (1.1) the authors 

of (5) found that the stress-intensity factors were under 

estimated. This is due to the inability of the finite 

element analysis to handle problems x^ith steep gradients, 

such as those which exist in the vicinity of the crack tip. 

Part of this inaccuracy is due to the stiffness matrix used 

which is derived on the basis of uniform strain and hence 

stress in the finite element.

The approach by displacement leads to reasonable 

results and the authors of (5) state: ".... the use of

crack opening displacement procedure in place of stresses 

should be a natural approach for the method of direct 

stiffness which determines the unknown nodal displacements 

from the known nodal forces through the use of the stiff 

ness matrix ......"

16
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Using this displacement procedure , the stress inten 

sity factors were evaluated for several different problems.

Fig. (2.1O) shows the stress-intensity factors for a
vr\c.Uv\e-c>i

tension plate with analantod crack and subjected to uni- 

axial tension. The stress intensity factor for such a 

crack was not known at that time. In this problem, two 

modes of crack deformation exist; the opening mode and the 

sliding mode, and therefore, it is necessary to determine 

KI as well as KJJ. The decrease of KJJ is noted in this 

figure showing that Kj predominates after the crack doubles 

its length.

Fig. (2.11) shows the ctrain energy release rate -6, 

as the crack propagates in the plate. This strain energy 

release rate was determined by two procedures. One was to 

differentiate the total stored energy with respect to the 

crack length. The other was to compute -6 directly from 

the two stress-intensity factors Kj and KJJ. -6 determined 

by the two procedures show good agreement.

Chan, Tuba and Wilson (6) have also applied the 

finite element method to problems in linear fracture mech 

anics. The computer program used in their study was 

based on the displacement method. First order displacement 

functions were assumed. This means that the displacements 

vary linearly over the element which results in constant 

strains and stresses on the element. The program, as 

many others, could handle plane-stress and plane-strain 

cases. Displacements and stresses could be determined in 

arbitrary plane shapes by replacing actual geometry with
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an assemblage of triangular elements. The program accepted 

a variety of boundary conditions and loading systems. The 

authors of (6) used the finite element generator in such a 

way that all dimensions could be varied and the element 

sizes away from the crack tip can be made larger or smaller.

The configuration for the study of mesh size effects 

and for comparisons with results by the collocation 

method is shown in Fig. (2.14). Once the numerical solu 

tion has been established for a particular finite element 

representation, crack-tip stress-intensity factor can be 

determined by the use of the established crack-tip rela 

tions. The three basic methods were useds

(a) displacement method

(b) stress method

(c) line integral method

The major emphasis placed by the authors of (6) is on the 

displacement method due to its relative simplicity and ease 

of interpretation.

(a) Displacement method

This method involves a correlation of the finite ele 

ment nodal point displacements with the known crack tip 

displacement equations:

KI f 1^ 
ui = r- r/2ir f (9 ; y) (2.14)

° I J 

where Uj = u and u 2 = v

£

By substituting a nodal point displacement U£ at some 

point (r; e) near the crack tip into equation (2.14) a 

quantity Kj* could be calculated from the equation:
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G u±*/ (fi<6, y)] (2.15)

Prom plots of Kj* as a function of r for a fixed value 

of 9 and a particular displacement component , KI estimates 

could be made . If the substituted displacements were the 

exact theoretical values then the value of Kj* (as r app 

roaches zero) would be the exact value of KI. Since the 

finite element displacements are rather inaccurate at very 

small distances from the crack tip r this limiting process 

was not usable. The tangent extrapolation of the Kj* curve 

was used to estimate Kj. With a suitable refinement of 

element size the Kj* curve rapidly approaches a constant 

slope vrith increasing distance (r) from the crack tip. The 

intersect of the tangent to the constant slope portion of 

the curve with the Kj axis was used as the Kj estimate. 

The most accurate estimates were obtained from a Kj curve 

corresponding to the v displacement on the crack surface

* m (2*)* E.VC (2<16) 
4(1 -u 2 )r^

(b) Stress method

The determination of the crack-tip stress intensity 

factor by the stress method is similar to that by the dis 

placement method. The nodal point stresses are correlated 

with the crack tip stress equations.

a = —— L-_ fi^fe) (2.17) 
3 (2trrP -1

The nodal point stresses a^* in the vicinity of the crack 

tip can be substituted into equation (2.17) and values of

49



Kj may be calculated from:

j, 
KI* - TTTW

From plots of Kj* as a function of r for a fixed e and 

particular stress component, estimates of Kj were made. If 

the exact theoretical stresses were substituted into equa 

tion (2.18) then the intercept of the curve with Kz * axis 

at r = O would be the exact value of Kj. The finite 

element method is unable to represent the stress singular 

conditions at the crack tip. The Kj* curve for r greater 

than zero must again be extrapolated back to r = O. The 

extrapolated value of Kj at r = O was the estimated Kj. 

Good KI estimates by the stress method were obtained from 

the KJ curve corresponding to the ay stress curve on the 

6=O plane.

(c) The third method for estimating K presented by the 

authors of (6) is the method suggested by Rice (12) . He has 

shown that the value of the line integral

(Wdy - T ds) (2.19)
aX

r 
where r is an arbitrary contour surrounding the crack tip,

see Fig. (2.13), is proportional to the square of the crack 

tip stress intensity factor. Rice gives the following 

relationship for plane strain conditions;

K = _ —— ( 2.20)
1(1 - P 2 )'

In equation (2.19) W defines the strain energy density, 

T is the traction vector defined according to the outward
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normal along r, Ti = a^ n^, and u is the displacement 

vector. The line integral is evaluated in a counterclock 

wise sense starting from the lower crack surface and con 

tinuing along the path r to the upper flat surface and ds 

is an element of arc length along r.

The three methods given by (6) are usable for the 

specific applications where only mode I crack tip loading 

conditions were considered. For the plane problems under 

consideration the displacement and the stress methods may 

be extended to obtain mode II stress-intensity factors, KH, 

or Kj and KJJ combinations. To uncouple the mixed mode 

conditions, Kj estimates are made from the Kj* curve con 

structed from the v displacement on the crack surface 

(9 = TT) by the displacement method. Similarly the KJJ com 

ponent can be obtained from the KJ-J- curves constructed 

from the u displacement on the crack surface by the dis 

placement methods

K* = < 2^ h E u? . (2.21) 
11 4(1 - u 2 ) (r) 2

or from T xy on the 9 = O plane by the stress method

* h
K-,-,. = (2irr) T V.. (2.22)II xy

The value of the path independent integral J(12) is 

related to the sum of the squares of the stress intensity

components.
(2.23) 

j = * " v ' (Kj 2 + Kij 2 ) (for plane
strain)

and
1 ft 0

plane stress)



Influence of element size

Chan, Tuba and Wilson (6) studied the influence of 

element size on estimating Kj. The displacement method 

was suggested as simplest and therefore they gave the 

procedure in detail.

The effect of relative element size on the Kj* curve 

as calculated by the displacement method is shown in Fig. 

2.14. The finite element curves are compared with the Kj* 

curve calculated by a boundary collocation method for the 

same geometry and loading conditions. From Fig. 2.14 the 

following observations were made. All the finite element 

curves approach a. constant slope.as r/w increases. The 

higher the degree of element reduction, the more rapidly 

the curve approaches a constant slope. The best estimate 

of the stress intensity factor which can be obtained from 

any finite element Kj* curve may be obtained by extrapola 

ting the straight portion of the curve back to the vertical 

axis.

In Fig. (2.15) the authors of (6) compare the theoret 

ical curve of Kj obtained from Westergaard 1 s (11) solution 

with the finite element curve for a refined element repre 

sentation. The estimated stress intensity factors obtained 

from a linear back extrapolation of the straight portion of 

the finite element curve are 5.5% below the exact value.

A plot of Kj* values obtained from the stress method 

for the same geometry and loading conditions is shown in 

Fig. 2.16. The points indicate values calculated from the 

nodal point stress oy on the 6=0 plane. As can be seen 

there is much more irregularity than with the points calcu 

lated from displacements. The reason for this is that in 

the method constant stresses are computed for individual
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elements, and nodal point stresses are obtained by an 

averaging process.

Watwood (7) in 1969 discussed a direct method of com 

putation of the stress-intensity factor K using the finite 

element method of analysis. Since the solution is based 

on linear elasticity, K is linearly dependent on the magni 

tude of loading. The author of (7) notes that this general 

form of the solution holds for any arbitrary structure in 

which the crack is loaded. Another quantity generally 

referred to as the G train energy release rate -Q , is 

directly related to K through an equation involving only the 

elastic constants of the material. The equations are;

2 
-e = fr- (1 - y 2 ) (for pla^nestrain)

(2.24)
and

K2 
"6 = =— (for plane stress)

•G has a more physical meaning than K. It can be inter 

preted as the portion of the work performed by the external 

loads during crack extension that goes into failure of the 

material per unit area of crack growth.

It should be noted here that the quantities -Q and J 

(path independent integral (12)) are identical.

The author of (7) used the energy or compliance method 

for determining K. This method consists of computing the 

strain energy stored for two or more slightly different 

crack lengths and making use of the definition of -6, i.e.:

-6 = ( ± ) (2.25)

+ if constant load

- if constant displacement



Ctapeyron's theorem states: ".... the strain energy
li>r\e.cw

stored for an A elastic body is equal to one half the work 

that would be done by the applied forces (of the equilib 

rium state) acting through their total displacements....".

For the finite element method this means a multiplica 

tion of the generalised forces of the nodal point by one- 

half the nodal displacements. For problems with a small 

number of external loads, it can be done by hand from the 

computer output. Alternatively, the strain energy in each 

element may be calculated directly from the nodal displace 

ments and these summed. The caution necessary here is that 

the basic element mesh and nodal point coordinates must 

remain fixed from one crack length to another. After the 

strain energy is calculated for several crack lengths, 

numerical differentiation was used to obtain dV/dA. The
me."iVvoot

simplest way of numerical differentiation is to subtract 

the strain energy estimate for adjacent crack lengths and 

then divide by the increase in area. The resulting 

derivative is said to apply for a crack length half way 

between the two used for the strain energy difference.

Determination of energy release rates and stress- 

intensity factors by the finite element method is the 

object of the paper given recently by Dixon and Strannigan 

(8). Their approach is based on the Griffith analysis of 

fracture with respect to energy rate. The criterion for 

crack instability is that the unstable fracture occurs when 

&\ reaches a critical value "^c. •

The procedure is demonstrated firstly on a cracked 

body of arbitrary shape, see Fig. (2.17), subjected to an
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arbitrary system of applied forces. These are either con 

stant forces, constant displacements or a combination of 

these. The energy available for an increment of crack 

area extension dA is provided from work done by the forces 

Pi dAi. The release AV is the total strain energy V 

stored in the body.

where i, j = 1, 2 ..... n

n = number of applied forces.

The displacements of a linear elastic body are related 

to the applied forces bys

A i " x ij pj (2.27)

where the influence coefficients X^j depend upon the geo 

metry of the body including the crack area A.

The strain energy in the body is equal to the work 

done in loadings

V = *z!Pi Aj, = *£>ij P ± Pj (2.28) 

so

(Pi H> • 

- * 35 <»il p j p i' =

^i»« Sj - *IHJ a!1
from Maxwell's reciprocal theorem

so

(2.29)



From equation (2.29) it may be deduced that the energy 

release rate -6 is independent of the type of force appli 

cation, for example , fixed displacements or constant forces,

For the case of a single anplied force P or displace 

ment A, see Fig. 2.17, equation (2.29) may be written:

* = h P 2 f~ (2.30) 

where X = — ..... compliance

For the case of constant force, P = constant,

For the case of constant displacement, A = constant,

« = -% A § (2.32)

In the general case of a body of arbitrary shape under a 

system of arbitrary forces and displacements the influence 

coefficients AIJ in equation (2.29) are not known. By 

combining equations (2.26) and (2.28) we have:

(Pi A ± ) (2.33)

This equation (2.33) can be used for determination of ̂  . 

Either P^ or Ai is given for each load point i and the 

corresponding Aj_ or P^ must be determined in order to com 

pute the derivatives.

For a system of constant applied forces only, 

?i = constant and equation (2.33) simplifies tos

(2.34)

2.6



It has been shown (4) that snirve dirent-. relationships 

exist between energy release rates and stress-intensity 

factors.

For an isotropic material and plane-strain conditions

or

(2.36)

where -€j, -Sjj and •Sjjj are the energy release rate contribu 

tions of each mode of cracking. For plane stress 

conditions,

_ KI 2 _ KII 2 Km 2 
•®I ~ ~E~ ' ^H ~ ~E—— ' ^HI ~ —E—— (2.37)

«=«!-»-€!!+ -6m

The above -6 - K relationships assume that the crack is 

planar and that it extends in its own plane. In practice 

cracks do not extend in a planar manner with KJJ and KJJJ 

present. Where the K values vary along the perimeter of a 

crack there is no general method for deriving K from ̂ .

Gurney and Hunt (13) in their quasistatic crack propa 

gation theory presented general stability criteria of crack 

propagation under monotonically increasing load and dis 

placements. They obtained the same relationships as given 

in (8)

2R - X^ - ( a ) (2.38)



or

-2R • *

where R = -g, X = p and u = A

To test the finite element approach to the calculation of 

-6 and K, the authors of (8) carried out analyses for the 

f ollowing configurations s

(1) plate with central crack and a single tensile force 

applied at a point remote from the crack,

(2) plate with central crack and a single "wedge" force 

applied at the centre of the tip of the crack,

(3) plate with a single edge crack and a single tensile 

force applied at a point remote from the crack,

(4) plate with central crack and several tensile forces 

applied at points remote from the crack,

(5) round bar with circumferential crack and a single 

tensile force applied at a point remote from the 

crack.

The energy release rates -Sj for configurations (1) - (3) 

were obtained from equation (2.31)

v P dA , P 2dx

for configuration (4) equation (2.34) was useds-

dA

For configurations (1) and (4) the stress intensity factor 

in non-dimensional form as X = KI/K&I -» was plotted against 

2a/W in Figure (2.18).

2.8
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For configuration <2> the stress intensity factor 

ir, ~o»-<2iniensional tar-, as Y = Kj/KBl °° is plotted against 

2a/W in Pig.(2.IS).

For configuration (3) - the stress intensity factor 

in non-dimensional form as Z = KJ/KC^ is plotted against 

a/w in Fig. (2.20).

Williams and Ish^rwood (9) in 1968 used for a calcu 

lation of the strain - energy release rates of cracked 

plates, an approximate method. The finite plates were 

considered and the approximate calculation of the strain- 

energy release rate was proposed in terms of a mean stress. 

The approximate solution is not given as a substitute, but 

as an addition to the more exact numerical solutions. 

Mathematical verification of some of the results obtained 

by (9) were not possible and the justification was provided 

by the analogy with known solutions, both analytical and 

numerical.

The form of the solution may be considered as an 

extension of the method of applying the infinite plate 

uniform stress solution

E€ = tra 2 a (2.39) 

where 2a = crack length

to infinite-plate problems where a varies across the crack 

length. This consists of calculating the mean stress 

over the crack length, assuming that no crack is present, 

and substituting this for a in equation (2.39). Supposing 

that the crack is extended by 2b, by analogy, the solution 

must be (Fig. 2.21) ;

EG = "a 2 (a + b) (2.40)
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The strees system p(x) due to the crack of length 2a 

was derived over the length 2b. The equation is given by;

p(x) = ——Sa*—J, (2.41) 
(1 - jj)

The mean stress over 2b is given by;

, 2b+a ax

°m = §% (a + b)* (2.42)

If the substitution in equation {2.39) is considered, 

for a crack length 2b and stress am,

EG = vam2b

and by substitution from equation (2.42) the authors of (9) 

obtained:

= na (a + b)

as was required.

Another example giving an approximate solution for 

comparison given by (9) is that of a round hole with radius 

R in an infinite plate with cracks of length a at the edge 

of the hole (see Fig. 2.22. ), subjected to a biaxial stress 

field. The elastic stresses in the absence of the crack 

are given by:

p(r) = o(l + z)
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The mean stress over the crack length a is given as 
K+a

am = a p(r) dr

/ (

R 

a + 2R,
R 

and hence from equation (2.42)

(2 . 43)

The graphical comparison of approximate and exact solutions 

for the infinite plate case is shown in Fig. (2.23).

Plates in Tension

Centre-notched and double-edge-notched plates. The 

theory given by (9) does not differentiate between the two 

cases. The comparison is given in Fig. (2.24) with the 

known analytical solutions. For an a/w of O.35. f 

the stated errors were +2O% for the centre notch*, and +11% 

for the edge notches, which seem low relative to the curves 

provided.

EG
3a W~

Ta 
W

(2.44)

For other geometries see reference (9).

A new fracture-toughness test method for thick walled 

cylinder material was suggested by Kendal and Hussain (1O) 

in 1972. This method utilises a notched,, "C", shaped test 

specimen, pin loaded in tension. The stress-intensity 

factor KIC/ is an important material property which can be 

used to predict the fracture behaviour of a variety of 

heavy structures. The stress intensity factor calibrations

31
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for this specimen were obtained by two independent experi 

ments. These were a compliance test and a fatigue-crack- 

growth test. The accurate measurement of KJC requires 

that certain specimen dimensions exceed a critical size 

which is a function of the toughness and strength of the 

material. Because of this fact, it is often not possible 

to machine either of the standard test specimens from a 

given component configuration. In order to decrease this 

problem, a nev; type of fracture toughness specimen has 

been developed by (1O). The specimen provides for the 

maximum possible utilisation of the available material, 

specially, the size requirements are established to assume 

that two conditions exist;

(1) the region of plastic deformation at the tip of the 

crack is small with respect to the distance from 

the crack tip to any free boundary except the crack 

(or notch),

(2) the thickness of the specimen is sufficient to assume 

a condition of plane strain within the plastic zone 

in a region near the mid-thickness of the specimen. 

This assumes the development of the maximum possible 

through-the-thickness tensile stresses which are 

inherent to the plane-strain fracture process.

The fracture-toughness test specimen is shown in 

Fig. (2.25). It consists of approximately one half of a
annulos.
disc cut from a thick walled cylinder. The cut surfaces 

are ground flat and holes are drilled near the ends for 

pin loading in tension. The specimen was notched on the 

bore surface, and fatigue pre-cracked so that the crack





tip is located at about the centre of the wall.

The compliance of the specimen was measured by ir.eans 

of a displacement gauge fitted into notches cut in the bore 

surface at points on a line between the centres of the 

loading holes. The results of compliance tests are shown 

in Fig. (2.26). The compliance is defined as the dis 

placement gauge reading divided by the load per unit 

thickness. Good agreement for the two specimens is 

evident.

The exact determination of stress-intensity factors 

from compliance data requires the use of the total specimen 

compliance, measured between the points of load application. 

The compliance values used were measured between two points 

at the bore of the specimen on a line connecting the load- 

application points. This procedure gives the correct 

value of -6 if the elastic deformations between the gauge 

points and the load-application points are not a function 

of the crack length. Fig. (2.27) shows experimental 

stress intensity calibrations.

A stress-intensity calibration for a similar geometry 

was obtained using a finite element analysis. The basic 

limitation to the application of the above method is the 

inability of the discretized model to reproduce the singular 

stress field around the crack-tip. For a good approxi 

mation, the number of elements becomes too large to handle 

on a computer. The first limitation was partly overcome 

by working with displacements around the crack tip. The 

second limitation was eliminated by the method of successive 

analysis as used by Kobayashi (5). The results of the
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finite element solution are shown in Fig. (2.28). Since 

this solution was obtained using a slightly different geo 

metry than that used for the experimental calibration, a 

direct comparison of the results is not possible. In 

order to obtain an estimate of the effect of geometric 

variations on the K calibration, an approximate solution 

was obtained by super-position of two available solutions . 

These consist of the solution for a single-edge-cracked 

finite plate subjected to uniform tension and for an edge- 

cracked beam in pure bending. Combinations of those solu 

tions gives the relationships

KB _ ~ + e <g + f) YB (2.45)

Equation (2.45) was used to estimate the effect of the 

variation in geometry between the finite element and the 

experimental calibrations. The results are shown in Fig. 

(2.28). It can be seen that the results obtained by the 

finite element method are in general agreement with the form 

of the experimental results, but are about 1O% lower in 

magnitude.
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CHAPTER III

The applicability of the finite element method of 

analysis to simple cases of fracture mechanics is 

discussed.

The displacement method is used for the determination 

of stress intensity factors in rectangular plates 

having a central crack and subjected to different 

loading conditions.

The energy approach is used for a plate with edge 

cracks.



CHAPTER III

Application of the Finite Element Method Of 
Analysis to Simple Cases in Fracture Mechanics

3.1. Introduction

The finite element method of analysis is a well known 

technique in structural analysis and is described in many 

texts.

The object of this chapter is to demonstrate that the 

method of finite elements can be used effectively in evalu 

ating the stress-intensity factors for most two-dimensional 

problems in fracture mechanics. The finite element code 

used in this work is described in my M.Sc. thesis (31) and 

more information may be obtained from reference (17). It 

is enough to say that the finite element method provides 

estimates of the displacement vector and stress tensor 

components at a limited (but more or less evenly distributed) 

number of points through a loaded structure.

The usefulness of the finite element method for the 

computation of crack-tip stress-intensity factors is 

established and solutions are compared with those cases for 

which analytical and numerical solutions exist and good 

agreement is obtained.

3.2. Aralysis of stress concentration near a crack tip

Strength is the resistance of a material to fracture. 

In the quantitative sense, it is a critical value of stress 

at which fracture occurs. The redistribution of stresses 

in bodies caused by the introduction of a crack is one of



the essential features which should be incorporated into 

an analysis of the strength of a structure containing flaws. 

The high concentration of stresses near the tip of a crack 

should receive the maximum attention since it is at that 

point where additional growth of the crack takes place. 

Small amounts of plasticity and other non-linear effects 

may be veiwed as taking place well within the crack-tip 

stress field and hence may be neglected in this presenta 

tion of brittle fracture. In describing the conditions 

leading to fracture, it is necessary to have a detailed 

analysis of the stress distribution in a small region 

surrounding the crack tip. It is possible to extract 

further information regarding the local character of the 

stresses and to discuss the results with respect to symmet 

rical or antisymmetrical distribution along the line of 

crack prolongation. In the more usually discussed symm 

etrical case, two interesting features arise. First, the 

two principal stresses in the material just ahead of the 

crack tip, while individually infinite, are equal in magni 

tude. This tendency toward a "two-dimensional hydrostatic 

tension" tends to explain why there is less yielding at the 

crack tip than might otherwise be expected. Second, the 

maximum principal stress occurs not along the line of crack 

prolongation as might intuitively be expected, but at an 

inclination of 6O° to this line.

The equilibrium equations in plane ares

9x 9 y

o T v\r 90v
W. + _JL = o (3.1)

3 X 9y

Txy ~ Tyx



The strain-displacement relationships and Hooke's Law lead 

to the compatibility equation:

f\ r\

V 2 (ox + ay ) = ( -A- + —— ) (o x + ay ) =0 (3.2)
a 2 a 2 -*d x d y

The equilibrium equations (3.1) are automatically satisfied 

by defining an Airy stress function, 0, in terms of its 

relationship to the stresses, that is,

(3.3)

Substitution of equation (3.3) into equation (3.2) leads to: 

v"0 = V 2 (V 2 0) = O (3.4)

In order to solve a problem, the stress function, 0, must 

satisfy equation (3.4) and the boundary conditions of that 

problem. The solution of equation (3.4) is given by 

Westergaard (11) and leads to the equations (1.1) and (1.2) 

mentioned in Chapter I.

In the present investigation the stress distribution 

at the base of the crack was examined numerically, with the 

aid of the finite element analysis. A rectangular plate 

containing a centrally placed internal crack was considered,
<? u a f\. <iv

See Fig. (3.1). Due to the symmetry, only one quadrant of
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a 
the plate was analysed. This quadrant was divided into

379 coarse triangular elements of varying size. Most of 

the elements were situated near the crack line. After 

obtaining the results from this coarse set of elements, a 

portion of the plate surrounding the crack was expanded 

five times. The expansion was done in such a way that the 

expanded figure was similar to the original figure, thereby 

eliminating the trouble of re-numbering the grid points 

and elements. The advantage of this element layout is 

that the crack tip could be situated at any point along the 

x-axis, see Fig. (3.1). The plate was subjected to uni=- 

axial tension perpendicular to the line of the crack, and 

instantaneous stress a was accumulated by a series of con 

centrated loads acting at the nodal points.

The method of analysis was essentially the same as 

given by Kobayashi (5). Values of the stress intensity 

were computed from the element stresses located 3 to 6 

elements away from the crack tip. The computer program 

in its present version does not give point values of the 

stresses or strains, but values "averaged" over the area 

covered by the element. Since no elements bisect the 

x-axis, the values apply slightly above the axis. These 

points are defined as the centroid of each triangle. It 

may be said that other representations might be more con 

sistent but in the cases presented here the resolution of 

the meshes seem to be sufficient, so the use of centroid 

values is considered appropriate. Once satisfactory 

results were obtained, the established technique was applied 

to several plate problems of different geometry and loading 

systems.

39



The finite element analysis was carried out for plates 

having (width/depth) aspect ratios 3:1 to 1:3; (crack/ 

width) aspect ratios O.2, O.4 and O.6. The plates were 

subjected to uniaxial tension, biaxial tension and tension

and compression states of stress.

Fig. (3.2) shows the graphical comparison of finite 

element and Inglis 1 (1) analytical (oy/a) distribution 

along the x-axis. The stress <3oncom:rat:iono in each ele 

ment increase at a rate related inversely to distance from 

the crack tip, and then drop off to a more or less stable 

value. It is apparent that the computational technique 

used, together with the element configuration, is capable 

of resolving reasonably high stress ooncentrationo. A 

finer mesh at the crack tip would show even higher concen 

trations. Moreover, the agreement between numerical and 

analytical results is adequate, except perhaps immediately 

behind the crack tip. In this connection, it may be noted 

that the high gradients in this area proved to be a severe 

test for the resolving power of the elements. A closer 

inspection of the above mentioned graph enables one to 

draw an additional conclusion - that biaxial loading has no 

apparent affect on the stress concentration»

^vxVevx^iV^e^
Table I.gives values of stress concentrations near the 

crack tip as obtained from finite element solution.

Fig. (3.3), Fig. (3.4) and Fig. (3.5) show the varia 

tion of stress concentration (av/a) with (width/breadth) 

aspect ratios for plates in uniaxial tension, biaxial 

tension and tension and compression respectively. It can
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be seen, that for (w/b) aspect ratio greater than 2 »5, 

the stress concentration converges to a more or less stable 

value and hence further increase in length of the plate 

does not affect the stress concentration near the crack tip.

Fig. (3.6) shows the displacement along the crack 

borders for the case of plane stress, as obtained from the 

finite element solution. It may be seen that the crack 

deforms into an elliptical shape, as shown by Irwin (14).

3-3. Determination of stress-intensity factor K by the 
finite element method of analysis

3.3.a. Internal crack

The stress-intensity factor is a means of describing 

the stress conditions at the crack front and it has been 

shown that crack growth data may be correlated as a func 

tion of K. Generally, as the crack size increases under 

a given loading so does K.

Once the numerical solution has been obtained for a 

particular finite element representation, stress-intensity 

factors may be estimated by the use of established crack- 

tip relationships given by equations (1.1) and (1.2). As 

mentioned in Chapter II, there are several possible methods 

which may be used. The methods discussed here are:

(1) displacement method

(2) stress method

To test the finite element approach to the calcula 

tion of K, a complete analysis was carried out for the 

plate shown in Fig. (3.1). The displacements and stress 

vectors were used from fine mesh analysis.
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A typical plot of Kj values obtained from the displace 

ment method is shown in Fig. (3.7). The best estimate of 

the stress-intensity factor from the finite element Kj 

curve is obtained by extrapolating the straight portion of 

the curve back to the vertical axis. The result obtained 

by the extrapolation, Kj = 1.O5, is 1.94 percent higher 

than the value of Xj = 1.O3 given by Isida (25).

A plot of Kj values obtained from the stress method 

for the same geometry and loading condition is shown in 

Fig. (3.8). The points indicate values calculated from 

nodal point stresses oy on the e = 0 plane. Whereas a 

smooth curve could be drawn through the Kj - displacement 

calculated points as shown in Fig. (3.7), such is not the 

case for the nodal stress calculated values. There is 

much more irregularity with these points than with the 

corresponding displacement points. The coarser the ele 

ment mesh, the greater irregularity was observed for the 

stress calculated Kj values. Therefore, the Kj is esti 

mated by fitting the points for small (r/w) with a straight 

line and taking the vertical axis intercept as Kj. The 

result Kj = 1.04 is 1.45 percent higher than that obtained 

by Isida (25). For coarser element meshes the increase 

in irregularity reduces confidence in this method. It was 

decided that only the displacement method would be used and 

all the following estimates of stress-intensity factors are 

based on this method.
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In Fig. (3.9) the stress intensity factor in non- 

dimensional form as X = KI/K^ = Kj B w/P (ira) ' is plotted 

against (crack/width) ratio. The finite element results

are compared with the results given by Isida (25). The
j, 

stress intensity factor Koo = (cr(ira) 2 ) is for a centrally

cracked infinite plate under a uniform stress, CT = (P/Bw), 

acting perpendicularly to the line of the crack. The 

comparison of results is given in Table II.

1 
2a/w !

0.2

0.4

0.6

1 i i 
;
ISIDA (25)

1.03

1.12

1.34

FINITE 
ELEMENTS

1.05

1.10

1.32

% ERROR

+1.94

-1.87

-1.50

TABLE II

As can be seen from Table II, the percentage error is 

well within permissible limit, so the technique used here 

is shown to be sufficiently accurate.

Table III presents the stress-intensity factors as 

obtained from the finite element analysis. The graphical 

representation of Table III is given in Fig. (3.1O), Fig. 

(3.11) and Fig. (3.12). The conclusion drawn from the 

above curves is that for the (width/breadth) aspect ratio 

greater than 2.5, there is no considerable change in the 

stress intensity factor.

Rice (12) showed that the energy balance is independ 

ent of stresses acting parallel to a straight crack. The
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relationship -s = K 2/E (for a plane stress, mode I crack) 

was used to examine this conclusion. Looking at Table IV 

and Fig. (3.13), it is seen that there is no apparent change 

in energy rate, which suggests that the work done by the 

transverse stress is independent of the crack size, hence

-6 should not depend upon biaxiality.

3.3.b. External crack

The case of two-dimensional problems of plate strip 

with dual colinear edge crack, see Fig. 3.14, subjected to 

tension is of great interest in fracture mechanics. Closed 

form solutions for such problems are not available, although 

approximate solutions have been suggested by various 

authors.

The majority of fracture toughness data involved the 

stress intensity factor K, instead of the strain energy 

release rate -6. This emphasis on K is due primarily to 

the development of techniques for its theoretical predic 

tion from the stress-distribution around the crack and is 

not due to any particular physical significance of this 

parameter. The strain energy release rate, -6, has physi 

cal significance either in terms of an energy rate or a 

crack extension force. The direct calculation of -6 

involves complicated volume or surface integrals, involving 

stresses and displacements. Thus the theoretical values 

of -6 are usually obtained from the values of K related by 

the equation^ = K 2 /E (for plane stress, mode I crack). 

Since the mathematical calculation of K or -6 could be very 

tedious, the use of numerical methods, and the method of 

finite elements in particular, seems to be the best approach,



The finite element technique solves the problem for 

the displacements at nodal points of the body, which ha&s 

been idealised into a system of elements connected at these 

points. The crack-stress field makes relatively little 

contribution to the overall deflection of the body. Often 

it is difficult and very time consuming to adequately 

define the stress field near the crack tip. Using the 

energy release rate approach, it is possible to reach 

equally good results with less effort in writing data and 

demand of computer storage and time.

The energy available for an increment of crack area 

extension dA is provided by work done by the forces Pi dAi 

(where AI is the displacement of the force PI in the direc 

tion of application). Several computer runs were made to 

obtain the displacements A^ of the loading points for 

several crack lengths a. For a system of constant applied 

forces only, Pi = constant, the energy release rate is 

calculated using equation (2.34).

dU-6 - -^x dA— - dA

For the finite element method this means a multiplication 

of the generalised forces at the nodes by one-half the 

nodal displacement and then dividing by the increase in 

area. The resulting derivative is said to apply for a 

crack length half way between the two used for the strain 

energy difference. For problems with a small number of 

external loads, this can be done by hand without using 

an additional subroutine.



The formula known as the "tangent formula" (25) 

used for preliminary calculation of the stress intensity 

factor K. It is shown in (25) that by using a correction 

factor, h( 2a/w), the equation for a centrally notched

plate applies to the case of a double edge crack plate.

= o(7rap <r tan
'is.

h (2a/w) (3.5)

NOMViH. KTfc.E'^ IHT-
The comparison of om mrtlfcaa A factors obtained from (25) 

and the finite element solution is given in Table V.

2a/w

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

JL (25)

1.12

1.12

1.13

1.14

1.15

1.22

1.34

1.57

Z* (F.E.M. )

1.10

1.10

1.11

1.12

1.129

1.195

1.31

1.52

% ERROR

- 1.51

- 1.51

- 1.98

- 2.04

- 2.0

- 2.3

- 2.28

- 2.87

TABLE V

It can be seen from the above table, that the percentage 

difference is less than 3%. It was found that it was not 

necessary to have a very fine mesh around the crack tip to 

obtain satisfactory results.

Fig. (3.14) shows the comparison of non-dimensional 

stress intensity factor Z obtained from the energy method 

with the values given in reference (25). As can be seen, 

good agreement was obtained.
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3.4. Summary and Conclusions

It was shown that the proposed finite element method 

above offers a convenient, economical and suitably 

accurate method of determining stress-intensity factors. 

The weakness of the method is of knowing when the element 

mesh is refined enough to provide suitable accuracy. The 

problem is best met by utilising more than one mesh size 

and observing the sensitivity of the results. This 

approach is, however, expensive and very time consuming. 

By a straight forward procedure utilising existing codes, 

accurate estimates of the stress concentration factor can 

be made. This procedure consists of calculating the 

strain energy at several crack lengths and numerically
c\r<£-C\

differentiating the resulting strain-energy-crack length 

curve. The basic element mesh and nodal point coordin-
(AV^-Os.

ates must remain fixed from one crack length to another. 

This is required because the quantity which is desired is 

the change in stored strain energy as the crack changes 

in length. Therefore the only changes that should occur 

in the strain energy estimate should be related to change
O\f£CX

in crack length and not change in element mesh.

Indications have been given of the direction of the 

error involved. The dependability of (width/breadth) 

ratio on stress intensity factor was examined.

The procedure outlined above may be applied success 

fully to any geometry desired which enables one to apply 

the method to real engineering problems as well as to 

specimen analysis.



CHAPTER IV

In this chapter a rectangular specimen in which the 

crack is forced to propagate on one side only is 

considered. The variation of the stability of the 

crack tip with the geometry of the specimen is 

discussed. The finite element results are verified 

by experiments.



CHAPTER IV 

Study of Crack Stability in Rectangular Specimen

4.1. Introduction

For unstable cracks, the determination of the load 

at which a crack begins to expand is of interest. For 

stable crack propagation, one has to investigate the 

quasi-static expansion of cracks with change in load. 

This idea of quasi-brittle fracture extends considerably 

the range of applicability of the theory of brittle 

fracture.

The study of crack tip stability in a rectangular 

specimen, where the crack is forced to spread on one 

side only is the object of this chapter. An approximate 

solution was obtained by the use of the finite element 

method of analysis. The quasi-static process proposed 

by Gurney and Hunt was used in experimental determination 

of P^ curves.

Numerical results are compared with those obtained 

from experiments and general correlation of both methods 

may be observed.

4.2. General theory of crack stability

As the load increases cracks existing in the body 

do not initially expand. l-Jhen the load reaches a 

certain value they begin to spread, with the extension 

depending on the manner in which the load is applied.



In some cases cracks extend rapidly up to complete 

rupture of the body at constant load. In other cases 

they spread slovrly, stopping if the load is maintained 

at a constant value.

Griffith (2) introduced energy balance criterion 

for the determination of the dimensions of cracks. The 

fracture case which he studied was unstable and the local 

work of crack spreading was inferred from the fracture 

load.

Orowan (33) extended Griffith's concept and developed

the concept of quasi-brittle fracture. Together with
Ke. 

Irwin (14) they stated that in the majority of cases the

crack is not established purely as the result of brittle 

rupture of the material, but due to plastic deformations 

concentrated in very narrow regions near the surface of 

the crack.

Barenblatt (15) approached the theory of cracks by 

forming a model of "equilibrium crack". The two hypo 

theses stated in (15) are;

(a) the tensile stress at the contour of a crack is 

finite

(b) the opposite faces of a crack close smoothly at its 

contour

and they permit the formulation of the problem of equi 

librium cracks for a given system of loads acting upon a 

body. In the case of stable equilibrium, slow quasi-



static transition of the crack from one equilibrium to 

another takes place when the load is increased gradually. 

If the equilibrium is unstable, the slightest excess over 

the equilibrium load is followed by a rapid crack exten 

sion. In some cases, when there exist no neighbouring 

stable states of equilibrium, this leads to complete 

rupture of the body. Barenblatt (15) assumed the func 

tion <p(a) which corresponds to a given system of loads 

applied to the body as shown in Fig. (4.1). The size of 

the initial crack 2aj corresponds to an unstable branch 

of \$ (a). Since the equilibrium is unstable the crack 

begins to expand under constant load until it reaches the 

nearest stable-equilibrium state. With further increase 

of P the crack size grows continuously until the load 

corresponding to the maximum of <4> (a) is reached. The 

points representing the change of the crack is indicated 

by the number 1 in Fig. (4.1). Barenblatt (15) suggests 

that for stability of the equilibrium crack it is 

necessary that its size should grow with an increase of 

the loading. If the crack size is decreased without 

changing the load, the crack extension force will be 

greater than it was in equilibrium and the crack tends 

to widen. If the crack size is slightly increased, 

compared with its equilibrium size, the equilibrium is 

disturbed in the opposite direction and the crack tends 

to close.
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Srawley and Brown (25) discussed the basic concepts 

of crack instability in linear elastic fracture mechanics. 

The discussion is rather in terns of -6 than K. They 

suggest that a satisfactory fracture toughness test 

should satisfy two essential requirements.

1. the specimen dimensions and loading arrangement must 

be such that the value of the crack extension force,, 

-<3^ can be calculated with sufficient accuracy at any 

stage of the test at which the values of the load and 

the crack dimensions are known

2. the values of the load and the crack dimensions at the 

point of instability of the crack extension can be 

measured with sufficient accuracy.

The value of -6 at the point of instability can be calcu 

lated from measurements of the load and the instantaneous 

crack length at that point and is designated .Gc .

Clausing (32) presented the conditions which give 

crack instability. In a loaded, cracked specimen, the 

crack extends when the crack-tip loading becomes equal 

to the crack tip resistance to extension. If the ini 

tial increment of crack extension is positive with 

respect to the change in crack tip loading, the crack 

will not propagate and hence is defined as stable. If 

the initial increment of crack extension is negative 

with respect to the change in crack-tip loading, the



crack will continue to propagate even though the load 

remains unchanged and the crack is defined as unstable. 

The magnitude, -6A , (32) of the load that is applied to 

the crack-tip specimen depends on the load applied to 

the specimen, the crack length and the specimen geometry. 

The resistance to crack extension, <€, is the strength of 

the crack-tip specimen. The initial increment of crack 

extension occurs when >GA and -6 become equal. In a plate 

with a through-thickness crack the crack-tip applied load 

is given by (32) for the case when the force is controlled 

as

sr - -i— p2 £H (A i\ 
& ~ 2B P dl ( *' L)

where X = ^ is compliance

and for the case when the displacement is controlled as:

-f> - i— (—1 2 S*A. IA 2\ 
^ ~ 2B {-> dA l4 -^ ;

The crack-tip resistance, -6, must be known before the 

conditions that cause crack instability can be deter 

mined. Clausing (32) states that the experimental 

determination of the complete -6 curve for a material is 

more informative than one value of -Gc . After the -G 

curve is determined, -6C can be calculated.

Gurney and Hunt (13) applied the work theorem of 

statics to a cracked body and obtained the energy 

equation as follows:



X du = RdA + - d (uX) (4.3)

where dA = t.da

X du = external work done

n dA = work done during cracking process

•s- d(uX) = change in strain energy of system
£*

Fig. (4.2) explains a mechanism of crack propagation 

under proportional loading. Fig. (4.2) is essentially a 

graphical representation of aquation (4.3). The lines 

OA and OA + dA represent load displacement relations for 

constant crack areas. The lines AI and A 2 represent 

quasi-static crack propagation at two crack tip veloci 

ties. From equation (4.3) it follows that the areas of 

triangles formed as indicated in Fig. (4.2) are equal to 

RdA. The complete quar;i-static curves of which A x and 

A 2 are only elements nay be determined experimentally. 

The case of monotopically increasing force is designated 

by Gurney and Hunt (13) as dX > O and the stability 

condition is given byz

f Jf£ > 2 (4.4)
R da

The case of monotonically increasing displacement is 

designated as du > O and the stability condition is given 

by:

| P > -4 (4.5) 
R da



Stability will be obtained with dX > O provided the 

crack length is greater than that represented by a, and 

with du > O provided the crack length is greater than 

that represented by b in Fig. (4.2).

In the experiments in which cracks are spread 

quasi-statically, recording of both load and correspond 

ing displacement is required. The local specific work 

of crack spreading, or fracture toughness (R) i is then 

deduced without calculation of the elastic stress distri 

bution or even measuring the shape of the test piece.

Barr (28) investigated various methods of improving 

the stability conditions by varying the geometry of the 

test specimen. He showed that the methods of evaluating 

stability conditions for du > 0 and dX > O as suggested 

by Gurney and Hunt (13), are similar in nearly all the 

cases considered. The stability conditions can be 

calculated using equation (4.7) and equation (4.8) 

provided that the u/X relationship may be expressed ass

£ = k . F(a) (4.6)
A

where k = constant

F(a) = function of the crack length

Using equation (4.6) the stability condition for dX > 0 

is given bys

R da Fl (a)



and for du > o by

f?\ I a\
(4.8)

1
Pv

F~

dR-
da

fal

F* (a)> — ^
F 2 (a)

_ F(a) 2where
F 1 (a)

It can be seen that the stability conditions obtained by 

(28) , when considering the function of crack length F(a), 

are the same as those obtained by Gurney and Hunt (13) in 

the case of rectangular specimens , see Fig. (4.3.)

The stability for du > O is dependent upon the load- 

deflection curve (P,u) and d€/dA. Fig. (4.4) gives 

various (P,u) relationships. Fig. (4.4a) gives a (P,u) 

curve which will give stable cracking for both du > 0 

and dP > O.

Fig. (4.4b) shows a (P,u) curve which will give 

stable cracking for du > O, but not for dP > O. Fig. 

(4.4c) shows a (P,u) curve which will give instability 

for both systems of loading. The best relationship for 

(P,u) during cracking is that similar to the curve in 

Fig. (4.4b). The curve is stable for du > O and allows 

accurate -6-value determination.

The material used most often in fracture testing is 

Perspex. If the test specimen r.iade of Perspex gives a 

load-deflection curve similar to that given in Fig,(4.4a), 

the less stable material is expected to give a load- 

deflection curve similar to that shown in Fig. (4.4b).
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From this follows that any testing system which results 

in better control over the propagation of cracks in 

Perspex should give an improvement for other less stable 

materials.

4.3. Finite element analysis of the specimen in which 

crack is spreading on one side only

For brittle materials, where yielding in the region 

of the crack tip is very restricted, linear stress 

analysis implies that the local stresses and deflections 

depend on a parameter termed the stress intensity 

factor, K, having dimensions (stress) x (length) 2 . The 

magnitude of K depends on the structural geometry and 

the loading system.

A criterion for brittle fracture in the presence of 

a crack is that crack instability occurs when K attains 

a critical value. For the opening mode of crack defor 

mation (mode I) local displacements are such that the 

crack surfaces move directly apart. Under plane-strain 

conditions with limited crack-tip plasticity the critical 

stress intensity factor is designated KIc . The value of 

KIC can be considered as a material property which repre 

sents the material's fracture toughness or resistance to 

fracture in the presence of a crack. Any combinations 

of applied loads, structural configurations and crack 

geometrv and size, which gives a stress intensity factor
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Kj, equal to or greater than the value of KIC for the 

material will result in failure of the structure. Thus, 

if the appropriate stress intensity factor is known for 

a structure with a crack as well as the material's KIC 

(usually obtained from a test specimen of simple geo 

metry containing a crack), it is possible to estimate 

either the maximum allowable stress for a given flaw size 

or the flaw size for a given stress, which will result 

in brittle failure of the structure.

The compliance calibration is a frequently uc ?d 

experimental method for determining a stress intensity 

calibration for tension-loaded plate test specimens 

containing through-the-thickness cracks. Calibration 

curves are obtained by machining a progressively 

longer slot (simulating the crack) into a calibration 

test specimen and determining the compliance at each 

known slot size for conditions of elastic loading. A 

graph of compliance versus crack length is constructed 

and the slope of the graph may be substituted into the 

known equation;
p2

V 2 T7« - -£— a x < for Plane stress) K - E€ - 2B2 Ta"

The same method was applied to the finite element method 

of analysis and -6 and K were estimated.

The geometry and the finite element idealisation of 

the test specimens used in this study of the crack stab 

ility is shown in Fig. (4.5). All the necessary
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numbering of the elements and the nodal points was 

carried out by hand. The direction of the numbering 

was perpendicular to the crack plane to obtain -tfee- 

smallest band width possible. For the sake of the 

clarity of this Pig. (4.5), the elements along the 

crack (see detail A, Fig. (4.5a)) and the numbers 

corresponding to the nodal points and the elements are 

omitted. The loading holes are represented by the 

polygons and the tensile load by the three concentrated 

tensile forces. The material used for the test speci 

mens was Perspex with p = O.38. The thickness of the 

plate was B = O.25 in. Six different crack lengths in 

each case were analysed.

In the detail A, Fig. (4.5a), is shown the element 

layout for only two different crack lengths due to the 

fact that the pattern shown repeats for each crack 

length.

For the numerical analysis, the following simpli 

fying assumptions were made:

1. The cross-section is symmetric with respect to the 

x-axis

2. the distribution of load is symmetric with respect 

to the x-axis

3. the crack runs along part of the x-axis.



The direction of the crack and the cgack speed of 

crack propagation depends on the stress distribution at 

the crack tip. If this stress distribution is known 

or can be controlled accurately, then it should be 

possible to spread cracks in a stable manner in the 

direction required.

Fig. (4.6) shows the principal stress distribution 

near the crack tip in three test specimens considered. 

In the case 1 it can be seen that, as the crack propa 

gates/ the stress concentration near the crack tip 

increases. From this behaviour we may deduce that the 

crack will propagate freely up to a certain value, 

beyond which stable crack propagation is expected. 

This is followed by the decrease in the stress concen 

tration. From the stress plots for case 2 it can be 

observed that the stress concentration reduces as the 

crack propagates in the plate. This suggests that the 

crack could be controlled better during the test and 

hence this system appears more stable and stiffer than 

the system in case 1.

The stress plots for case 3 show even greater 

decrease in the stress concentration during a crack 

propagation. The appearance of a compressive zone near 

the crack tip suggests that the crack will stop. This 

result indicates that the geometry of case 3 produces a 

very stable but very stiff specimen. Graphs presented
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in Fig. (4.7) show the variation of principal stresses 

along the specimens length. Consider case 1. Assume 

that the load applied to the specimen causes a crack to 

propagate in the first instance. The increasing stress 

intensity at the crack tip which occurs as the crack 

spreads results in crack tip instability. The subse 

quent decrease in crack tip stress concentration suggests 

that the crack tip becomes stable. As a conclusion it 

may be said that the crack would be expected to propagate 

in the unstable manner first followed by stable propa 

gation.

Consider case 2 The decrease in the crack tip stress 

concentration suggests that the load causing the frac 

ture at a particular crack length must increase, so the 

test specimen will produce a stable crack tip. The 

influence of the circular hole on the stress concen 

tration is apparent.

Consider case 3 The rapid decrease of the crack tip 

stress concentration suggests that the load causing a 

fracture must increase rapidly as the crack propagates. 

The very strong influence of a circular hole may be 

noted. The specimen appears to be very stable, but
,., H*^J TM>,*,G.ft.A>H

very stiff. Ill Relationship between the stress concen 

tration near the crack tip and the stress concentration 

near the circular hole as vary with the crack length is 

plotted in Fig. 4.8. in %he- case 1 and case 3 the





stress concentration is given as the ratio of omax/onom 
where

pa = •=—77 (based on net section) nom B . i'V

In case 2 the ratios amax/anom where

anom = B(W-0.5) (due to circu1^ hole)

As seen from Fig. (4.8) the stress concentration near the 

crack tip, in case 1, is greater than that on the 

periphery of a circular hole up to a certain crack 

length. This suggests free crack propagation and sub 

sequent stabilisation of the crack tip. The curves 

corresponding to case 2 show a divergence as the crack 

propagates. This may be explained by the fact that as 

the crack spreads in the specimen, more load is concen 

trated on the periphery of the circular hole rather than 

near the crack tip which results in more stable crack 

tip propagation.

The geometry of case 3 produces an even more pro 

nounced difference in the stress concentrations. As 

the crack propagates, the load builds up very rapidly on 

the periphery of the circular hole. This v/ill result 

in very stable crack tip propagation. The specimen will 

probably crack on the side of the circular hole and the 

crack will propagate on this side.

The ratio of stress concentration near the circular 

hole/stress concentration near the crack tip varies for
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case 1 from O.77 to 1.3. For case 2 the ratio varies 

from 1.47 to 3.69 and for case 3 from 1.47 to 24.6.

It is important to note that the ratios given above 

should be taken as an indication of the order of magni 

tude and not as accurate values. This is clue to the 

fact that the results are very dependent on the element 

size and an accurate assessment of the position is not 

possible.

As a conclusion to this section it can be said that 

case 3 appears to be a very stiff testing specimen 

producing a stable crack tip.

Barr(28) determined the stability conditions for 

case 1. The expressions which he obtained are for 

du > O.

a *5 + 4 „ 2a > Q (4>g)
J<, QSL Q "T* &

and for dP > O

4a „ , „- 2 *

From the above expressions it may be seen that the 

stability for dP > O is increased where d < a, but it is 

reduced for du > O. Let the term (4 - 2a/(d + a)) = C 

in equation (4.9) compare with the stability coefficient 

C = -4, given by Gurney and Hunt (13), and the term 

(-2 + 4a/(d + a)) = D with the stability coefficient 

D = 2.
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Fig. (4.9) shows the variation of these stability 

terms in equations (4.9) and (4.1O) with crack length for 

case 1. From the corresponding graphs it is seen that 

the stability for dp > 0 improves considerably with "/a 

decreasing (for a » d) and the loss in stability for 

this system is noted for du > O. The loss is minimised 

if d » a. From the above results we can conclude that for 

the load controlled experiment the stability of this 

system will improve if the d/a ratio is as small as 

possible. Fig. (4.1O) shows for case 2 the variation 

of stability coefficients C and D with the crack length. 

The terms in equations (4.9) and (4.10) were used to 

estimate these constants by putting d = O. It should 

be noted that the theory of bending with no shear taken 

into account was used. The estimated factors are than 

only an approximation in relation to the stress state 

in an actual plate specimen. The stability criterion 

for dP > O gives 5 = -2 compared with D = 2 and the 

stability condition for du > O gives C = -2 compared 

with C = -4. From the above results it may be concluded 

that the stability of a system improves considerably 

for dP > O. Loss in stability for du > O is noted. 

The terms C and D are seen to be independent of crack 

length, as shown in Fig. (4.1O). The conclusion for 

this section may be drawn. By forcing the crack to prop 

agate on one side only the stability increases for 

dP > 0, but for du > 0 is reduced.
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The crack tip resistance, -6, is the value that is 

required for fracture to occur at the crack tip, -€c 

is the value at which %ke crack instability occurs. If 

a € curve can be determined as a function of crack 

length for a particular plate material and thickness 

and fracture mode, the value of -6C can be determined 

for any plate configuration for which the elastic stress 

analysis is known. As mentioned previously, -^c depends 

strongly on the initial crack length„

The finite element method of analysis was used to 

obtain the numerical values of the variation in -€ with 

the crack length. The test specimens shown in Fig. 

(4.5) were subjected to unit load and corresponding 

deflections calculated.

Fig. (4.11) shows the •€ - crack lengths relation 

ship as obtained for the cases considered. Curve 1 

represents the change in € for case 1. It may be seen 

that the value of -6 increases at first. This means 

that free crack propagation is expected. The subse 

quent decrease in -6 indicates that the crack tip is 

becoming more stable and hence better control in its 

propagation is reached.

Curve 2 shows the gradual decrease in -G value as 

the crack propagates. This suggests that the crack 

tip is stable and may be well controlled.
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From curve 3 we can deduce that the mininura crack 

length to obtain stability is about a = 1.5 in. Beyond 

this value stable crack tip extension is expected to 

occur. The fact that -6 decreases to zero indicates 

that the crack does not propagate any further and tends 

to close. This behaviour of the crack tip promises 

very good stability and control over crack spreading in 

the specimen.

Fig. (4.12) shows the compliance calibration 

curves as obtained fron the finite element analysis. 

The compliance pattern changes considerably from case 

to case. From these relationships we can see that the 

geometry of case 1 can give a flexible specimen with a 

x«;ell defined P f u curve. The geometry of case 2 

produces a more stable and stiffer specimen but with 

the P, u curve worse than in case 1. The negligible 

change in compliance for case 3 suggests that this

geometry produces a very stiff and stable specimen with
d P small change in — (—)• Even though this geometry

gives a very stiff and stable specimen, the P, u curve 

is not well defined. The area measured for •€ - values 

will be very small and hence this can cause inaccuracies.

Fig. (4.13) shows the crack opening displacement 

pattern as obtained from the finite element analysis. 

The graphs are drawn for the maximum crack lengths 

denoted by point (a) in Fig. (4.5). It can be seen, 

that the greatest crack opening is obtained ior case 1
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and least for case 3. This result only sustains that 

the specimen 1 is most flexible and promises to obtain 

good P, u curve.

4.4. Conclusions from numerical analysis

It is known that the moving crack tends to propa 

gate in a symmetrical manner with respect to its 

reference axes, Where the crack is forced to take an 

unnatural path the stress distribution in the test 

specimen Is built up with the tendency to reach this 

syinraetry. Fig. (4.7) shows the stress concentrations 

near the crack tip and the periphery of the hole. As 

unsymfiietry in a specimen increases the ratio of both 

stresses increases also. The tendency to form a 

natural path is then clearly indicated. The geometries 

considered seem to improve the stability for dP > O from 

case 1 to case 3. For a good determination of -3 values, 

the geometry of specimen 1 appears to be raost suitable. 

This flexibility promises good definition of the P, u 

curve.

4.5. Experimental results

As stated previously, the -6 values may be determined 

experimentally without calculation of the elastic stress 

distribution or even measuring the shape of the test 

piece, by the use of the quasi-static approach. The 

test piece designated to such experiment must be approx 

imately chosen so that the stresses at all points remote



from the crack front are below the elastic limit. 

Determination of -6 value by recording simultaneously
requn efe

load and deformation as the crack spreads, a stiff"*" A

<3- wVuc-U Produces
testing machine and^test specimen geometry producing a 

stable crack spreading iro roqu-iy-od „ Specimen geometry 

producing fairly large deformations should be chosen so 

that deflections may be accurately recorded on an auto 

graphic machine. The Instron is an example of such -a 

stiff and autographic machine. The crosshead may be 

driven at 12 uniform speeds.

The -GJC values obtained for Perspex are dependent 

on the speed of cracking, the molecular density and the 

type of fracture surface obtained. Earr(29) carried 

out a number of experiments to determine the variation 

of € with different crosshead speeds. Fig. (4.14) 

shows the effect of crosshead speed on the P, u curve. 

For any given deflection the crack length is less for 

a high strain rate than it is for a low strain rate. 

This means that the point where the radial line repre 

senting a crack length meets the quasi-static curve

occurs at a greater deflection for a high strain rate.
a± 

Also the Young's modulus -ef high speeds is greater than

at low crosshead speeds. These two conditions result 

in a much greater area (or much broader P, u curve) to 

be measured for -6 - value calculations, see Fig. (4.14) 

The greater the area under the P, u curve the higher *G • 

value obtained.
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Bawr (29) also observed that the fracture surface 

appearance depends greatly on the speed of cracking. 

Fast cracks tend to be more uneven than slow cracks. 

The relationship between -6 and crosshead speed is shown 

in Fig. (4.15). The conclusion derived from (29) is 

that, if only a limited number of tests are carried out, 

it is very dangerous to use the mean values obtained. 

If only a limited number of tests are carried out the 

minimum -6-value should be quoted rather than the mean. 

The same conclusion can be found in ref. (25).

In the present study, the experiments were carried 

out on Perspex specimens. The photograph (4.16) shows 

the specimen of geometry 1 in the test position. The 

loading holes and the hole stopping the crack tip 

propagatBia on one side were machined first. A slot 

from which ends a crack readily started was cut with a 

circular cutter in a similar manner as described in (13) 

and (29). The crack was started from a 2 in. long slot 

placed at the centre of the test piece and parallel to 

the longer side. The distance d (centre of loading 

hole to centre of circular hole) was for case 1 and 

case 2 approximately d = 2 in. For case 3 the distance 

was approximately d = 1.5 in. Equal and opposite ten 

sile loads were applied normal to the length of the slot 

in the plane of the sheet.
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Fig. (4.17) shows the P, u relationship obtained 

from the tests for geometry 1. The difference in 

slopes of the initial linear path of the curves is due 

to the fact that there was a different initial crack 

length for each case. The crack for all cases ran 

more or less straight and proved stable. The numbers 

near the radial lines, in Fig. (4.17), indicate the 

total crack length (inches) and •€ values indicated in 

each triangle were estimated by dividing the area of 

each triangle by the increment in crack area. The 

finite element results fit!^ well to the experimental 

curves, although tho direct comparison due to slightly 

different geometry is not possible.

In Fig. (4.9) is plotted variation of stability 

coefficient D for different a and d values. The 

conclusion derived from this graph was that with 

decreasing /a ratio the stability of a crack tip for 

dP > O increases. The specimen 3, see Fig. (4.17), 

had a /a ratio greater than specimen 1 and 2. As 

can be seen the corresponding P, u curve is steeper 

and the area to be measured is smaller. This shows 

that the geometry of specimen 3 produced a stiffer and 

more stable specimen which verifies conclusions given 

in Fig. (4.9) .

Photograph (4.18) shows the test specimen of 

geometry 2 in position. The slot from which end the 

crack started was machined first. Two sets of holes 

can be seen. The holes designated CH were used as the
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loading holes when a natural crack was produced. When 

the natural crack was obtained, the test specimen was 

set up in the position as shown and the experiment 

started.

Fig.(4.19) shows the P, u relationship obtained 

for geometry 2. The difference in the initial slopes 

is due to different initial crack lengths. The crack 

ran in the curvilinear shape as shown and proved to be 

stable.

The finite element solution gives a similar 

relationship to that obtained from the experiments. It 

may be seen from Fig. (4.19) that the area needed for 

an accurate -6 value determination is small. This 

shows that geometry 2 produces a stiffer and more stable 

test piece than geometry 1, but the P, u curve is not 

sufficiently defined for -6-deterraination. The same 

conclusion was derived from the finite element analysis.

Fig. (4«20) shows the P,u curve for the specimen 

of geometry 3 as obtained from the experiments and the 

finite element solution. When the test specimen was 

subjected to continuously increasing load, the crack 

tip propagated in very stable and slow manner through 

about 1 in. Additional increment in loading did not 

cause further propagation of a crack tip, but inddced 

a considerable concentration of circumferential stresses 

at periphery of circular hole. This could be observed 

by the naked eye due to Perspex transparency. When the
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stress concentration reached its critical value, the 

specimen cracked very rapidly in two straight lines,

From the P,u curve obtained from the experiments 

and finite element method of analysis we can see that 

this geometry produces,very stiff and stable specimen.
/.

d P Small change in :rr(—) does not permit accurate -S-value

determinations, hence this system is not suitable for 

Perspex-G-value calculations.

Fig. (4.21) gives the comparison of results 

obtained by Barr(29) and the author. The specimens 

used by the author were generally stiffer than those 

used in (29). Due to this fact, steeper P,u curves 

were obtained. It follows directly from the graph, 

that the position of the circular hole and b/w aspect 

ratio considerably affects the stability of the crack 

tip and the stiffness of the specimen. It is intended 

that in future work these variables will be taken into 

account and a detailed study of this effect will be 

carried out.
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4.3. Conclusions

In this chapter a study of crack tip stability when 

the crack is forced to spread on one side was investigated, 

The analysis was carried out in two steps. Firstly the 

numerical analysis of finite elements was used to deter 

mine the stress concentration near the crack tip and the 

variation of -S with crack propagating distance.

The second part of the analysis was an experimental 

study using a quasi-static approach. Three different 

geometries were considered.

Case 1 The increase of stress concentration near the 

crack tip obtained from the finite element 

analysis indicated that the crack may propagate 

freely at first. The subsequent decrease in 

stress concentration suggests that the crack 

tip is stabilized. I'lhen the •€ curve showing 

the variation of crack length was plotted the 

same conclusion was obtained. The experiments 

proved that the hypothesis from the numerical 

analysis is correct.

Case 2 In this case decrease of the stress concentration 

and <3 values as the crack propagates in the 

specimen suggest that this geometry produces a 

more stable crack tip. This conclusion was 

proved by the experiments.

Case 3 The same conclusion as given for case 2 may be 

drawn. This specimen geometry gives a stiff 

test piece with a very stable crack tip.

76



It directly follows from this investigation that 

the position of the circular hole with respect to the 

direction of load greatly affects the stability and 

stiffness of the test specimen. The plots in Fig.(4.12) 

show the variation of stiffness of the cases considered. 

It is clearly seen that as unsymmetry in the specimen 

increases, the stiffness increases also.

It is important to note that all the numerical 

results based on the stress analysis are to be taken 

as an indication of order of magnitude and not as exact 

values. The results are very dependent on the element 

size.

It was shown that the three geometries of rectan 

gular specimen considered improved greatly stability 

for dP > O. However, it is important to draw the 

distinction between improving stability and arriving at 

the best P,u relationship for -6-value determinations. 

For dP > O the best P,u curve will have its slope 

positive at all times and it must diverge only slightly 

from the horizontal deflection axis as crack propagation 

occurs, see Fig. (4.4a). Geometries 2 and 3 are 

expected to be successful for materials less stable than 

Perspex. The value of d€/da for such a material will be 

less than d€/da for Perspex, hence the better P, u curve 

is expected.

The investigation of the effect of geometry and the 

position of a circular hole stopping one side of the 

crack from propagating will be an aim of future work.



CHAPTER V

The possibility of using a ring section as a frac 

ture toughness specimen is described. Four 

testing arrangements for determining the fracture 

toughnass value are considered and the best P,u 

relationship during cracking is discussed.

The chapter also summarized the important factors 

to be bourne in mind when selecting the test speci 

men and the testing machine.



CHAPTER V 

Ring Sections - Finite Element Analysis

5.1. Introduction

Fracture toughness, -Sjo *- s a material property. 

From the point of view of having a single value repre 

senting the fracture toughness of a material, this 

value is independent of the dimensions of the specimen.

It has been assumed that a single average value of 

•0 can be taken to apply to the crack front with sufficient 

accuracy for practical purposes. Essentially the finite 

thickness plate is treated in the same way as the quasi- 

two-dimensional specimen, and it is important to remeirber 

this, because the generalized plane-stress model is only 

an approximation to the real specimen. Where apparent 

inconsistencies in test results occur, the adequacy of 

this test specimen should be carefully considered. Of 

course, materials are not ideally isotropic with respect 

to -Gic and this has to be taken into consideration in 

evaluating a material.

The possibility of using ring sections as fracture 

toughness test specimens is discussed. The experimental 

crack-propagation study is based on Gurney and Hunt (13) 

quasi-static method. The numerical results obtained from 

the finite element analysis are in good agreement with the 

values obtained experimentally.



5.2. Fracture toughness test specimens

The accurate measurement of -Gjc requires that certain 

specimen dimensions exceed a critical size which is a 

function of the toughness and strength of the material. 

Different types of specimens were developed to provide 

maximum possible utilization of the available material.

Kendal and Hussain (1O) introduced a new fracture 

toughness test method for thick walled cylinder material. 

They used a c-shaped specimen, pin-loaded in tension. 

Experimental and finite element stress-intensity calibra 

tions were within Io%.

Rotating tests are also used to evaluate fracture 

properties of materials. Chan, Tuba and Wilson (6) 

carried out a study on rotating test specimens and the 

results were compared with those for compact tension 

specimens, which were found to be approximately 15% lower.

Kobayashi et al (5) used the finite element method 

of analysis to determine the stress intensity factors for 

a surface flawed cylinder subjected to internal pressure. 

The solution Was compared with the results for a single 

notched tension strip. A similar relationship was 

obtained, but the apparent influence of curvature and the 

bending effect, due to non-linear distribution of hoop 

stresses are noted in these results.

Williams and Isherwood (9) used the numerical method 

for calculation of strain-energy release rates in a rota 

ting disc. The solution includes a finite-plate
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correction factor, which is an iiv.^rcvement over earlier 

solutions. The prediction will give a safe:: value arid 

a jnaximum error of about +2Q% was accepted on calculated 

values of the function.

Barr (27) carried out a number of tests on circular 

test specimens in order to determine -6jc or R value 

for different materials. He developed an apparatus 

shown in Fig. (5.1). A small portion of an O~section 

was cut away and the specimen to be tested was introduced 

into the gap. The important point raised by (27) was, 

that there must be the same amount of a material in the 

gap as there is forming the rest of the section. If a 

thin flexible section is used compared with the rest .y2 

the section, then the stiffness at the gap is smaller 

and a hinge effect is introduced even before loading 

starts. The test system proved successful for testing 

various polymers.

For stable crack propagation in O-sections the 

initial crack length must be greater than a certain 

minimum value. This is due to the fact that the load- 

deflection diagram is as shown in Fig. (5.2). Let the 

size of an initial crack correspond to LI. The crack 

size remains unchanged up to the load Pjat which the 

crack starts to propagate. Hence in the case considered, 

no fracture of the body occurs for any value of P less 

than critical value PI. The size of the crack corres 

ponding to this critical value of PI is finite. The
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fact that Lj must be of a certain critical length is 

one of the factors which cuts down on the stiff r. -.•.»:-; 

available. LA meets the P, u curve at A as shown in 

Fig. (5.2). The tangent to the P,u curve at point A 

is vertical. Once the crack length is greater than 

the condition du/u gives the stability to the right of 

A. From the experimental point of view it means that 

stable crack propagation will result in a deflection 

controlled experiment. The path of the representative 

points is indicated by number 1. It is never possible 

to obtain the P,u curve as shown in Fig. (5.2) from 

experiments, for any crack length less than LT^. The 

graph is obtained from calculations made on various Icci 

-deflection curves whose crack lengths are less than L^ 

The value of (~) is obtained for two neighbouring crack 

lengths and the load at which cracking would occur is 

calculated from equation (5.1).

(A 2 - A!)
P 2 = 2€

where (A2 - Aj) is change in crack area and -6]-c is the 

value determined from previous experiments.

The various crack lengths are introduced by means 

of a saw cut. The change in (~) between any two crack 

lengths may then be calculated and the use of equation 

(5.1) gives the value of P, at which crack propagation is 

expected to occur. This load P is then plotted on the 

line bisecting the two values of () . The condition



dP > O gives stability to the right of B, which means 

that the crack size grows continuously with i:->cr^ oi^g 

P. The path of the representative point is indicated 

by the number 2 in Fig. (5.2.).

When selecting the test specimen several factors, 

discussed by Gurney and Hunt (13), must be satisfied:

1. It is desirable to have a flexible test specimen EO 

that the deformations are large and hence can be 

accurately recorded on an autographic machine.

2. Stable crack propagation requires the use of a stif 

testing machine.

3. Non-linear effects at loading points must be avoiclc _ 

and also non-linear effects due to buckling, when 

using a thin test specimen.

4. To avoid yielding occurring in the test specimen 

before cracking, the section formed during crack 

propagation must be greater than a minimum depth, 

d crit* This value is given by:

0y
where o is the yeild stress of the material.

5.3. Q-sections, finite element analysis

Fig. (5.3) shows the complete O-section loaded 

across the diameter CD by a concentrated force P. This 

loading system causes bending moments at A, B, C and D 

which induce tension on the inside at C and D and on the
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outside at A and B. The cracks will then propagate from 

the inside at C and D and from the outside at A EI.U B. 

When cracks propagate at any of these points they tend to 

form pins in the section. From 14 different combinations 

of crack spreading, four basic cases were considered, see 

Fig. (5.3).

(a) Case 1 .... cracking at B (symmetry about x-axis)

(b) Case 2 .... cracking at A and B simultaneously

(symmetry about x-, y-axes)

(c) Case 3 .... cracking at C and D simultaneously

(symmetry about x-, y-axes)

(d) Case 4 .... cracking at C (symmetry about y-axd?)

Consideration of these cases only was decided because the 

advantage of symmetry could be employed. The finite 

element layout for the cases when the crack propagates 

along the x-axis is shown in Fig. (5.4), and for the 

cases when propagation occurs along the y-axis in Fig. 

(5.5).

The method of analysis was essentially the same as 

given by Dixon and Stranigan (8). The layout of the 

elements indicated by Det. A and Det. B is shown in Fig. 

(5;5a). The elements are arranged in such a way that the 

crack tip can be situated at any point along the x- or 

y-axes. For clarity of the diagrams the numbers indi 

cating the nodal points and the elements are omitted. The 

ratio Ri/R2 * O»75 and unity thickness was assumed. Unit



vs

— X



X

LAYOUT FOR FIKIITE:
Y~

Fi



0z: <ou-Jlit



load was applied to the specimen and corresponding dis 

placements and stresses were obtained from the computer 

analysis.

The direction of crack and the speed of crack prop 

agation depends greatly on the stress distribution at the 

crack tip. As stated previously in Chapter IV, this 

knowledge is of interest in determining the crack path 

and crack tip stability.

Typical plots of the circumferential stress ay 

along the diameter when the crack propagates along the 

x-axis is shown in Fig. (5.6). It can be seen from this 

diagram that the stresses near the crack tip rapidly 

increase in magnitude and with the distance increasing 

from this point their value rapidly decreasing as is 

expected.

Fig.(5.7) shows typical plots of the circumferential 

stress ox / where the crack propagates along the y - axis. 

The stress variation when two cracks propagate along the 

y-axis follows a very similar relationship to that 

discussed above. For a single crack propagating along 

the y-axis, the high tensile stress concentration near 

the crack tip drops rapidly, becomes compressive and then 

tensile again. This results from the combination of 

bending stresses at the section together with a relatively 

uniform compression resulting from the specimen geometry 

and loading arrangement.
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Variation of stress concentration near the crack 

tip with crack length as obtained from the finite element 

analysis is shown in Fig. (5.8). The stress concen 

tration is defined as the ratio of omax/anom , where Ojnax 

is the stress obtained from the finite element analysis 

near the crack tip and

_ 3P (R 2 + R!) 
°nom ~ ____

irB (R2 - RI ) 2

From the curves plotted in Fig. (5.8) we can prelimin 

arily deduce crack behaviour as the crack front moves 

along the x- or y-axes.

Case 1 Unstable crack propagation is expected up to an 

a/w ratio of approximately O.4-. Beyond this 

value the decrease in stress concentration indi 

cates that the crack tip becomes stable and that 

the load causing the crack to propagate must 

increase. Hence the crack length giving stable 

crack propagation must be greater than a/w = 0*4,

Case 2 The stress concentration curve follows a very 

similar relationship to that shown in Case 1. 

The crack length giving a stable crack tip seems 

to be a/w * O.61

Case 3 The minimum crack length giving a stable crack 

tip was found, in this case, to be a/w = O.65,
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Case 4 From this plot we can see that in this case the 

minimum crack length to give a stable crack tip 

is a/w = O.25. Beyond this value the very 

rapid decrease in stress concentration indi 

cates that the crack tip is propagating in a 

stable manner* The compressive stresses 

suggest that the crack tip will stop before 

complete rupture of the specimen.

The finite element compliance method was used in 

calculation of energy release rates. The compliance 

curves are shown in Fig. (5.9). The specimen in case 

4 seems to have the greatest flexibility.

Table I gives the variation of the numerical values 

of «6 and K with crack length for case 1. The graphical 

representation of this table is shown in Fig. (5.1O). 

From the stability condition for dP > O the value of <$ 

must increase as the crack propagates and also satisfy 

the condition

•6 da *

From the graph (5.1O) we can see that <3 increases 

rapidly until the a/w ratio reaches a value of O.S; the 

above result suggests that the system will be unstable 

first and beyond this value stability of the crack tip 

is obtained.

Table II gives the variation of the numerical 

values of -Q and K with the crack length for case 2.
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Fig. (5.11) is the graphical representation of this 

table. The analysis of the results indicates that the 

system is unstable until the ratio a/w <* O.55. Beyond 

this value the system is stable.

Table III gives the variation of the numerical 

values of -6 and K with the crack length for case 3. 

Fig. (5.12) is the graphical representation of this 

table. Stability of the crack tip is obtained for 

a/w £ O.65.

Table IV gives the variation of the numerical 

values of *G and K with the crack length for case 4. 

Fig. (5.13) is the graphical representation of the above 

table. Crack tip stability is obtained, when 

a/w i O.3. The rapid decrease of -6 into a negative 

value suggests an improvement of crack tip stability 

and a tendency of crack closure.

Fig. (5.14) shows the stress intensity factors K 

for all the cases considered, as obtained from the 

finite element analysis. The curves shown in this 

diagram lead to the following conclusions % When only 

one crack propagates along the y-axis, case 4, the 

greatest stress concentration is localized below the 

point of load application near the crack tip. Hence 

high values of stress intensity factors were obtained. 

When two cracks propagate along the y-axis (case 3), the 

stresses are more evenly distributed, due to symmetry 

along the y- and x-axes; hence smaller stress intensity 

factors were obtained.
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In the case of the crack tip moving along the x- 

axis restraining moments together with compression 

induced there by the external load reduce the stress 

concentration values ahead of the crack tip. Hence 

lower values in stress intensity factors were obtained 

than those in the previous cases.

5.4. Conclusions from the theory

The finite element analysis of O-sections showed 

that this geometry will be suitable for displacement 

controlled experiments. The compliance calibration 

curve showed that the geometry for case 4 gives the most 

flexible system. It is desirable to have a flexible 

test specimen because large deformations may be 

accurately recorded on an autographic testing machine 

and hence the areas to be measured on the load-deflec 

tion graph will be large. This results in accurate 

•6-value determination.

5.5. Experimental results

In the quasi-static process, the crack is caused 

to spread continually, ideally at some constant slow 

speed. For most purposes it is sufficient to use a 

stiff testing machine and to drive the cross-head of the 

machine at constant.speed. The Instron, representing 

such a stiff testing machine, was used to determine 

P,u curves for O-sections. The cross-head of the 

machine to which the loading jaw is attached can be



driven at various speeds. The load is recorded auto- 

graphically on a chart.

The quasi-static crack propagation method is 

commonly applied to specimens in tension. However/ this 

is not a necessary condition of the method. In the 

study presented here the specimen is subjected to a 

compressive load, and the corresponding P, u curve 

determined.

The tests were carried out on O-sections made of 

Perspex. This material was used because it is easy to 

obtain and is fairly cheap. Machining of Perspex 

specimens is easy and slots simulating cracks are 

easily inserted in the section. The material is trans 

parent so the exact location of the crack tip can be 

seen.

The geometry of the test specimens is shown in 

Fig. (5.3). The outer diameter was 12 in., inner 

diameter 9 in and the thickness of the sheet O.25 in. 

The test specimen was placed in the testing machine as 

shown in photograph (5.15). The load-deflection curve 

was firstly obtained for a complete a^nulus. Varying 

crack lengths x>?ere introduced by means of a saw cut and 

for each crack length, the load-deflection curve was 

recorded. The change in (^) was then calculated and 

equation (5.1) gave the value of P at which crack prop 

agation would occur. For each geometry, two specimens 

were tested.
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The load range x«;as set up to give the maximum 

sensitivity which caused inaccuracies in obtaining 

slopes of P,u curves. This is due to the pen recorder 

"hunting" at this sensitivity. The P,u curve is not 

a smooth line as a result of the pen "hunting". The 

true value of slope was taken as an average between 

slopes corresponding to the highest and lowest peak 

values on the zig-zag line.

Fig. (5.16) gives the P,u curve as obtained from 

the experiment for case 1. The finite element curve 

shows a similar relationship. Although care was taken 

vrhen the specimens were set up into the test position , 

certain inaccuracies could occur and this could be the 

reason for the disagreement of both results.

Fig. (5.17) shows the P,u curve as obtained for 

case 2 by the experiment and finite element method of 

analysis. As can be seen from the graph, both solu 

tions follow a similar relationship. The differences 

in initial slopes are due to different crack lengths.

Fig. (5,18) ives the P,u curve obtained for case 

3 from both the finite element method and the experi 

ments. As can be seen, good agreement of both solu 

tions was obtained.

Fig. (5.19) shows the P,u curve as obtained from 

experiments and the finite element method of analysis 

for case 4. Good agreement of both solutions is 

apparent.
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In the two latter figures the scatter in experi 

mental values may be noted. This is due to the fact 

that both geometries are sensitive to the correct 

position of load application. The theoretical assump 

tions made require that the crack will propagate 

simultaneously (case 3), and the direction of propaga 

ting crack tip is in the same plane as the applied 

load. In practice,, this is difficult to achieve. 

There will always be either different crack lengths, 

or the propagating crack and applied load will not be 

in the same plane. This explains the scatter in 

experimental values,, in particular for case 3.

5.6. Conclusions

For stable crack propagation in O-sections, the 

initial crack length must be greater than a certain 

minimum value. The finite element analysis and the 

experiments showed that for case 1 this value of 

a/w = O.y, for case 2 a/w ^ O.SEfor case 3 a/w = O.65 

and for case 4 a/w £ O.25. In the case of plastics, 

O-sections must be sufficiently thick to prevent 

buckling. Restraining moments acting in the section 

during cracking reduce the deflection of the loaded 

points. The relative change of stiffnesses for all 

four cases under consideration is shown in Fig. (5.9). 

The numerical analysis showed that the most flexible 

system is that of case 4 and least that of case 2. This 

agreed with the experiments.



Tha geometry of case 3 does not appear to be 

successful as a fracture toughness specimen for the 

following reasons:

(a) the initial crack length which ensures stable 

crack propagation is large

(b) the specimen is sensitive to loading position

(c) the area under P,u curve to be measured is small.

The geometry of case 2 appears to be better, but 

the initial crack length is also large.

The geometry of case 1 does not give the P,u 

curve sufficiently defined.

The geometry of case 4 seems to be the most suit 

able for the following reasons;

(a) the initial crack length which ensures stable 

crack propagation is small.

(b) the specimen has sufficient flexibility to 

produce a well defined P,u curve.

We conclude in general that the results obtained 

from the finite element analysis are in good agreement 

with those obtained by experiment.



CHAPTER VI

The energy approach and the use of the definition 

-6 = max dV/dA to estimate the most probable fracturt 

path is discussed. The brittle lacquer technique 

is used in the experimental investigation.



CHAPTER VI 

BRITTLE FRACTURE PATH DETERMINATION

6.1. INTRODUCTION

When a sheet containing a central crack is frac 

tured by a load applied normally to the crack, the frac 

ture runs either straight or takes a curved path. This 

depends on the specimen geometry and hence the stress 

distribution due to load. Erdogan and Sih (4) have 

stated two hypotheses for the extension of cracks in 

brittle materials, which are given in Chapter II.

Unless a specimen is considered to be perfectly 

isotropic and homogeneous, it is not possible to talk 

about a unique fracture path. In a real material there 

will be a path, which under any given stress condition 

will be most probable.

Determination of a brittle fracture path was studied 

on a square plate having a central crack orientated in 

an arbitrary direction with respect to the applied loads. 

The finite element method of analysis and the use of the 

definition of -6 = dV/dA is employed to obtain the most 

probable direction of a crack path.

The brittle lacquer technique was used to verify 

numerical results.



6.2. Fracture path in a perfect isotropic Elastic 

ffaterial .

Irwin (14) discussed the equilibrium and stability 

of cracks from an energy rate viexv point. The results 

of his work proved the equivalence of the energy rate 

and stress intensity factor approaches. He also showed 

that the energy rate, -G, is independent of the type of 

load application.

Erdogan and Sih (4) have shown that the crack ini 

tially grows along the line of local symmetry. This 

would suggest that the energy release rate has a very 

steep maximum , when the crack propagates along the line 

of symmetry. This is not so, as can be seen from Fig. 

(6.1).

Cotterell (16) assumed that a crack tip propagating 

in the specimen releases maximum energy and the fracture 

path takes a curvilinear shape. The crack can propa 

gate along any line near to the previous crack path, as 

shown in Fig. (6.2). Since moving from one side of the 

crack to the other, the energy release rate passes from 

minimum to minimum, it must pass through a maximum. 

Hence when the crack propagates in a direction normal to 

the maximum stress a, the energy released should be a 

maximum. As discussed in Chapter III, it is not possible 

to talk about an absolute maximum stress. It was shown 

that the stress concentration increases as the crack tip
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is reached. Kence a larger stress can be always 

obtained by a closer approach to the crack tip. Due 

to this fact, the numerical analysis is based on deter 

mination of the direction of maximum release of energy 

rather than the direction of maximum stress.

Cotterell (16) classifies fractures into two main 

classes?

Class I Fractures when the crack tip is forced to 

deviate from the ideal path have a tendency 

to return to the original path. An example 

of this fracture is a tension specimen with 

a crack inclined to the load.

Class II Fractures having a tendency to deviate from 

the ideal path r see Fig. 6.2. This is due 

to the fact that the normal stress across the 

line of symmetry ahead of the crack is less 

than the normal stress along it, and due to 

the presence of bending stresses.

Gurney and Hunt (13) discussed the crack path 

obtained during quasi-static cracking in Perspex sheet, 

The tensile stress at the end of the spreading crack 

and the least value of dP/du are two criteria used to 

predict the fracture path. Fig. (6.3) shows the 

different crack path during cracking as obtained by 

(13).
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Barr (29) discussed the crack path obtained during 

quasistatic cracking and the effect of bending stresses 

on the crack path in a uniform rectangular test specimen. 

For specimens which are long compared with their depth/ 

bending stresses near the crack tip cause tension 

parallel to the direction of cracking. If the crack 

does not propagate symmetrically, tensile stresses on 

either side of the crack will not be equal. The greater 

tensile stress would occur on the side which has reduced 

second moment of area. The crack will curve from the 

central line and the crack path is as shown in Fig. 

(6.4a). The crack path due to symmetrical crack prop 

agating is shown in Fig. (6.4b).

From the work already done in this field it can be 

seen that the energy consideration is the best approach 

to determine the most probable fracture path.

6.3. Brittle Lacquer Technique

The brittle lacquer process gives an immediate over 

all picture of the stress distribution, distinguishing 

between areas of high and low strains. A brittle 

coating is defined as one which will fracture in response 

to strain in the surface below it. When the structure 

is loaded, cracks will appear in the coating in a direc 

tion perpendicular to the greater principal tensile 

stress. The distribution of cracks observed indicate 

graphically the direction of the stresses and areas of 

stress concentrations. Provided that the lacquer is

AOSL



applied under closely controlled conditions, it is 

possible to determine approximate values of principal 

stress magnitude from the load level at which individual 

cracks are initiated. The values at which the coating 

fractures are determined by calibration.

6.3.1. Calibration

Since strain, rather than stress, is being measured, 

the same calibration bars can be used regardless of the 

material in the structure. Calibration techniques for
•iV\e

measuring tension strains are described in^manual 

supplied by the manufacturers.

Under the influence of time and load, the coatings 

tend to creep. This is very important if stress levels 

are to be determined and creep correction charts, 

supplied by the manufacturer, should be used to obtain 

correct values.

In the tests carried out only the direction of 

maximum tensile stresses was required. Hence creep 

was not a problem.

6.3.2. The brittle_lacg;uv3r process

The test specimen was initially cleaned. Since 

transparent material was used, a thin coat of aluminium 

primer was given to the specimen. The lacquer was 

then applied by means of an aerosol.
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6 „ 4 . Square Plate With Inclined Crack-Finite Element 
Analysis

It was discussed in Chapter II that the energy rate, 

-€, is independent of the type of load application. If 

an elastic body is loaded and the grips (load-point 

displacements) are then fitted , the strain energy change 

per unit area dV/dA is the only contribution on to-^3.

Using analytical methods, a number of solutions have 

been deduced for varying crack sizes for relatively 

simple shaped structures. A detailed study of such 

problems is given in (25) .

In the present chapter, a square plate with inclined 

crack subjected to uniaxial tension is analysed, see 

Fig. (6.5). The finite element method of analysis is 

used to determine the variation of energy release rates 

with crack position. It is assumed that the loading 

during plate extension is not altered,

The strain energy V is given in terms of the stiff 

ness matrix (l<) and displacement vector {u} by

V = ^{u} T (K) {u} (6.2)

Several separate finite element solutions with slight 

differences in crack length or crack direction are 

required to obtain energy rates.
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In Fig. (6.6) is plotted the variation of-€ with 

crack angle in respect to direction of applied load. 

As can be seen, the energy rate increases with increa 

sing angle of crack inclination.

6.5. Determination of Most probable Fracture path -• 
Finite Element Analysis

The technique used in the presented study is based 

on energy rate consideration. It does not require 

extBffmally small crack tip elements as discussed in

Chapter III. The elements used are of the order a/2O 

of radial direction (where a is crack length). This 

size is about 10O times higher than conventional near- 

tip elements. The configuration of crack tip elements 

used in the study of the direction of the crack path is 

shown in Fig. (6.7a). Point B moves on an arc around 

the initial crack tip and the energy stored is calcula 

ted for each position of crack tip B. Using a graphi 

cal extrapolation the most probable direction of max. 

dV/dA may be determined, see Fig. (6.8). Two different 

values of fracture angle 8 were obtained. One for the 

lower crack tip element configuration and the other for 

the upper one. The average of both values was consid 

ered to obtain an estimate for the most probable 

direction of maximum dV/dA.

In the case shovm in Fig. (6.8), the crack was 

inclined under 45° from the direction of loads. The 

fracture angle e as given by (4) is 53.16 . The
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estimated value from the finite element analysis des 

cribed above was Q* = 53.125°, whii 

lower than the value given by (4).

cribed above was 9* = 53.125°, which is less than 1%

It should be noted that the values given in Fig. 

(6.8) provides only a global energy comparison which 

will not in general reflect the variation of stress 

intensity factor along the crack front.

The same numerical procedure as discussed above 

was applied to the square plate having a central crack 

inclined by 20°, 3O° and 6O° from the direction of

applied loads. 

Table I.

The estimated values are as given in

Crack 
Angle

20°

30°

45°

60°
i

Fracture Angle
P.E.M.

66.98°

62.62°

53.125°

41.82°

Erdogan & 
Sih (4)

63.80

6O.OO

53.16°

43.2 °

% error

+4.98

+4.37

-0.068

-3.2

TABLE I

Fig. (6.9) shows an interaction curve of fracture 

angle versus crack angle as given by Erdogan and Sih (4). 

As can be seen, the finite element values fit well into 

this relationship.
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6.6. Conclusion From Numerical Analysis

The energy approach was used to calculate -6 values 

in a square plate having an inclined crack and subjected 

to uniaxial tension. It was found that as angle 3 

(angle of crack inclination) increases, the value of-6 

increases also.

The most probable fracture path was determined by 

the use of the definition -6 = max dV/dA in the configur 

ation of crack tip elements. The cases analysed are 

indicated in Table X. As can be seen, the error varies 

up to 5% fron the values quoted by (4).

Once the initial direction of crack path is deter 

mined, the same procedure can be repeated for the new 

position of the crack tip and hence the complete crack 

path may be estimated.

The method described above proved correct, but 

lengthy due to the fact that, for each position of the 

crack tip, a separate finite element solution was 

required. The discussion of the computer program and

the possibility of the use of a more economical solution
IK* 

procedure is given inA Appendix.

The apparent expansion in this field is a study of 

the boundary affect or b/w aspect ratio on crack path.

Different loading conditions- and the a/w ratio are 

other variables which should be considered.

As stated previously, the computer program must be 

made more economical first and then further study of the
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problem can be carried out. This will be the aim of 

future work.

6.7. Experimental Investigation

In the present study stresscoat was used in prefer 

ence to tenslac.

The test samples were prepared from square perspex 

sheets O.25 in thick. The side length of the squares 

varied from 12 in x 12 in to 9 in x 9 in.

Natural cracks were initially introduced into the 

above specimens using the technique described in 

Chapter IV. The Perspex sheets were then cut so that 

the crack axes were inclined to the direction of loading 

by 18°, 30°, 45°, 6O°, 7O° and 9O°. The final overall 

specimen dimensions were 9 in x 9 in., see Fig.(6.1O).

The specimens were cleaned using a clean cloth. 

The recommended surface cleanser was not used because of 

the possibility of its attacking the crack tip.

When the aluminium undercoat had dried, two opposite 

sides of the specimen were damped by means of two strips 

bolted together. This arrangement approximates to a 

uniformly distributed load over the plate width. The 

test piece was assembled (all bolts were hand tightened) 

and stresscoat was applied to the specimen surface. 

Specimens prepared in such a way were left at room temp 

erature for 24 hours when the tests were carried out.
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The assembled test-piece was fixed into the testing 

position shown in photograph 6.11.

The specimens were carefully observed with the aid 

of a torch for any indications of strain cracks in the 

brittle coating. Strain cracks were only observed on 

the specimen with the crack perpendicular to the loading. 

On the other specimens no cracks were observed in the 

coating. Fracture took place so quickly that it was 

difficult to prevent complete fracture of the specimen. 

Only in the case of a plate having the crack axis 

inclined by 7O to the load direction was the propaga 

ting crack tip stopped successfully. The photograph of 

the specimen with the crack tip leaving an axis of local 

symmetry is shown in Fig. (6.12).

Photographs 6.13 And 6.14 show the test specimens 

where complete fracture occurred. Class I fractures 

(ref. (16)) are defined as such when forced to deviate 

from the ideal path. The photographs show very good 

examples of this type of fracture and a tendency to 

return to the original path is clearly indicated. The 

fracture angles were measured directly from the specimen. 

The experimental fracture angle 9 E was obtained as an 

average value of both values with respect to the top and 

bottom crack tip. The results are summarised in Table 

II. The percentage comparisons are made between the 

experimental values and values obtained from numerical 

analysis and between experimental values and those given 

by Erdogan and Sih (4).

409



u •

N!



or

Fig. 6 i2_



; j''iVfrx.^*i-i"'-.V-.'. :-A'.-im .'•.•':&';>&

\



= 9oc

6-14



6

18°

30°

45°

60°

70°

J90°

'6 E 
TOP

68°

62°

59°

31°

23°

0°

e E !BOTTOM

70°

63°

46°

35°

30°

0°

6 E

69°

62.5°

52 . 5°

33°

26.5°

0°

9 F.E

+67.8°

62.62°

53.125°

41.82°

S.9-0 0

0°

% ERROR

+ 1.77

- 0.19

-1.18

-21

-8-63

0

E & S 
(4)

+64.4°

60°

53.16°

43.2°

33.3°

0°

% ERROR

+ 7.13

+ 4.17

- 1.24

-30.6

-20.4

O

TABLE II

+ finite element and (4) values were taken from graph given 

in Fig. (6.9).

In Fig. 6.9 the graphical comparison of all three 

results is presented. From Table II and Fig. 6.9, it 

can be seen that the fracture angle values obtained by 

three different methods are in good agreement in a 

region e * 45°. It is evident that more work needs to 

be done for 3 > 45 .

6.8. Conclusions

The energy approach to determine the most probable 

fracture angle was verified by experiments. From the 

given results it is apparent that more work should be 

done for specimens where 6 > 45 .
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The brittle lacquer technique was not successful 

in this particular study. Testing to destruction seems 

to be the best approach. Possibly photoelastic coat 

ings could be used to determine the fracture path.



CHAPTER VII

This conclusive chapter summarises the 

conclusions and suggests possible future work.



CHAPTER VII 

CONCLUSIONS AND FUTURE WORK

The object of this study was to show the applica 

bility of the finite element method of analysis to 

problems in fracture mechanics.

The finite element method has been used by a number 

of investigators to determine elastic stress intensity 

factors for cracked bodies. When conventional finite 

elements are used in the crack tip region, the charac 

teristic elastic square root singularity necessitates 

the use of an indirect procedure. Two basic approaches 

to solve this problem have been used. The extrapola 

tion of a field parameter to the crack tip and an energy 

method.

The tangent extrapolation procedure in conjunction 

with constant strain triangular elements was discussed. 

For approximately 3OOO degrees of freedom agreement 

within 2% of accepted values was obtained.

A second indirect technique involves determination 

of the stress intensity factors from a calculation of 

the change in strain energy per unit crack advance, -8. 

The energy method used in this investigation is very 

similar to the experimental compliance method to compute 

the energy release rate. The same specimen geometry 

for several cracks of slightly varying lengths was



solved and the compliance as a function of crack length 

was obtained. Numerical differentiation of this 

relationship with respect to crack length enables 

determination of-6 and hence K. With this method, when 

approximately 8OO degrees of freedom and constant strain 

triangular elements were used, accuracy of about 3% was 

obtained.

Each of these finite element techniques has its 

disadvantages. For example, the storage of require 

ments of the characteristically large band-widths, 

coupled with the severe mesh refinement near the crack 

point, which is necessary for accuracy using the extra 

polation technique, make its application lengthy and 

expensive. Similarly, attempts to obtain energy 

release rates by re-solving a problem for a slightly 

advanced crack length proved costly, especially if K is 

to be defined at all positions along the crack front.

The aim of future work is to use a new finite 

element technique, proposed by Hellen (34). The 

solution (based on the energy rate technique) does not 

require values of stresses and hence the cost is much 

less than the cost of normal run. For the details of 

solution see Appendix.

Geometry of Test Specimen

The effect of the geometry of the test specimen 

and different types of loading on the change of stress



intensity factors is discussed in Chapter III. The 

results are given on summary charts. It was found 

that biaxial loading does not affect the change in 

stress intensity factors.

Future work should be directed towards obtaining 

stress intensity factors for more complex loading 

arrangements such as pure shear, bending and other 

combinations and hence determination of KU and KJJJ 

respectively.

Numerical P,u curves and Stability 

of the Crack Tip

Stability of the crack tip in rectangular specimens, 

where the crack is forced to propagate on one side only 

is discussed in Chapter IV. It was found that as the 

hole stopping cracking on the one side approached the 

line of loading, stability was improved. Numerical 

load-deflection curves were obtained from the finite 

element solution. In the experimental investigation, 

the Gurney and Hunt method of quasi-static crack propa 

gation was used. It was shown that the geometries 

considered improved stability for dP > O. Distinction 

between improving stability and arriving at the best P,u 

curve for determination of -S values was drawn. It was 

found that the geometries considered do not improve P,u 

curves for specimens made of Perspex, but improvement is 

expected for less stable materials.



The analysis indicated, that the position of the 

hole stopping one side of a crack from propagating is 

not the only variable affecting crack tip stability. 

The width/breadth ratio is another variable which should 

be taken into account. Combination of these two 

aspects will be the aim of future work in the area.

O-Sections

The possibility of O-sections as fracture toughness 

test specimens is discussed in Chapter V. It was 

found that this geometry is not particularly successful 

for plastic materials due to the facts summarised in 

th&k chapter. There is a possibility that O-section 

specimens could be used for testing ceramic materials? 

e.g. cement and concrete specimens and rock specimens. 

If the specimen geometry is such that only a small change 

in stiffness (and hence only a small change of load) is 

obtained as a crack is produced across a section, then 

the fracture toughness can be evaluated with reasonable 

accuracy by using equation (5.1).

Determination of Fracture Path

The variation of energy release rate in a square 

plate having a central inclined crack was discussed in 

Chapter VI. It was found that as the crack angle 

increases, the value of -Q increases also.



The most probable direction of a fracture path was 

approached by the use of the definition -6 = max dV/dA. 

The energy comparisons were made for a configuration of 

crack tip elements and graphical extrapolation gave the 

estimate of the most probable fracture angle. The 

errors of estimated values were between 1% and 5% from 

the values given by Erdogan and Sih (4).

The brittle lacquer technique was used to obtain 

experimental confirmation of the numerical results.

Future work will be mainly directed to a study of 

fracture path in anisotropic materials.

Cone Fracture

If a hard spherical indenter is pressed with an 

increasing normal force P on the flat face of a brittle 

solid, a cone crack develops when the force reaches a 

critical value.

Hertz (1882) studied this type of fracture theoret 

ically and the stress distribution which he obtained 

predicted the formation of circular cracks at the rim 

of the area of contact. Many investigators carried out 

experimental and theoretical studies in order to deter 

mine the relationship between a force producing a ring 

crack and the radius of curvature of the indenter .



Benbow and Roesler (36) used stable cone cracks to 

determine the specific fracture energy of high polymers 

and glass.

The study of cone fracture is essentially the three 

dimensional problem. The application of the finite 

element method of analysis to this problem will be the 

aim of future work.

The preliminary analysis was carried out in two- 

dimensions and the behaviour of a trapezoidal crack 

(i.e. two-dimensional cone crack) was studied. The 

Perspex specimen was assumed rigid and bending could 

not take place. The crack length, a, was studied at 

three locations - a = O 0 2 in, O.35 in and O.5 in. In 

all cases the crack was inclined at 45° to the axis of 

symmetry. The distributed load was applied over the 

area as shown in Fig. 7.1.

From the stress distribution shown in Fig. 7.2, the 

main properties of trapezoidal cracks could be deduced. 

It was found that the maximum tensile stresses do not 

occur ahead of the crack tip, but in a shallow region 

near the surface outside the area of the applied load. 

If we assume that the crack path is related to the state 

of stress in the body, it can be said that cracking 

proceeds orthogonally to the greatest tensile stress. 

It also can be said that the crack path is not only 

controlled by the stresses immediately in front of the



moving tip, but by the stress over the whole body. 

From the diagrams given in Fig. 7.2, the crack is 

expected to propagate at an angle of approximately 68° 

from the axis of symmetry. As the crack tip moves 

deeper into a body, the location of the maximum tensile 

stress does not change its position. This indicates 

that a crack will not propagate as far as O.5 in, as 

assumed, but most probably will deviate in curvilinear 

shape as indicated on Fig, 7.2a. Hence the length of 

slot to produce a natural trapezoidal crack appears to 

be less than O.2 in.

The application of cone fracture in rock mechanics 

and concrete technology is another possibility of 

further future study.
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APPENDIX 

COMPUTER PROGRAM

The program used during this investigation is a 

standard finite element program for constant strain 

triangular elements (17) . The programming language is 

Fortran IV.

The input data consists of co-ordinates of nodal 

points, elements with their defining nodal numbers, and 

certain load vectors. Both plane stress and plane 

strain cases are included in the program. The appro 

priate case is selected by an introduction in the input 

data.

To obtain a complete solution two conditions must 

be satisfied throughout 2

(a) displacement compatibility

(b) equilibrium.

Any systems of nodal displacements {u> listed for 

the whole structure automatically satisfies the first 

condition. The conditions of overall equilibrium have 

been satisfied within an element. All that is necessary 

is to establish equilibrium conditions at the nodes of 

the structure. The resulting equations will contain the 

displacements as unknowns. Once these have been solved 

the problem is determined.
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In the finite element method, a solid structure is 

represented by a system of nodes and elements. Each 

node has two or three degress of freedom (whether the 

displacement is prescribed or unknown). Let K be a 

stiffness matrix, (u) be the total displacement vector 

with {P} the corresponding vector of equivalent nodal 

loads.

The elements are called one after the other and 

the stiffness matrix formed is divided into submatrices. 

These are then added to the appropriate locations of 

the overall matrix in accordance with the nodal numbers 

of the particular element. A partitioning scheme is 

used in this analysis. This means that only the ele 

ments concerned with the nodal points in a particular 

partition are used in the calculation. The method on 

which this program is based takes into account the 

symmetry of the matrix and the fact that the non-zero 

elements lie usually close to the diagonal. The 

matrix is sub-divided into convenient parts which can 

be written in a tridiagonalized manner as follows?

K T Cj O O ........... O O

C IT K.J.J KJJ O...........O O

T -. _. ,_ 
K C O 0

KN-1 CN-l 

O O O O Cjj-j KN

•

141
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Pi
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A direct Gaussian elimination method vas used for 

solving the equation

K {u> = (P> (I)

If this process is reversed, and the known values are 

now back-substituted into the equations , all the 

unknowns can be found.

Since in this program the matrices are eliminated 

in blocks,, it is apparent that a substantial amount of 

storage is required for solving (Ci) and (KJ_) and for 

carrying out the intermediate calculations. If the 

band-width of the matrix is very wide (as in the stiff 

ness matrix of an assembly of solid elements) it is 

necessary to use the alternative method for a solution.

The method proposed by Kellen (34) seems to be very 

economical. The improvement in the finite element 

solution is given in the following section.

The strain energy V is given in terms of the 

stiffness matrix and the displacement vector as:

V = h (u} T (K) {u} (II)

For the forward elimination we have

(u){u> = (L)' 1 {P} (III)



and for back substitution we have

= (u)" 1 (XT 1 {p>

(u) stands for an upper triangular matrix, and 

is lower triangular

The state of {P} vector after the end of forward 

elimination is;

{P> = L" 1 {P}

so we can write

V = \ {P} T (v)~ lT (L) {P}

Consider a small increase , <5a, in the crack length 

with no change in external mechanical loads.

The total potential energy is given bys

w = % {p> T (K){P> - (u}T {P>

or

W = V - {U}T {P} (V)

The variation of 6V can be written as

6V = h {u}T (6K) {u> (VI)

This result indicates a numerical procedure to estimate 

The stiffness variation matrix is null for all



elements not containing the crack tip, since the only 

geometry change is at the crack tip. Kence (<SK) only 

receives contributions from the crack tip elements. 

Knowing the displacement vector {u}, and having 

the total matrix (5KJ , -^ can be calculated at the end 

of a normal run.

For a small extension 6a, we can write

- vu

£&.

where VD is the energy in these elements when the tip 

is extended.

Vjsj is the energy in the crack tip elements when 

the tip is not extended.

This procedure is more economic than using two 

separate finite element solutions with slight differences 

in crack length,, but requires assembly and storage of the 

(6K) matrix from the crack tip elements. Hellen (34) 

states that the computing cost is much less than the 

cost of a normal run (usually between 5O% and 8O%) .
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