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Abstract

The science of modelling the behaviour of natural phenomena and physical systems has 

grown significantly in importance in the last century. It helps us to understand and 

predict natural phenomena or improve and control all types of industrial processes.

There are basically two approaches to system modelling: a model can be derived from 

physical knowledge of the system or by systematically testing it and estimating the 

model structure and parameters based on the test data. The method of system testing has 

gained importance due to the increasing complexity of modern industrial systems and 

processes. It also serves as a verification tool to the physical model. It has led to a rapid 

advance of a particular discipline within science generally referred to as system 

identification.

This thesis deals with a frequency domain approach to identifying a particular class of 

nonlinear systems which can be modelled by the Volterra series. The methodology is 

based on the application of specially designed multisine test signals which allow second 

and third order terms of the Volterra series, so-called Volterra kernels, to be measured 

directly and the structure of the nonlinear system to be identified.

In the first part of this thesis an introduction is given to system identification in the 

frequency domain and the analysis of a particular class of nonlinear systems using the 

Volterra series. Particular attention is given to the design of multisine signals and the 

development of a comprehensive software tool to aid with the identification task. The 

second part examines Volterra kernels and the application of block-oriented models to 

Volterra systems. A method is proposed for identifying the structure of such models 

based on Volterra kernels and in particular for the de-composition of a cascade structure 

into its linear dynamic components.

The contributions made in this work include the development of a software tool for 

system identification, the measurement and representation of frequency domain Volterra 

kernels, as well as the classification and decomposition of block-oriented models by 

applying specially designed multisine signals.
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Introduction
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This thesis deals with the identification of block-oriented nonlinear systems based on 

measured Volterra kernels. This work is mainly based on the advanced design of 

perturbation signals presented by Evans (1998) who applied multisine signals to 

estimate linear frequency domain models for gas turbines. Although his work mainly 

concentrated on the estimation of linear models, one particular outcome of the work he 

carried out on multisine signals was to show that they can be used to directly measure 

the higher order transfer functions or kernels of Volterra systems.

This feature has provoked the motivation for the work reported in this thesis. The 

application of multisines can be used to identify a particular class of nonlinear systems, 

which can be modelled by the Volterra series and which can therefore be represented by 

block-oriented models. Well known structures of such models are the Hammerstein 

model, the Wiener model or a combination of both, often referred to as the Cascade 

model. The identification of the structure of block-oriented models and their linear 

components based on Volterra kernels are the main subject of this thesis.

System identification methods can be divided by the model space to which they apply, 

where two major areas have evolved: the time domain method mainly by Ljung (1994) 

and the frequency domain by Schoukens et al. (1991). The choice of domain restricts the 

choice of pertubation signals, model structures and estimators. Although the 

identification of linear systems in both domains is well established the preference in this 

thesis is given to the frequency domain approach.

Chapter 2 gives an introduction to the identification of linear dynamic systems in the 

frequency domain and presents a brief comparison with the time domain approach to 

justify the reason for using the frequency domain method in this research programme. 

The work reported on is restricted to time-invariant causal systems, which comprise the 

vast majority of practical applications. The described identification algorithms are 

applied to single input - single output models which describe the relationship between 

measured input and output signals of the system under test.
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In Chapter 3 the application of the Volterra series to the modelling of nonlinear systems 

is discussed. In comparison to linear systems or those systems where the nonlinear effect 

is weak enough to be neglected the identification of nonlinear systems poses rather a 

bigger problem, not least because of their complexity and varying properties.

A large class of nonlinear systems can with certain restrictions be modelled by the 

Volterra series, named after Vito Volterra, which has found particular application in 

modelling of mechanical structures (Gifford et al. (1998)) or in the analysis of 

communication systems (Narayanan (1970) and Bussgang et al. (1974)).

The Volterra series extends the Taylor series for static nonlinearities to systems with 

finite memory, that is systems whose impulse response asymptotically approaches zero. 

The resulting functional combines an n-dimensional polynomial for the static 

nonlinearity with the convolution integral for linear dynamic system. For each order of 

the polynomial a (multi-dimensional) transfer functions can be derived which are also 

known as Volterra kernels and which exist in the time domain as well as in the 

frequency domain.

The frequency domain Volterra kernels which are the foundation for this work are 

described in Chapter 4. It starts with the problem of their measurement by applying 

multisine signals with a specific harmonic content (Evans et al. 1996). These signals 

allow Volterra kernels to be measured with great resolution without relying on 

stochastic excitation or multiple tests (Korenberg (1991)).

Further attention is paid to the graphical representation of second and third-order kernels 

which is then used to examine their properties in detail and define regions of measured 

and unmeasured points. The measurement of Volterra kernels above third order requires 

very long test sequences and large amplitudes which are often beyond practical 

implementations. This thesis is therefore restricted to second and third-order kernels 

which present one even and one odd term of the Volterra series, respectively. They are 

sufficient for many applications.
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Due to the mainly mathematical nature of system identification problems some 

application software was required which provided easy matrix operations and advanced 

mathematical functions in the fields of signal processing, statistics and system 

identification. The software needs to be programmable to allow the development of user 

based functions. The software chosen for this project is Matlab® by The Math Works, 

Inc, which at the start of the project was the only one available on a PC platform which 

met these criteria.

All calculations, simulations, functions and programs have been carried out using 

Matlab. Therefore, occasionally the description of some mathematical or logical 

problems are given in Matlab syntax. All plots and graphics have also been produced in 

Matlab.

At the start of this research programme the available functionality of Matlab for system 

identification purposes was fairly limited, hence some programming effort was required 

in order to assemble a set of function to aid with this work. Chapter 5 describes the 

result of this effort which finally resembled a comprehensive system identification 

software tool. This tool which is controlled through a graphical user interface combines 

all necessary functionality and hardware control for system identification in the 

frequency domain. The total software package amounted to approximately 4000 written 

lines of code.

Chapter 6 deals with the application of block-oriented models to nonlinear Volterra 

systems. These models have been widely studied and used to model practical nonlinear 

systems (Haber (1989), Billings (1980)). The aim of the application of block-oriented 

models is to break down a dynamic nonlinear system into a static nonlinear and one or 

more dynamic linear parts which often reflects the composition of real systems. If it is 

possible to isolate the linear components then these can be identified using linear system 

identification methods.

Chapter 6 gives an introduction to simple block-oriented model structures and then 

concentrates on graphical criteria for identifying the structure of block-oriented models
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by examining relations between patterns in the graphical Volterra kernel representation 

and the model structure.

The problem of identifying cascade models is based on the separation of the linear 

components. It has been addressed by many authors using different techniques. 

Billings et al. (1990) employed spectral analysis using Gaussian input signals. Haber 

et al. (1989) based their identification methods on estimated time domain Volterra 

kernels. Vandersteen et al. (1997a) proposed a method using a combination of small and 

large multisine signals.

Chapter 7 introduces a new approach which uses complementary pairs of multisine 

signals to measure Volterra kernels. Although this method requires additional testing 

which is often costly or at least time consuming it provides sufficient data to decompose 

the Volterra kernel of a cascade model. The frequency content of the paired multisines is 

chosen so that a least squares estimator can be applied to measure the kernel data in 

order to obtain the frequency responses of the linear sub-systems. In Chapter 8 two 

simulation examples are presented.

Some of the chapters are based on publications produced as part of this work. Chapter 4 

relates to Evans et al. (1996), the content of Chapter 5 has been published in Rees et al. 

(1995a) and Rees et al. (1995b). Chapter 6 is based on Weiss et al. (1996) and 

Chapter 7 on Weiss et al. 1998.



Chapter Two

Linear System Identification in the 
Frequency Domain

Abstract — This chapter is intended as an introduction to the basic concepts of the 

identification of dynamic linear systems in the frequency domain. A brief comparison 

between conventional methods of identification in the time and frequency domain is 

discussed and a case is argued in favour of frequency domain methods for obtaining 

continuous-time models. The key to system identification, whatever the method, is to 

choose an appropriate test signal. This chapter concludes with the design periodic 

excitation signals. The emphasis here is laid on multisine signals as they are the most 

suitable for system identification in the frequency domain and play a major part in the 

identification of a certain type of nonlinear systems which are the subject of this thesis.
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2.1 Introduction

Modern system identification techniques offer a powerful method of projecting some 

aspects of physical reality into a mathematical description or model. The area has 

received much attention over the last forty years and a mature body of knowledge and 

tested techniques now exists (Eyckhoff, 1984).

Fasol and Jorgl (1980) divided the task of system identification into six main groups:

• Obtaining a better knowledge of the process;

• Verification of theoretical models;

• Synthesis of control systems;

• Prediction of signals or systems outputs;

• Optimisation of process behaviour;

• Computation of variables which cannot be directly measured.

Tools and methods to carry out the first two tasks are presented in this thesis.

Mathematical models exist in two forms: parametric and non-parametric and there are 

two basic approaches to system identification: The derivation of a model from physical 

knowledge of the system or process or alternatively the modelling based on data which 

is obtained by experiment. The first approach can only be applied if the structure of the 

system and its physical properties are known and mathematical models are available to 

describe the physical behaviour of the system. Many systems and processes however are 

very complex which prohibits such an approach or at least requires verification by the 

experimental method. A parametric identification scheme presented by Eyckhoff (1984) 

includes both physical and experimental modelling approaches as shown in Figure 2-1.
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Figure 2-1. A parametric identification scheme. (Reproduced from Eyckhoff (1984)).

The first identification task listed above as "Obtaining a better knowledge of the 

process" involves a key step to experimental modelling: the acquisition of data. The 

result of an estimation of a parametric or non-parametric model depends very much on 

the quality of the gathered data. Outside a laboratory there are many physical restraints 

and often limited resources which dictate the design of an experiment. It must therefore 

be planned carefully under the following considerations as summarised by Iserman 

(1980):

• Input signals, their amplitude and frequency content;

• Sampling frequency;

• Signal filtering;

• Equipment for signal generation and measurement;

• Measurement time;

• Off-line or in-line estimation;
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• Open-loop or closed loop operation.

The key subject of this thesis is the identification of nonlinear systems. Although it is 

common practice to talk about linear and nonlinear systems, one will not find in practice 

a system which will strictly fall into the linear category. The classification that is given 

will depend on the degree of the nonlinearity in the linear system. The identification of 

linear systems is well established and its theory comparatively simple. For that reason 

many strategies, which have been developed for the far more complicated identification 

of nonlinear systems, are based on the existing techniques for the identification of linear 

systems. The concept of block-oriented models, which will be discussed in Chapter 6, is 

a typical example of how nonlinear models can be composed of linear sub-systems. 

Therefore the thesis will start with a basic introduction into linear system identification.

A further classification of system identification methods can be made by the choice of 

the mathematical space in which models are described: the time domain and the 

frequency domain. Both methods are presented in this chapter and a comparison is 

made.

There is a wide range of model types which are considered for system identification in 

general. The most commonly used concept is that of input/output models where the 

model describes the relationship between input and output signals of the device under 

test (DUT). This approach is also used here. However, the work is restricted to single 

input / single output models (SISO) and to time-invariant systems.

2.2 Linear Models

2.2.1 Time domain

A linear, causal and time-invariant (LTI) system can be described by the following 

equation, which expresses the output of such a system as the convolution of its impulse 

response and the input:
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y(t)= h(c)-u(t-T:)ch = h(t)*u(t) T>0 (2.1)
i=0

where u(i) is the input, y(f) the output and h(t) the impulse response, or weighting 

function, of the system. The impulse response provides a complete non-parametric 

characterisation of a LTI system in the time domain as it directly describes its input / 

output relationship. Taking the Laplace transform of equation 2.1 expresses this 

relationship in terms of the complex variable s :

(2.2)

where U(s) and Y(s) are the Laplace transform of u(i) and y(t) and H(s) is termed the 

continuous time transfer function. This can be expressed as a rational polynomial 

function of 5.

...an s" D(s)

The roots of vectors N and D are the poles and zeros of the model, respectively and Td 

represents the pure time delay also known as dead time. To observe the causality of the 

system the number of poles must be greater or equal to the number of zeros: n>m.

In practice the system output is measured by sampling at discrete time intervals Ts which 

changes equation 2.1 to

(kT,)= h(i)-u(kTs -^ £ = 1,2,... (2.4)y

Under the zero-order-hold (ZOH) assumption, that is the applied input signal u(t) is 

piecewise constant between sample intervals, the continuous transfer function in 

equation 2.3 can be transformed into a discrete time transfer function in the z-domain 

without approximation:
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H(z) = . _B(z)
+a2 z 2 ...anz " A(Z]

(2.5)

The impulse invariant transform is defined such that the impulse response of the 

discrete system is equal to that of the underlying continuous system at the sampling 

instants. The discrete poles can be mapped to their continuous counterparts by the 

straight forward relation:

z = esT* (2.6)

but the mapping of the continuous zeros is considerably more complex as discussed by 

Astrom etal, (1984). The parameters of H(z) are depended on the sampling interval Ts 

which must be chosen carefully. The minimum sampling frequency must be at least 

twice the break-point frequency of the highest continuous pole to avoid aliasing. Over 

sampling however can lead to numerical problems since Ts approaches zero and the z- 

domain poles converge towards a single point at z - 1.

A general structure for the estimation of discrete LTI transfer function models is shown 

in Figure 2-2.

e(t)

C(z) 
Az)

F(z)

Figure 2-2. A general discrete transfer function model.

This structure can be expressed as



Linear System Identification in the Frequency Domain 2-7

where B(z) and A(z) represent the numerator and denominator of equation 2.5. F(z) has 

the same form as A(z), while C(z) and D(z) have the same form as B(z). The noise 

sequence e(f) is assumed to be normally distributed. From this general structure two 

classes of models can be derived by setting certain polynomials to zero: the equation 

error models and the output error models. Details of the various structures of such 

models are given by Ljung(1987, chapter 4).

2.2.2 Frequency domain

Under steady state conditions the input / output relationship in the frequency domain is 

given by the Fourier transform of the convolution integral in equation 2.1:

(2.8)

where C/(/co) and 7(/co) are the Fourier transform of u(f) and y(f) and //(/co) is the 

frequency response function (FRF) of the system. The frequency response function is a 

nonparametric model of a linear dynamic system and yields information on the 

bandwidth, structure and possible pole and zero positions.

The application of periodic excitation signals results in discrete input/output spectra so 

that the FRF can be re-defined as :

hi order to reduce the influence of noise, the experiment should be repeated for several 

periods of the periodic test signal. The estimation of the FRF is often performed by 

simply averaging both the input and output data before building the ratio which gives a 

very simple estimator as follows:
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(2.10)

where both the input U and the output Y are averaged over N periods. HEV is the 

non-parametric equivalent to the parametric error-in-variables model which will be 

explained later. There are, however, other averaging techniques which have certain 

features especially in terms of robustness. The following equation is an example of an 

estimator, which employs nonlinear averaging:

(2.11)

This estimator has the advantage that it is robust to synchronisation problems. The 

properties of several nonlinear estimators are discussed by Guillaume et al., 1992.

The quality of the data can be assessed by the coherence function, which is a measure of 

the coherence between the input power and the output power for each frequency. The 

coherence function is given by:

where S(j(Qk) is the power density function. Under ideal conditions the coherence 

function equals one. If the coherence function is less than one then this could be caused 

by extraneous noise or due to the output y(t) being affected by other inputs besides u(t).

A commonly used model structure for frequency domain identification of LTI systems is 

the error-in-variables model, as shown in Figure 2-3.
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U(ja)
———— r fc-

\

**, Y(j<o) *———— ̂ Ym (ja>)

Nu(jco)

Um (JG)) 

Figure 2-3. General model for system identification in the frequency domain.

Um is the measured input signal corrupted by the noise Nu and Ym is the measured output 

signal corrupted by the noise Ny, respectively.

A periodic excitation signal has complex amplitudes at frequencies j'cot so that the basic 

input-output relation can be written as:

(/<D 4 )+^1I C/a) 4 ))-^(/<ot )t k = \,2,...,F (2.13)

The parameters in vector P can be found using a least squares estimator for linear 

systems (ELiS) which was developed by Schoukens and Pintelon (1991) and is 

implemented in the Frequency Domain Identification toolbox for Matlab. The weighted 

cost function is given by:

-D(sk ,P)Ymk

2 t=i

(2.14)

where the term70)4 was replaced by Sk in order to simplify notation. F is the number of 

frequencies at which the system was tested. N(s, P) and D(s, P) are the numerator and 

denominator of the following transfer function:

(2.15)
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where Q can be either s or z.

The expected minimum of the cost function depends on the number of measured 

frequencies F and the number of parameters np to be estimated:

(2.16)

The cost function is weighted by the terms in the denominator, which include the
"7 "5

variances au and vy of the corrupting noise. The noise on the real and imaginary parts 

of the frequency data can be assumed to be normal distributed for a wide range of noise 

distribution in the time domain as shown by Schoukens etal, 1986. Given this, the 

estimator can be shown to have maximum likelihood properties.

Nu and Ny are regarded as measurement noise and therefore assumed to be uncorrelated. 

A correlation between input and output noise can occur if, for example, there is process 

noise or if the system includes feedback. In order to deal with correlated noise an 

additional term is added to the denominator of the cost function which includes the 

covariances auy of the input / output data.

ELiS also allows the estimation of the pure time delay Tj of the system under test by 

including Tj in the cost function as a freely varying parameter. However, it must be 

emphasised that the choice of a good start value is very important and that it may be 

necessary to repeat the estimation for several start values until useful results are 

obtained.

2.3 Why Frequency Domain

System identification for input / output models can be performed in both the time and 

frequency domains. The difference in the identification procedure between the domains 

is the way in which the data is presented to the estimator. In the time-domain the data 

has to be presented as time records whereas for the frequency domain the data presented 

to the estimator has to be Fourier transformed.
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Time domain identification results in a time discrete z-domain model, which can be 

directly transformed into a difference equation. Frequency-domain identification is 

usually used to estimate a continuous s-domain model, but it is also possible to obtain a 

z-domain model from the frequency data, fdentification in the frequency domain has 

specific advantages but also disadvantages over the time domain:

• The main restriction for frequency-domain identification is that only periodic 

excitation signals can be used, ff the input / output data is not periodic, the FFT will 

introduce leakage into the frequency data. The leakage can be reduced by applying 

time domain windows and averaging over a large number of experiments, but there 

still remains an error. Alternatively, a transient term can be added the model which 

adds to its complexity. Consequently, periodic signals should be given preference 

when using frequency-domain methods. This means, for example, that this approach 

should not be applied to time-series, where there is no input.

• For frequency-domain identification the measurements have to be performed under 

dynamic steady state conditions, that is, the data must not include any transients 

which, conversely, do not cause any problems in the time domain as they are 

included in the model.

• Identification in the frequency domain requires the sampling of both the input and 

output of the system. This demands an extra measurement channel but has the 

advantage that only a relative calibration of the channels is necessary. For 

identification in the time domain the input channel only needs to be sampled if the 

excitation signal is distorted, for example by an actuator, before it reaches the system 

under test.

• Frequency-domain techniques allow a reduction in the amount of data after the 

transformation. The data needed for the estimation is determined by the number of 

frequencies present in the input, regardless of the number of samples, which may be 

much higher due to over-sampling.
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• When using time-domain techniques, an accurate estimate of the pure time delay is 

not possible, since it can only be an integer multiple of the sample time. This is not 

true for frequency-domain identification.

• Since the z-domain model is based on the assumption that the input signal is piece- 

wise constant, which is the case when it is applied through a sample and hold device 

(ZOH), time-domain identification can encounter problems when this condition is not 

met. In practical applications it is often the case that the system to be examined is 

driven by an actuator, which has a low pass characteristic. If the system is to be 

identified, with the actuator dynamics excluded, then the input signal must be 

sampled after the actuator. Since the actuator is a filter, the excitation signal is 

smoothed before it is injected into the system. This means the ZOH assumption is 

violated which will cause an error in the estimated model, as shown by Schoukens et 

al. 1994a. An example is given by Evans et al 1994c, where the problem is 

addressed in connection with the estimation of a gas turbine model.

The form of the mathematical model determines the area of the application. If the model 

is to be used for control purposes then z-domain models are preferred because most 

current controllers are in discrete time. Although both techniques can produce a z- 

domain model, time domain identification is usually used. It is simpler, in that often 

only the output of the system needs to be sampled, there is greater freedom in the choice 

of excitation signals and recursive algorithms can be used for parameter estimation.

The broad aim of this project is the acquisition of models which can be given a physical 

interpretation. These models can be used to validate models which are derived from 

physical knowledge of practical systems or to aid in the design of such systems. For 

these purposes, the frequency-domain techniques have an advantage over the time 

domain since a differential equation can be derived directly from the continuous 

^-domain model. Furthermore, s-domain models can be directly transformed into the 

z-domain, whereas the transformation from discrete-time to continuous-time models is 

not always straightforward.
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Both time and frequency domain approaches to system identification are described in 

detail by Ljung (1987) and Schoukens et al. (1991).

2.4 Test Signals

The choice and subsequent design of an excitation signal is very important as it is the 

key factor to the quality of test data. If it is technically possible to excite the DUT, then 

the chosen signal should be designed in a way that retrieves the maximum information 

from the system in the minimum of time. The design and optimisation of excitation 

signals which fulfil this requirement under a number of practical constraints has been 

the subject of intensive research over the last decades. An comprehensive overview is 

given by Godfrey (1993).

One classification which can be made for the numerous types of test signals is whether 

they are periodic or not. Typical non-periodic excitations are random noise, impulses 

and step-inputs. The requirement for frequency-domain identification is to apply 

periodic test signals, which may be considered a restriction. However, they also offer a 

range of advantages over non-periodic excitations in both the time and frequency 

domains. The most obvious benefit is that a reduction of noise on both time and 

frequency data can be archived by just averaging over the periods.

The most popular types of periodic test signals are multisine signals and maximum 

length binary signals (MLBS). The latter have the advantage that the maximum power 

can be injected into the system for a given time-domain amplitude, although not all of 

its power may be in the frequency range of interest. Another reason for their application 

may be that their generation demands little hardware effort, as they only have two states.

Multisine signals, however, offer complete flexibility in terms of their spectrum, which 

can be composed of an arbitrary set of harmonics. It is this particular feature which 

makes multisine signals so suitable for nonlinear system identification. In order to 

measure higher order transfer functions it is necessary to include only certain harmonics 

in the spectrum, as will be shown in Chapter 4. Multisine signals have another
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advantage over MLBS: their spectrum is strictly band-limited. This means that the total 

signal power can be concentrated anywhere in the frequency band. The identification 

methods which are discussed in this thesis can only be applied using multisine signals. 

A more detailed comparison between multisine signals and MLBS is made by Rees 

etal.(l992).

2.4.1 Binary signals

Binary signals as indicated by their name switch between two values. In the range of 

binary signals, maximum length binary sequences (MLBS) are the most popular. They 

are easily generated by shift registers of different length with appropriate feedback 

(Godfrey, 1993). The length of the sequence N is determined by the number of 

registers n :

N = 2"-i (2.17) 

The amplitude spectrum of an MLBS with a peak to peak amplitude of 2a is given by:

inc * = ±1,±2,±3... (2.18)
N 

The frequency of the harmonics is determined by the bit period St

and the half power bandwidth of the signal occurs at approximately 0.44 3/dt.

It is a property of binary signals that they allow the injection of the maximum possible 

power for a given time domain amplitude. Despite the fact that a considerable part of 

this power will fall outside the frequency band of interest, the useful power is still 

greater than that for multisines. The disadvantage of MLBS is that they are far less 

flexible in their frequency content.
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2.4.2 Multisine Signal Design

A multisine signal is the sum of an arbitrary collection of cosines, which are 

harmonically related. The time-domain signal is given by

s(t}= £a(*)c<w(i(*K' + <*>(*)) (2-20)

The harmonic vector i contains an arbitrary set of integer numbers. Typical 

configurations of the harmonic set are consecutive numbers, odd numbers only, or sets 

where every even and every other odd harmonic are omitted (termed odd-odd). 

Consecutive signals provide the most dense spectrum and are usually used if the 

bandwidth of the system is well known and if there are no nonlinearities present. The 

odd signal has the advantage that it is immune to even-power nonlinearities, whereas the 

odd-odd signal allows both the detection of even and odd-powered nonlinearities. This 

will be dealt with in more detail in Chapter 4.

If there is little knowledge about the DUT then the harmonic vector can be made 

especially sparse in order to provide a very broad band signal. The harmonic set can also 

be spaced unevenly, like logarithmic scaled vectors or vectors which have most of their 

harmonics lumped in a certain band to concentrate power there whilst maintaining a 

broader spectrum with the remaining harmonics.

The frequency-domain amplitudes a are usually set equal for all k, in order to have a flat 

spectrum, although this is no restriction. By changing the amplitudes, the frequency 

envelope can be changed to compensate for any shaping of the spectrum, which may 

occur before the signal reaches the DUT. For example, if the digital signal is 

reconstructed by a signal generator with a zero order hold device (ZOH) then its 

spectrum will be shaped by a sine function:
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•Msm\ — <2 -2i>
where/, is the reconstruction frequency. To restore a flat spectrum at the output of the 

signal generator, the signal can be "pre-warped" , which means multiplying the complex 

amplitudes by a vector which is the inverse of Equation 2.21.

Another example is the identification of a system in a feedback loop, where the test 

signal is changed by the feedback signal before it reaches the OUT. However, in order to 

compensate this effect, some prior knowledge of the DUT is needed before the signal 

can be optimised.

2.4.3 Crest factor minimisation

Adding sine waves which are harmonically related and have zero phases leads to sharp 

peaks in the time-domain record. This considerably limits the frequency-domain 

amplitude of the signal and therefore the amount of power which can be injected into 

the DUT for a given time-domain amplitude. Since practical systems have a limited 

amplitude range it is important to compress the test signal in the time domain in order to 

increase its frequency-domain amplitude. A measure of the compression of a signal is 

the crest factor, which is the ratio of the maximum absolute amplitude and the RMS 

value:

/ x max 
Cf(s) = —— ̂  (2.22)

Srms

The minimum value of the crest factor is one and it can only be achieved by a binary 

signal with zero mean. The smaller the crest factor the more power can be injected into 

the system for a given time-domain amplitude. An increase in the signal power leads to 

an improvement in the signal to noise ratio (SNR), and hence improves the quality of 

the measured signals.
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Since the harmonic numbers and the complex amplitude vector are given by the signals 

design criteria the only way an improvement in the crest factor can be achieved is by 

altering the phases. A simple but effective way to improve the compression of 

multisines is to select random phases. Another method, which yields good results on 

dense, evenly spaced spectra, was proposed by Schroeder, 1970. More recently, 

Guillaume etal. (1991) proposed a method derived from the observation that the crest 

factor can be expressed as

(2.23)
I2 (s)

where /«>(«) is the Chebyshev norm of u and /2(H) its RMS value. Since /2 is independent 

of the phases the problem reduces to the minimisation of the L norm with respect to the 

phases. As this is non-differentiable the /^ norm is minimised in its place, using a 

Marquardt algorithm. The norm is initially minimised with a small value of/?, which is 

then repeatedly incremented, the phases of the previous minimisation being used as 

starting values for each new step. This method produces the lowest crest factor achieved 

to date for band-limited multisines and is also fast enough for practical applications.

A comparative example is given in Figure 2-4, for a multisine signal with fifty 

consecutive harmonics and a time-domain amplitude of one. The diagram shows the 

frequency-domain amplitudes and crest factors of this signal with zero phases, as well as 

being compressed using the three methods described above. Using the lx algorithm 

allows more than seven times the amount of power to be injected into the DUT, when 

compared to zero phases. A more detailed comparison of the most common methods is 

presented by Evans et al. (1992).

However, care must be taken when compressing signals for the identification of 

nonlinear systems as the shape of multisine signals with low crest factor approach that 

of binary signals.
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Figure 2-4. Complex amplitude and crest factor of a Multisine signal compressed with different phase 
selection algorithms.

2.4.4 Computation of Multisine Signals

A simple way to compute a multisine, rather than adding sine waves, is to define a 
complex amplitude vector for a given set of harmonics and then apply the inverse DFT 
in order to obtain the time-domain signal.

The key feature of a multisine signal is its harmonic vector, which should be defined 
according to the purpose of the test signal. The total number of harmonics is a trade off 
between the number of discrete frequency points at which the DUT is tested and the 
signal power at each of those frequencies. Increasing the number of harmonics will 
reduce the power per frequency. On the other hand, there have to be enough frequencies 
to sufficiently excite all system dynamics within the frequency range of interest.

The frequency band of the signal is given by the product of the fundamental 
frequency/0 with the first and last harmonic number. However, the fundamental 
frequency is a somewhat fictional parameter since it is ultimately determined by the 
number of samples ns and by the reconstruction frequency fr of the signal generator:
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(2-24)

The selection of /0 through fr and ns is usually dictated by the frequency band over 

which the system is to be tested and by the design of the harmonic vector. The 

fundamental frequency, being the inverse of the period time, also determines the length 

of the test. The testing of practical systems often requires the test time to be kept as 

short as possible, simply for reason of costs. In this case a compromise has to be found 

between test time and signal design.

Finally, the reconstruction frequency should be chosen as high as possible. Although the 

signal is initially band-limited, the ZOH introduces frequencies around multiples of the 

sample frequency which can cause aliasing, hi practice, the reconstruction frequency is 

often limited by the data-acquisition hardware in terms of the maximum sample 

frequency and memory which is available to store the sampled data during the test.

A large number of signals can be kept in a library by storing only their complex 

amplitude vector, with the phases set by the crest factor minimisation algorithm. This 

considerably reduces the amount of memory which would be needed if the time series 

were stored as well. A time domain signal can then be obtained quickly by applying the 

inverse DFT for a given number of samples, whereas the bandwidth is determined by 

the reconstruction frequency. This also allows the frequency band of the signal band or 

even the number of samples to be changed easily

2.5 Conclusions

This chapter has served as a brief introduction to what are now quite well established 

methods for identifying linear dynamic systems. All consideration in this chapter have 

been conferred to time-invariant single input / single output systems, as the remainder of 

this thesis is restricted to such systems.
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A brief discussion has been presented on the relative merits of time - and frequency 

domain estimation. The emphasis has been on modelling in the frequency domain, using 

an error-in-variables model with reference to Frequency Domain Identification for 

Matlab. Some important issues such as the model order selection have not been 

mentioned here as there not immediately relevant for this thesis.



Chapter Three

Nonlinear System Analysis Based 
on the Volterra Series

Abstract — As broad as the variety of nonlinear systems so is the range of methods for 

their analysis. The Volterra series was among the first and is now one of the most 

widely studied mathematical models for nonlinear system. Despite some limitations in 

terms of its application to particular classes of nonlinear systems, the Volterra series 

exhibits a number of attractive features which has resulted in an increasing scientific 

interest in its application. A brief introduction is given into Volterra theory which is 

followed by a discussion of its most important properties as well as its limitations. The 

Volterra series, which is a series of time domain functionals, is then transformed into 

the frequency domain. A special reference is given to frequency domain Volterra kernels 

which form the basis of the work carried out for this thesis.
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3.1 Introduction

The interest in the analysis of nonlinear systems has been increasing steadily during 

recent years. Instead of trying to avoid or compensate for nonlinear effects in a practical 

system more effort has been put into modelling the nonlinearities. With the vast 

improvement of computing facilities during the last decade, theories which were 

developed much earlier can now be applied in practice.

From the mathematical point of view, a physical system can be referred to as an 

operator, because the output of the system is obtained by performing an operation on its 

input. Operators in general are divided into classes, as are the physical systems which 

they represent. One obvious division is whether an operator is linear or not. Naturally, 

further divisions are made, generally based on the operator's properties.

One class of nonlinear operators or systems is the Volterra class. These are nonlinear 

systems which can be represented by the Volterra series as they exhibit the same 

properties as the Volterra series operator. The Volterra series was named after Vito 

Volterra, who developed it at the end of the 19th century in an attempt to generalise the 

Taylor series for functions with memory. The potential of the Volterra series for 

nonlinear system identification has been recognised by Wiener who used Volterra 

functionals to form an orthogonal set of functionals. By applying different convergence 

criteria a broader class of physical systems can be included. This class, which is called 

the Wiener class, roughly includes all physical, even discontinuous systems with finite 

memory (Schetzen, 1981).

The Volterra class of systems, although smaller than the Wiener class, still comprises a 

wide range of physical nonlinear systems encountered in engineering applications and 

scientific phenomena. Areas of application are mechanical structures, communication 

systems and even biological systems. One reason for the increasing interest in the 

Volterra series is its close relation to linear system theory. This not only has the 

advantage of simplicity but it also allows a physical interpretation of the models
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obtained. In contrast to the Volterra series is the well known NARMAX model 

(Nonlinear AutoRegreessive Moving Average model with exogenous inputs), Billings 

(1988), which is very powerful but also very complex as it can demand a great number 
of parameters to which no physical interpretation can be given.

This chapter gives an introduction into the Volterra series and therefore serves as a 

theoretical background for the subsequent chapters. Important properties and limitations 

of the Volterra series are highlighted and examples given of nonlinear systems which 

cannot be modelled by this approach. The transformation of the Volterra series to the 

frequency domain, which leads to higher order transfer functions and frequency domain 
Volterra kernels concludes this chapter.

3.2 The Volterra Series

The motivation for the application of the Volterra theory for nonlinear system 

identification can be found in the approximation theorem of WeirstraB. This theorem 

states that any function /(*) which is continuous in the interval 7=[a,b] can be 
approximated by a polynomial P(x) within that interval so that:

e, s>0 (3.1)

This theorem was then extended by Frechet for continuous functionals, with the 

conclusion that any continuous functional can be approximated by a series of 

functionals of integer order.

The Volterra series, which is a series of functionals of integer order, combines two 

elements: a static nonlinearity, represented by a Taylor series and a dynamic linear 

element, represented by the convolution integral. The Taylor series for UQ = 0, which is 

also referred to as power series, is defined as follows:

(3.2)
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The kernel of block-oriented models is the static nonlinearity which is being represented 

by the power series:

00

(t)=c] u + c2u 2 +c3w 3 +... = cX(0 (3.3)y

The power series has a strong potential because of the broad class of nonlinear systems 

it covers (Njabeleke etal. 1993). An example of a nonlinear function being 

approximated a the Taylor series, which is a special form of the Power series is the 

exponential function

x2 x3
(3.4)

This series contains both odd and even components, hence it covers both even and odd 

nonlinear functions, such as the cosine:

x2 x4 x 6 °° x2 "COSK-X-— + —- — + -... =y(-iy1 -;—r (3.5)
2! 4! 6! ^ ' (2n}\

and the sine function:

r 3 v 5 r 7 °° Y 2n+lxxx v/ .M. * (36)
3! 5! 7! ^.v / /^ . ^, v y

The power series serves as the nonlinear but static component in the Volterra series. In 

order to include dynamics the convolution integral is employed. If a system is linear and 

time-invariant (LTI) the relationship between input and output can be expressed as:

0= AfrM'-O^ (3-7)

The system is completely characterised by the unit-impulse response /*(T), which 

practically resembles the system's memory. For such a system to be physical realisable it
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must be causal, which means that the output must not depend on future values of the 

input. Consequently, Equation 3.7 must be zero for t < 0, which is given when:

= Q, t<0 (3.8)

The Volterra series, being the combination of Equation 3.2 and Equation 3.7, is then 
given by:

J- (3.9)
—CO —00

The right hand argument of this equation is termed the Volterra operator which is 

donated as F[-] so that y(t) ~ V[u(ty\. The nth-order impulse response hn(i\,ii,...,in) is 

also called the an «th-order Volterra kernel. In the same way that a LTI system is 

completely characterised by its impulse response, a nonlinear system which can be 

represented by the Volterra series is completely characterised by the Volterra kernels.

The Volterra series is a sum of outputs of parallel sub-systems which have the same 

input. These subsystems are called Volterra functionals:

oO OO

(3.10)
—OO —CO

This is illustrated in a schematic diagram in Figure 3-1 which also the graphical 

equivalent to Equation 3.9.

Figure 3-1. Graphical representation of the Volterra series.



Nonlinear System Analysis Based on the Volterra Series 3_g

The application of the Volterra series for the analysis of practical nonlinear systems is 

only feasible if the series converges rapidly after the first few terms, so that higher order 

terms can be omitted from the model. In fact, many practical applications only include 

terms up to the third order, which covers even and odd power nonlinearities. This is 

partly due to the fact that with increasing order the measurement and representation of 

Volterra kernels becomes more and more complicated.

The Volterra series also includes a linear functional y\(i), which is equivalent to the 

convolution integral in Equation 3.7, and a constant term y0 . The linear functional is 

important because most physical systems are not purely nonlinear but also include a 

linear 'path'. However, y\(t~) makes no contribution to the identification of the nonlinear 

system component. The constant term yo is included to model a dc offset within the 

system. However, it is difficult to assign a physical interpretation to yo as such a system 

produces an output which is totally independent of the input. The constant term will 

therefore be omitted from further representations.

A problem generally associated with non-parametric models is their uniqueness. If such 

a model is to be given a physical interpretation then there should be no other, distinctly 

different model which produces the same output for the same input. The uniqueness of 

Volterra kernels is guaranteed if the kernel is symmetric (Boyd et al. (1984)). 

Fortunately, an important property of Volterra kernels is that they are symmetric or can 

be made symmetric as follows

(3 - n)
The symmetry of Volterra kernels is an attractive feature which has practical 

implications for their measurement, graphical representation and interpretation as will 

be shown in Chapter 4.
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3.2.1 Properties and Limitations of the Volterra Series

In order to define the class of nonlinear systems which can be represented by the 

Volterra series 1 it is necessary to look at the properties of the Volterra series operator. 

The definition of these properties is made easier by the fact that the Volterra series is 

effectively a Taylor series with memory. It also is an extension from the one 

dimensional convolution integral for linear systems to the multi-dimensional case for 

nonlinear systems. Therefore, the properties which apply to the Taylor series and to 

linear systems are similar to the properties of the Volterra series. Due to the extensive 

scientific interest in the Volterra series and the long time since it was first introduced, its 

properties are by now well established. These properties clearly impose limitations to its 

application. An comprehensive study on the analytical foundations of the Volterra series 

was carried out by Boyd et al. (1984).

Convergence

The major problem, generally associated with the application of a series, is its 

convergence. This convergence problem of the Volterra series is in some way linked to 

the convergence of the Taylor series, which converges if | u \ < r , where r is the radius 

of convergence. The radius can be found using the rule of Cauchy-Hadamard:

r = ———1-^= (3.12)&v c«
Similarly, the Volterra series converges if | u(t) j < r with the radius of convergence 

given as:

r = ——— —j= (3.13)
Urn 5/l/zJ n-»oo v 11 "II

where \\hn \\ donates the QO - norm of h n (Boyd etal (1984)). If a nonlinear system

1 Nonlinear systems which can be represented by the Volterra series 
are from now on referred to as Volterra systems.
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contains a static nonlinear function for which no convergent Taylor approximation can 

be found then this system cannot be represented by the Volterra series.

Finite memory

Another limitation to the class of Volterra systems is that it only includes systems with 

finite memory, that is systems whose impulse response asymptotically approaches zero. 

An often given example of a system with infinite memory is a fuse which is unable to 

forget that the current has exceeded the specified limit.

Time in-variance

Systems which are to be modelled by the Volterra series must be time invariant, hence 

the model parameters do not change with the time. Thus if y(i) - V[u(t)] then 

Xt + T) = V\u(t) + T] for all T.

Causality

The condition for a linear system to be causal was given in Equation 3.8. Similarly, a 

Volterra system is causal and therefore physical realisable only if

A/T,, ...,Tj = 0, T,.<0, i = \,2, ...,« (3.14)

Continuity

As it was mentioned earlier, the WeirstraB theorem is only true for continuous functions. 

A function is said to be continuous if for two 'close' inputs the corresponding outputs of 

this function are also 'close'. This excludes systems with have discontinues jumps in the 

output amplitude for small variations of the input amplitude.

3.3 Representation of Volterra Kernels in the Frequency Domain

The Volterra series is a time domain representation, meaning that the input and output 

signals are real valued functions of time. As was discussed in Chapter 2 for linear 

system identification, transforming the models and signals into the frequency domain



Nonlinear System Analysis Based on the Volterra Series 3-9

has many advantages. The same applies to the nonlinear system identification based on 

the Volterra series. The most obvious advantage over the time domain is that algebraic 

operations are much simpler in the frequency domain as convolution integrals become 

multiplications.

Similar to the transformation of one-dimensional impulse response function of linear 

systems, higher order impulse response functions can be transformed into the Laplace 

domain as follows:

(3.15)

where //„ denotes an nth-order frequency domain Volterra kernel. Since they represent 

the nonlinear equivalent to the frequency response function of a linear system, frequency 

domain Volterra kernels are also referred to as Higher Order Frequency Response 

Functions (HOFRF). However, it must be emphasised that a nonlinear system for which 

an HOFRF can be measured is not necessarily a Volterra system.

The ^-dimensional output of an nth-order Volterra functional is obtained by multiplying 

the nth-order kernel with n inputs:

Yn (S] , . ..,*„} = Hn (Sl ,...,sn )Y\U(Si ) (3.16)
1=1

This once more illustrates the proximity of the nonlinear Volterra representation to the 

linear theory. Naturally, the output of a physical system is one-dimensional, hence the 

n-dimensional output has to be mapped into a one-dimensional frequency vector. This 

can be done by an operation which is in effect an (n-1) - dimensional convolution:

(271)

The Volterra representation offers an important feature which is equivalent for time and 

frequency domain kernels. If an nth-order kernel is factorable, then it can be represented
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as the product of n first order , i.e. linear kernels:

//„(*„. .,*„) = //„,(*,).... -//„„(*„) (3.18) 

which is equivalent to

(3.19)

This is of great practical importance, since it allows a Volterra system to be broken up 

into a network of linear systems. The clear advantage here is that it is a much easier and 

by now a well established procedure to manipulate linear systems, when compared to 

the far more complex problem of nonlinear system analysis. Furthermore, many physical 

systems, by their very nature, resemble such a network of linear systems which are 

interconnected by nonlinear elements. A widely studied group of such networks are 

known as block-oriented models, which are discussed later in Chapter 6.

3.4 Conclusions

This chapter has introduced the Volterra functional series and examined its suitability 

for the analysis of nonlinear systems. Attractive features of the Volterra series are 

highlighted. Its main advantage over other approaches, such as the NARMAX model or 

neural networks, is its close proximity to the theory of linear system identification. This 

allows existing and well established methods for linear system identification to be 

applied to nonlinear systems. Furthermore, the Volterra series is a model type which is 

close to 'real life', like differential equations and transfer functions, because their 

parameters can be given a physical meaning.

It has also been stressed that the Volterra class of nonlinear systems excludes a number 

of practical nonlinearities whose properties violate basic assumptions associated with 

the Volterra operator. Examples of such nonlinearities are hysteresis, dead zone and 

backlash.
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The transformation of the Volterra series, or rather its functionals, into the frequency 

domain, is an important step towards a more wide ranging application. Frequency 

domain kernels are introduced which are higher order transfer functions, representing a 

Volterra system in the same way as a first order transfer function represents a linear 

system. Therefore, the frequency representation of nonlinear Volterra systems allows a 
direct relation to their linear counterparts and simplifies algebraic operations. The 

possibility of decomposing multi-dimensional kernels into one-dimensional kernels will 

be exploited in the following chapters in order to form model structures which are found 

in many practical systems.



Chapter Four

Measurement and Representation of 
Volterra Kernels

Abstract — Volterra kernels are higher order frequency response functions which 

describe Volterra systems, hence serving as non-parametric models. As with the 

frequency response functions of linear systems, Volterra kernels can be estimated from 

input/output measurements and contain information about the system, in particular its 

structure. The first part of this chapter describes the task of measuring Volterra kernels, 

with special attention paid to the design of advanced test signals to carry out the 

measurement. Then follows a detailed analysis of which points can be measured in a 

Volterra kernel using these signals. Finally, various forms of representation of second 

and third order Volterra kernels are introduced.
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4.1 Introduction

A complete set of kernels of a Volterra system is a non-parametric model, in the same 

way that a frequency response function describes a linear system. Non-parametric 

models are a vital step towards parametric identification since they contain useful 

information about the systems order, its frequency range and possibly its structure. 

Furthermore, they can be used for validation once a parametric model is estimated.

In the previous chapter it was pointed out that a frequency domain Volterra kernel can 

be considered a HOFRF whereas an HOFRF is not necessarily a Volterra kernel. 

However, since the aim of this work is to identify Volterra systems, HOFRF's is referred 

to as Volterra kernels or just kernels, assuming that the HOFRF is part of the Volterra 

model.

The technique of measuring Volterra kernels has been greatly improved in recent years 

through the application of specially designed multisine test signals (Evans etal. 1996). 

These signals allow a great number of points in the kernel 1 to be measured during a 

single test. Like the linear frequency response function, frequency domain Volterra 

kernels can be estimated from measured input and output data using a non-parametric 

estimator.

The improvements made in measurement also allow an enhanced graphical 

representation of second and third-order kernels. A high quality representation is 

essential for an accurate interpretation of the kernel features. Modern computer 

equipment and advanced mathematical software, such as Matlab, facilitate an adequate 

illustration of multi-dimensional functions. Using colour as a fourth dimension, even 

third order kernels can be plotted as a whole, instead of only showing two-dimensional 

subsets.

The term kernel point is used for a single value of an «th-order Volterra kernel. 
The position of the point in the kernel is defined by n frequencies.
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This chapter mainly covers two major subjects: the measurement and the representation 

of Volterra kernels. It starts with a discussion on how to detect the presence of a 

nonlinearity in the device under test. This is followed by a detailed introduction into the 

design of test signals which allow second and third-order Volterra kernel to be measured 

in a single test. This section also includes an analysis of second and third order 

contributions generated by a Volterra system.

hi the following section the properties of second and third-order kernels is examined in 

detail, unique regions are defined and the number of kernel points which can be 

measured for a given signal is evaluated. Some practical consideration on the 

measurement procedure are then given, including the definition of an appropriate 

estimator. Finally, various forms of representation of second and third order Volterra 

kernels are introduced.

hi practice, it is very difficult and often not necessary to measure Volterra kernels above 

third order. The discussions are therefore restricted to second and third-order kernels 

which, in most cases, are considered separately. The term second-order nonlinearity or 

second-order kernel refers only to the second-order path of the overall Volterra system 

as defined in Chapter 3.

4.2 Detection of nonlinearities

Before attempting to model the nonlinear components of a practical system, it is 

necessary to investigate whether the nonlinear distortion of a system is of such 

significance as to justify its identification. Some practical system have a very low 

nonlinear distortion so that the modelling of the nonlinearity yields no significant 

improvement in the overall model. In this case it is more practical to concentrate on the 

identification of the linear dynamics of the system whilst avoiding the influence of the 

nonlinearity.

By definition a system is linear if its input-output relationship is linear while the system 

is in steady state. A linear system in steady state can also be considered to be acting as a
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linear operator on the input. If the input to a linear operator is a sinusoidal function at a 

certain frequency than the output will also be sinusoidal with the same frequency, 

whatever its magnitude and phase may be. However, if a system contains a nonlinear 

component it will produce harmonics at the output other than those at the input. This 

property can be easily used in the frequency domain to detect nonlinearities.

The simplest way to detect nonlinearities in a system would be to inject a single sine 

wave and observe whether any additional harmonics are present in the measured output. 

The degree of nonlinear distortion can then be assessed by the Total Harmonic 

Distortion (THD) criterion, which is defined as

i=2 a
•100% (4.1)

with a, being amplitude of the fth harmonic. The accurate measurement of the THD 

demands that the spectrum of the input signal contains no nonlinear contributions, hi 

practice, however, the output of signal generators is often distorted due to nonlinear 

loading. Furthermore, care must be taken before applying a general assessment since 

nonlinear effects are only detected within the measured spectrum and for the applied 

time domain amplitude.

Since test time is often limited, the detection of nonlinear distortions and their 

magnitude can be combined with a broad band test, which is designed to determine the 

system bandwidth. This combined test can be carried out using a multisines signal with 

every even and every other odd harmonic omitted from the spectrum:

i = [159...] (4.2)

Such a signal are termed odd-odd multisine. Contribution at the omitted even and/or odd 

frequencies indicates the presence of even and/or odd nonlinearities. They will therefore 

be termed nonlinear contributions. Figure 4-1 shows the input and output spectrum of an 

valve guitar amplifier, with deliberate non-linear properties. The frequencies at which
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the system is exited are shown in red. Nonlinear contributions at even multiples of the 
fundamental (even harmonics) are shown in green and odd harmonics in blue. 
Frequencies which are not harmonic multiples of the fundamental are shown in black 
and are considered to be noise.

-120

-100
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Frequency (Hz)

2500 3000

500 1000 1500 2000 
Frequency (Hz)

2500 3000

Figure 4-1. Input and output spectrum of valve guitar amplifier with included frequencies (red), excluded
even (green), excluded odd (blue).

The output spectrum clearly shows the presence of a second (green) and third (blue) 
order nonlinearity, since significant contributions are present up to twice and three times 
the highest input frequency. There are also nonlinear contributions rising above the 
noise floor of the input spectrum. However, they are considerably smaller than those at 
the output, and may be due to nonlinear loading or nonlinear distortions in the 

measurement channel.

If nonlinear contributions are only present at the output of the system, then they are 
clearly produced by the system itself. Practical testing often results in nonlinear
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contributions in the input spectrum which may be due to nonlinear loading effects 

imposed on the signal generator. In this case, it is necessary to establish whether the 

nonlinear contributions are only present at the input and passed through the system, or 

the system produces nonlinear contributions in addition to those at the input.

Since process or measurement noise also contributes to the spectrum at the omitted 

frequencies, it is necessary to asses the periodicity of the nonlinear contributions. 

McCormack et al. 1995 proposed a criteria which is effectively the coherence function 

reduced for systems with a noise free input:

This equation expresses the ratio of the periodic power to the total power at all discrete 

frequencies of X. It is called nonlinear coherence because it was initially introduced to 

asses the periodicity of nonlinear contributions at omitted frequencies in periodic 

signals. However, it can also be used for frequencies which are included in the signal 

and are often referred to as linear frequencies. The relation between the value of the 

coherence and the periodicity of the measured frequency component depends on the 

number of periods over which the signal is measured. In general, a frequency which has 

a coherence value rising above the inverse of the number of periods is considered 

significant.

Figure 4-2 shows the nonlinear coherence of the frequency data shown in Figure 4-1. It 

can be seen that at the output most second and third order contributions have a 

coherence close to one. This confirms what could be seen from Figure 4-1, that there are 

nonlinear contributions present at the systems output, which are strongly periodic 

components and not stochastic effects.
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Figure 4-2. Nonlinear coherence of valve guitar amplifier with included frequencies (red), omitted even
(green), omitted odd (blue).

4.3 Test signal design

The design of perturbation signals is the key to successful identification of linear and 

nonlinear systems. The measurement of Volterra kernels demands signals with special 

properties which allow the maximum number of points in the kernel to be measured 

directly. Traditional methods rely on the use of Gaussian input signals and correlation 

techniques. These approaches all share the uncertainty associated with the use of 

random signals and cause errors when transforming the signals into the frequency 

domain. Therefore, if periodic excitation is possible, it should be given preference over 

random signals.

As discussed in Chapter 2, multisine signals have many attractive features, one of which 

being the total freedom in the selection of the harmonic content. Using this feature, 

multisine signals have been designed by Evans 1998, for the identification of linear
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systems suffering nonlinear distortions. A special selection of harmonics in the signal 

spectra assures that the frequency combinations produced by the nonlinearity do not fall 

back at the input frequencies, hence do not affect the linear response. These signals are 
termed No Inter-harmonic Distortion (NID) signals.

Based on the same concept signals can be designed in order to measure Volterra kernels, 

as shown by Evans et al. 1996. By carefully selecting the harmonic vector of a 

multisine, it can be ensured that the nonlinear contributions, generated by the different 

harmonic combinations, are separate at the system output. A multisine signal which 

possesses such properties is termed Direct Kernel Measurement (DKM) signal.

4.3.1 Nonlinear contributions generated by Volterra systems

A multisine signal, having a discrete spectrum, because of its periodicity, can be 

expressed in the frequency domain as

U(ja 0 i(k)) = A(/ty*(K) , k = 1... F (4.4)

where k is an index of the amplitude vector A, the phase vector § and the harmonic 

vector i, which contains F integer multiples of the fundamental frequency COQ. As 

discussed in Chapter 2, the amplitudes are usually equal throughout the spectrum, 

whereas the phases are selected so as to minimise the crest factor. However, for the 

design of DKM signals only the harmonic vector i is of importance.

Before discussing the problem of selecting the harmonics it is necessary to understand 

how a Volterra system responds to a sinusoidal input. As stated in Chapters, the 

response of a such a system to a periodic signal is also periodic, with the same time 

period. However, the frequency content is altered by the static nonlinearity which 

produces contributions at additional frequencies. The aim of this sections is to establish 

how many of these contributions fall and at which frequencies. This depends on the 

order of the nonlinearity and the harmonic content of the input signal.
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The static nonlinearity, represented by the Taylor series (Equation 2.2), performs higher 

order operations (square, cube etc.} on the input signal. The multiplication of time- 

domain signals is equivalent to the convolution of their Fourier coefficients. Since the 

signal is multiplied with itself, the frequencies and number of contributions can be 

found by auto convolution of the double-sided spectrum of the input signal.

A simple numeric solution is to express the signal spectrum as a vector that contains 

ones at harmonics which are included and zeros elsewhere. For example, a multisine 

signal with an harmonic vector i = [ 1 3 5 8 ] can be converted to:

i= [ 1 3 5 8 ]

U (4.5) 
i' -[10 101 001]

This expression is possible because the amplitude and phase are of no interest, only the 

harmonic numbers which indicate the position of the frequency components in the 

discrete spectrum. In order to obtain all possible contributions the double sided vector 

must be used:

-5 -3 -1 dc 1 3 5 8 ]

U (4.6) 
i=[ 1 00 1 0 1 0 1 0 10101001]

The negative numbers of i denote the complex conjugate part of the double sided 

spectrum. The convolution of i with itself yields the number of second order 

contributions at all harmonic frequencies up to twice imax :

= \...m (4.7)
l=k

where m is given by 2imax + 1. Using the given input vector the number of second order 

contributions co2 at dc and for each positive harmonic are shown in Table 4-1. For 

example, there are 3 contribution at 6co0 which are the result of the frequency pairs 

(cfl0 , 5co0) , (5o>o , coo) and (3co0 , 3co0)-
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Table 4-1. Second order contributions for i = [ 1 3 5 8 ].

co0 x 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

C02 80524232221202001

Based on the second-order contributions the number and position of third-order 

contributions can be found by convoluting the double sided vector 002 again with i . 

However, the length of i must be adjusted so that for k = 1 both vectors are in phase, i.e. 

their dc component is in the same position. This can be achieved by adding a string of 

imax zeros to either side of i so that it becomes:

i' = [000000001001010101010100100000000] (4.8) 

Then the double sided vector containing the second-order contributions

co2 = [100202122232425080524232221202001] (4.9) 

can be convoluted with Equation 4.8:

= \...m2 (4.10)
l=k

where m2 is the length of the double sided vector co2 , i.e. 4imax + 1. The result are the 

number and position of the contributions of a third-order nonlinearity up to 3imax :

Table 4-2. Third order contributions for i = [ 1 3 5 8 ].

W0 x 7 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24

CO3 12 33 12 31 12 27 15 15 21 10 15 9 12 6 9 4 6 3 3 3 0 3 0 0 1
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The same procedure can be repeated in order to obtain nonlinear contributions for higher 

orders. Although this approach can be programmed with little effort, it must be 

emphasised that with increasing order and growing number of harmonics it is rather 

slow in computational terms. Faster methods are proposed in Chapter 6.

4.3.2 Harmonic selection

As can be seen from Table 4-1 and Table 4-2 there are several contributions falling at 

some of the frequencies. For example 27 third-order contributions all fall at 5coo. This 

presents a problem as more than one kernel point would have to be extracted from only 

one measured frequency. Returning to the example from Table 4-1, there are three 

frequency pairs (COQ , 5eoo) , (5coo , too) and (3a>o , 3coo) all contributing to 6rao at the 

system output:

//2(tOo , 5coo) and H2(5(do , o>o) are identical due to the symmetry property of Volterra 

kernels. This still leaves two different kernel points to be extracted from a single 

measurement, which is not possible. The only way to make sure that the kernel points 

can be separated, is to select the harmonics so that only one combination of input 

frequencies results in an nonlinear contribution at the system output. For example, the 

harmonic vector i = [ 1 5 8 ] results in the following second order contributions:

Table 4-3. Second order contributions for i = [1 5 8]. 

co0 x 2 3 4 6 7 9 10 13 16

C02 122222121

It can be seen from Table 4-3 that there are either one or two contributions falling at a 

single frequency. There is only one contribution at frequencies which are made up of
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pairs of equal input harmonics: 2ct>o, lOcoo and 16coo. Two contributions, representing 

identical points, can be found at combinations which are made up of pairs of different 

input harmonics, such as (-co0 , 8oo0), resulting in 7co0 . Consequently, this signal can be 

used to directly measure a second order Volterra kernel at the given frequencies.

The search for suitable harmonic sets, which can be used for direct kernel measurement, 

is a very complex issue, especially with increasing kernel order and growing number of 

harmonics. Known solutions so far are a progressive search algorithm by Evans 1998 or 

just random search. Naturally, both methods generate a number of solutions, hence some 

criteria are needed for comparison and finally the selection of the best solution. 

Generally, with increasing number of harmonics the vector becomes significantly 

sparser. This has two unwanted effects: an unevenness in the distribution of the 

harmonics and the last harmonic imax being a relative high number.

The most important criteria for assessing the quality of a solution is the evenness in the 

distribution of the harmonics. An unevenly spaced frequency vector is undesirable as it 

makes the representation of Volterra kernels less effective and their interpretation more 

difficult. As a measure of the evenness of distribution the standard deviation of the 

harmonic differences <JAJ can be used. The search algorithm proposed by Evans 1998 

progressively builds up the harmonic vector and improves the evenness in the spacing 

by introducing two parameters: a start value and a jump value.

The start value defines the value of the first harmonic in the set, which, of course, can be 

different from 1. The jump value allows a certain number of harmonics to be discarded 

before the search commences after a 'suitable' harmonic was found. A suitable harmonic 

is a number which can be added to an existing set whilst maintaining its capability to 

measure Volterra kernels. If both parameters are set to 1 then each harmonic is tested, 

and added to the set if suitable. This results in an harmonic vector with increased 

sparsity towards the higher harmonics and a relative high imax , as shown below for a 

third-order DKM signal with 10 harmonics:



Measurement and Representation of Volterra Kernels 4-13

i = [ 1 4 13 40 97 170 374 599 870 1594 ] (4.12) 

The distance between each harmonics is increasing in approximately logarithmic steps:

Ai = [ 3 927 57 73 204 225 271 724], aAi = 228.4 (4.13)

However, a harmonic number is only suitable in context with the other harmonics in the 

set. Hence, by ignoring a suitable harmonic, other harmonics may be enabled which 

could not be used in the presence of the first one. This concept is used by Evans 1998 

who varied the start and jump values and found solutions which show a great 

improvement in the evenness of distribution and also a small reduction is imax . For 

example, using a start value of 5 and a jump value of 120 the following vector suitable 

for third-order measurements was found:

i = [ 5 125 246 368 494 631 769 908 1067 1213 ] (4.14) 

with

Ai = [ 120 121 122 126137 138 139159 146], aAi =13.2 (4.15)

Another criteria is highest harmonic imax , which ideally should be as small as possible. 

Too high a number for imax can result in a very low fundamental, when testing slow 

systems, as the frequency band of the signal would have to be brought down to match 

that of the system. This can result in long test times and a large number of samples per 

signal period. In general, harmonic vectors with a lower imax have a worse aAi . However, 

the evenness of distribution of harmonics should be given priority.

With adequate computing power a random search also yields suitable solutions in a 

relative short time. A uniform random generator is set to repeatedly produce sets of 

integer numbers between the start value and a given imax . Each set is then checked for 

the DKM property and, if accepted, being assessed by the criteria introduced above. It 

must be emphasised, that in neither approach is there a guarantee for an optimal solution 

to be found. An analytical way of finding the optimal solution is not yet known, but 

other approaches such as genetic algorithms may yield better results in less time.
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4.4 Unique regions and measured points in a Volterra kernel

When measuring a Volterra kernel using a DKM signal only a certain number of points 

are actually measured. Most of the remaining points are obtained by applying the 

symmetry property whereas some points cannot be measured at all. For the 

representation of Volterra kernels it is important to understand which points describe the 

kernel and which and how many of the points can be measured for a given number of 

input frequencies. This section examines the composure of second and third order 

kernels and starts by defining some terms which are used later.

Total points:

These are all points present in a Volterra kernel for a certain number of discrete 

frequencies. An «th-order Volterra kernel which is represented at F discrete frequencies 

contains a total of 2"pn points. This includes symmetry, unmeasured and conjugate 

points which are defined below.

Unique points and unique regions:

Due to the symmetry property those points in an «th-order kernel which are made up of 

n different frequencies have n\ replicas. The reason is that there are «! orders in which a 

set of n different frequencies can by arranged. As an example consider a third order 

kernel, which was measured using an input signal with frequencies at 1, 7 and 16 Hz. 

One point in the kernel can be measured at 10 Hz, being a combination of (1-7+16) Hz. 

By rearranging the order of these frequencies six equivalent points are obtained all 

together. This means that although six points are measured at this frequency only one 

point, which could be any of the six, is unique. The remaining five points do not yield 

additional information.

A unique region in a Volterra kernel contains the maximum number of unique points, 

which have symmetrical counterparts only outside this region. Therefore, the Volterra 

kernel is completely described by the points within such a region. The definition given 

here differs from the one given by Evans etal., 1996, which only includes measured



Measurement and Representation of Volterra Kernels 4. \ 5

points. However, the extension of this definition is necessary in order to facilitate its 

application to third order kernels, which was not an objective in previous publications.

Symmetry points:

These are all points which are symmetrical replica of unique points and therefore 

outside a unique region of a Volterra kernel.

Unmeasured points:

These are all points within a unique region which cannot be measured using a DKM 

signal. This is explained later.

Conjugate points:

These are all points within a unique region for which the combination of the input 

frequencies result in a negative frequency.

Measured points:

These are all points within a unique region which can be measured using a DKM signal. 

The number of measured points is given by the number of unique points minus the 

unmeasured and the conjugate points.

The number of unique points which are obtained when measuring Volterra kernels using 

a DKM signal is given by the number of all possible combinations of its double sided 

harmonic vector. This number can be determined using the well known formula for 

Combinations with Repetition (CWR)

r -
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with k being the number of elements in total and r being the number of elements per set. 

When applying this equation to DKM signals, the number of elements k is equal to 

twice the number of harmonics, since a double sided frequency vector must be used, 

whereas r donates the order of the kernel to be measured.

CWR includes each possible combination of all elements (harmonics), hereby discarding 

the order of elements within one set. This means that points in the kernel, which are 

equivalent due to the symmetry property, are only counted once. Therefore CWR 

delivers the number of unique points in a Volterra kernel. However, CWR still includes 

combinations which result in unmeasured points. The number of these combinations 

must be subtracted from CWR. Finally, the result is divided by two in order to exclude 

the conjugate points.

4.4.1 Second order kernel

A second order Volterra kernel can be represented by a two-dimensional matrix. In this 

thesis this matrix is always presented so that the response to the pair of input 

frequencies at (-/i max , -famax ) is the last element in the first column. Hence, this point 

is located in the bottom left corner of a two-dimensional plot. Due to the symmetry 

property the matrix is symmetrical along the sub diagonal f\ = fa , which is termed 

symmetry diagonal. The main diagonal f\ = -fa which separates the conjugate complex 

areas is termed conjugate diagonal.

As an example, Figure 4-3 shows the total points of a second order kernel measured 

using a DKM signal with the following harmonic content:

i = [ 13 22 32 43 55 70 84 101 121 137 ] (4.17)

The frequency vector is normalised so that the maximum frequency at harmonic 137 is 1 

frequency unit.

The grey-shaded area confines a region of unique points. This means that all points 

within this region have symmetric counterparts only outside this region. Naturally, this
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could equally be the region with the white background including the symmetry diagonal. 

A unique region in a second order kernel is confined by the symmetric diagonal and the 

maximum-frequency lines.

Within the unique region are unmeasured points shown as circles in Figure 4-3. For a 

second order kernel these are combinations made up of pairs of conjugate frequencies 

f\ = -/2 , resulting in a contribution at dc. These combinations are termed de- 

contributions. Since there are F of these contributions all falling at dc they cannot be 

separated and therefore no measurement of the kernel can be made at the points on the 

conjugate diagonal.

o + + + + + +
+ o + + + + +
+ + o + + + +
+ + + o + + +

+ + o -i- +

CM 0

-0.5

-1
-1 -0.5 0.5

Figure 4-3. Total points of a second order kernel with unique region in grey shaded area.

The darker triangle in the grey-shaded area contains all combinations of input 

frequencies which result in a positive frequency. Separated by the conjugate diagonal, 

the lighter grey-shaded area contains the conjugate points. Since only positive 

frequencies are measured the points shown as a (+) in the dark-grey area are the
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measured points. By subtracting the number of unmeasured points from CWR and 

dividing by 2, in order to exclude the conjugate points, the number of measured points 

for a second order kernel is given by

1(2F
2[2(2F-1)!

(4.18)

4.4.2 Third order kernel

hi extension to a the second order kernel, a third Volterra kernel can be represented by a 

three-dimensional matrix and the symmetry and conjugate diagonals now become 

planes. A third order kernel is symmetric across three planes at which two of the three 

frequencies are equal. Figure 4-4 shows the symmetry planes f\ =fa ,f\ =fa and fa =fa. 

The dc planes at are only included in the plot in order to improve the 3D perspective. 

The remaining three diagonal planes at f\ = -fa, f\ = -fa and fa = -fa are the conjugate 

planes as shown in Figure 4-5.

-0.5

-1 -1

Figure 4-4. Symmetry and zero planes of third order kernel.
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Figure 4-5. Conjugate and zero planes of third order kernel.

A unique region in a third order kernel is confined by the symmetry planes and the 

maximum-frequency planes which form a tetrahedron, as shown in Figure 4-6. There are 

six possible unique regions which together form a cube with all edges having equal 

length. As in the second order case the set of unique points also includes unmeasured 

and conjugate points.
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Figure 4-6. A unique region of a third order kernel: (a) front view, (b) rear view.
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The unmeasured points in a third order kernel are a result of combinations of the three 

frequencies which include a pair of conjugate frequencies: f\=—fa, f\=-fa or fa = -fa 

These combinations result in contributions at the excited (or linear) frequencies and are 

termed linear contributions. There are F of these contributions falling at one linear 

frequency which may also be manipulated by the linear component of the Volterra 

system and hence cannot be measured.

To determine the number of unmeasured points in a third order kernel is not as straight 

forward as in the second order case and can best be explained graphically. The linear 

contributions are located on the three conjugate planes of Figure 4-5, cutting through 

unique regions built by the three symmetry planes of Figure 4-4. This is illustrated in 

Figure 4-7 which shows a half of the symmetry planes f\ -fa and fa -fa confining a 

unique region, and parts of the three conjugate planes within that region.

-0.5

-1 -1

Figure 4-7. Conjugate planes within unique region.
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Figure 4-8 shows the linear contributions that is the unmeasured points on the conjugate 

planes for a DKM signal with F= 10. The same plot, but from a top view is shown in 

Figure 4-9. From both views it can be seen that there are four sections, each containing 

(F2)^ + F/2 = 55 linear contributions. Each section shares one border of F= 10 points 

with a neighbouring section. Summarising these figures leads to the number of linear 

contributions in a third order kernel:

F
I

(4.19)

0

-0.5

-1 -1

Figure 4-8. Linear contributions of a 10 harmonics signal in a unique region.
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Figure 4-9. Top view of Figure 4-8.

There is also the possibility of de-contributions adding to the number of unmeasured 

points. Different to second order kernels, de-contributions can be avoided by selecting 

the harmonics of a third order DKM signal so that none of the combinations result in 

zero:

fk+fi+fm *0, k,l,m = -F... (4.20)

Under the above condition the number of unmeasured points is reduced to linear 

contributions. The measured points can then be obtained similar to the second order 

case. The number of unique points is equal to CWR with r = 3, from which 2F2 

unmeasured points must be subtracted. Although it is difficult to graphically separate the 

positive and negative contributions, the conjugate points of a third order kernel can 

again be removed by dividing by two. The following equation yields the number of 

measured points in a third order kernel:
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(2F+2)! 
6(2F-1)!

-2F2 2F3 +F (4.21)

For example, a third order DKM signal with 10 harmonics and no de-contributions 

allows 670 points to be directly measured in a third order kernel.

4.5 Measuring Volterra kernels

4.5.1 Measurement Setup

As discussed in Chapter 2, system identification in the frequency domain requires both 

the input and the output of the signal to be measured. The test signal is passed through a 

ZOH device which is usually part of the signal generator, hi order to filter out higher 

harmonics introduced by the ZOH a reconstruction filter needs to be used, which 

smoothes the signal before it is injected into the system. For linear system identification 

anti-aliasing filters can be inserted in both measurement channels to filter out 

frequencies outside the band of interest, hence reducing the noise.

Other than the reconstruction filter, the anti-aliasing filters are within the measurement 

path, hence their transfer functions have an effect on the estimated FRF:

, . F(co)//Fv (to)
//(co) = \ ( Fy \ ( (4.22) ^ ^

HFu and HFy denote the transfer function of the filter at the input channel and the output 

channel, respectively. If, in the ideal case, both channels are identical the effect they 

have on the measured FRF is cancelling out. Although often very small, differences in 

the filter channels are a practical reality. These differences can be compensated for by a 

relative calibration:

r(co) i _ #' - (4 '23)
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When measuring nonlinear systems a relative calibration is not possible, as both filter 

channels are excited at different frequencies when measuring a single kernel point. This 

is illustrated for a second order kernel by the equation below:

//2 (co 1( co 2 ) =
F(CO,+co 2 )//f.v (co l +co 2 ) [1 if co, =co,

m = \ ' 2 (4.24) 
12 if co, *co 2

Even if the two channels are assumed to be identical, the measured kernel would have to 

be weighted by the following term:

HFy (& { +co 2 )
(4.25)

which demands an accurate estimation of the filter transfer functions itself. Therefore, it 

is recommended that the measurement channels do not include any dynamics. This 

forbids the use of anti-aliasing filters as well as ac-coupling, which is an option in most 

data acquisition hardware. The use of a reconstruction filter and a sufficiently high 

sample frequency compensate for the lack of anti-aliasing filters. A setup which is 

appropriate for the measuring of Volterra kernels is shown in Figure 4-10.

ZOH Reconstruction
Filter

System
y(t)

f
Figure 4-10. Measurement setup.

As an example of the effect of dynamics in the measurement channels, the second order 

kernel of a valve guitar amplifier is measured with ac-coupling and with de-coupling. 

Both measurements are carried out using the same signal and under the same conditions,
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except for the coupling. The results, which clearly show a difference in the response, 

are shown in Figure 4-11 for de-coupling and in Figure 4-12, for ac-coupling.

f2 (kHz)

Figure 4-11. Measured second order kernel of valve guitar amplifier using de-coupling.
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f2 (kHz)

f,<kHz)

Figure 4-12. Measured second order kernel of valve guitar amplifier using ac-coupling.

4.5.2 Non-parametric estimation of Volterra kernels

The estimation of Volterra kernels from measured input/output data is similar to the 

estimation of linear frequency response functions discussed in Chapter 2. The error-in- 

variables estimator defined in Equation 2.7 can also be used for the estimation of 

Volterra kernels. The equations for second and third order kernels are given below:

F(<Dlt a) 2 )— 1 if o> =to
CD,, co, ) = — -=? — \= " 2 ' in = •

2 if co, to,
(4.26)
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£r t \ 1 F(a> l ,co 2 ,(D 3 ) 
//3 ((0,,C0 2 ,g) 3 ) = —_, \ ' \_7——r

3V ' 2 3; m (/(co,)[/(co 2 )C/(co 3 )

AW =

1 if co 1 =a) 2 =co 3 (4<27) 

3 if co, = co 2 ?t co 3 nco, =co 3 *co 2 na> 2 = a> 3 ^ co, 

6 if co, *co 2 *co 3

where w is a divider which depends on the number of symmetry points at a given 

contribution.

4.5.3 Combining higher order transfer functions

It was shown in Section 4.3 that the design of DKM signals becomes more and more 

difficult the more harmonics are to be included. The sparsity increases with the number 

of harmonics which can result in a very low fundamental, hence a long test time and a 

large number of samples. It would be better to carry out two tests with different DKM 

signals which have only half the number of required harmonics and combine the result. 

This can be easily done with linear frequency response functions, provided both tests are 

carried out under the same conditions. However, HOFRF's which have been measured at 

different frequencies cannot be combined into one matrix. This can be illustrated by a 

simple example.

Suppose a second order kernel was measured using two DKM signals with different 

harmonic content: ii =[1 5 8] and i2 = [2 7 10]. Figure 4-13 shows the total points 

obtained by the first signal as squares and those obtained by the second signal as circles. 

Combining both signals in a two-dimensional frequency grid results in empty junctions 

at those points which are a combination of one frequency from either signal, i.e. 1 and 7.
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Figure 4-13. Total points obtained with first signal (D) and second signal (O). SMissing points (x).

The number of missing points, shown as crosses, equals the number of total points 
which already include unmeasured, i.e. interpolated points. This would make an 
interpretation of the kernel matrix and its graphical representation impossible, since a 

large number of points would have to be interpolated.

4.6 Conclusion

In this chapter Volterra Kernels have been discussed. Volterra kernels represent a non- 
parametric model of a nonlinear system which can be modelled by the Volterra series. 
As such they are the higher order extension of the frequency response function of a 

linear dynamic system.

In general the real world has no purely linear systems, often caused by the fact that the 
signal flow of a physical system is restricted by saturation. However, the non-linear 
component may only be present under certain conditions or it is so weak that the
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resulting distortion on a linear model can be neglected. It is therefore important to assess 

in the first case the degree of nonlinear behaviour, hence the chapter began with a 

section on detection of nonlinearities.

The chapter then introduced a fairly new type of multisine test signals, or DKM signals, 

which allow Volterra kernels to be measured directly. The difference between an 

ordinary multisine and a DKM signal is the selection of harmonics to be included in the 

signal spectrum. In order to be able to chose an appropriate harmonic vector the effect a 

Volterra system has on the frequency content of the test signal was examined.

This chapter has examined in detail the composition of a Volterra kernel which has been 

measured using a DKM signal and certain regions of frequency points have been defined 

as a result. To understand these regions, such as the unmeasured points, and their cause 

is important for the purpose of representation and, as will be shown in subsequent 

chapters, important in the de-composition of Volterra kernels.

Finally, some practical consideration when measuring Volterra kernels have been 

discussed. All discussions have been restricted to second and third order Volterra 

kernels, representing an even and an odd term of the Volterra series, respectively.



Chapter Five

A Graphical User Interface for System Identification

Abstract — Theories which were established a century ago, such as the Volterra series, 

have only been put into practice fairly recently. The development of advanced and 

affordable computing facilities has made it possible that such theories can now be 

translated into programs which can aid in research as well as in engineering design. 

With data acquisition hardware, the bridge between analogue and digital can be built, 

so that advanced algorithms for system identification can be applied to measured 

signals of physical systems. However, another bridge is necessary, one which allows the 

hardware to be controlled and the software to be utilised, hence yielding the step from 

research and development towards application. This bridge is to be accomplished by a 

user interface, a vital component in any machine or instrument, and this is the subject of 

this chapter.
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5.1 Introduction

The procedure of undertaking the practical identification of physical systems comprises 

several tasks which can generally be divided into four major steps: the design of test 

signals, the data acquisition, the analysis of the data and finally the selection of a model 

structure as well as the identification of its parameters. In order to facilitate these tasks 

in a single environment a combination of hardware and software is required which may 

be designed for general use or tailored to specific identification tasks. Furthermore, such 

an instrument needs to provide access to advanced functionality through an easy-to-use 

interface.

This chapter describes such an instrument for measurement and system identification 

which is controlled through a graphical user interface (GUI). It is a powerful tool which 

combines all necessary hardware and software to run a complete frequency domain 

system identification session (Rees etal., 1995a, 1995b) and has proved an invaluable 

tool for analysis, identification and representation. The software, which will be called 

FDGUI (Frequency Domain Graphical User Interface) in future reference, was created 

along side this project and contains approximately 5000 lines of program code.

The mathematical nature of system identification problems suggest the use of an 

mathematical software package as the basic software kernel. The work carried out for 

this thesis is entirely based on Matlab™, which is a technical computing environment 

for high-performance numeric computation and visualisation (Mathworks, 1996a). The 

name Matlab stands for Matrix Laboratory, which indicates its main feature: the basic 

data element is a matrix, hence making matrix operations as simple as dealing with 

scalars.

Matlab is also a higher level programming language allowing commands or functions to 

be assembled into new functions or so-called script files. Using this facility, numerous 

toolboxes have been developed, which contain comprehensive collections of Matlab
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functions to solve particular classes of problems. Areas in which toolboxes are available 

include signal processing, control systems, neural networks and system identification.

The most important toolbox for this project is the Frequency Domain System 

Identification (FDEDENT) toolbox by Kollar (1996). The estimator, which is described 

in Chapter 2, is implemented in this toolbox, along with other functions for linear 

system identification. However the functions of the current version of this toolbox often 

require a large number of parameters and the data to be presented in a certain format. As 

an example, the command line version of the Elis (estimator for linear systems) is 

shown below:

[pvectfit, Cp, CR, cfv] =ELIS(Fdat, vdat, rpparfixp, rpalg, rppl, in itp, rpfs)

Using such functions from the command line can be arduous and time consuming, 

especially if tasks have to be performed repeatedly. In order to simplify common 

identification tasks such as signal design, testing, data analysis and estimation, another 

Matlab feature can be used: the facility to design a graphical user interface.

The emphasis of this chapter is on describing the facilities and functionality of FDGUI 

in view of its practical application, rather then serving as a user manual with a detailed 

description of each function.

5.2 Main functions

The GUI was designed to combine all hardware and software which is required to 

perform a complete system identification session. As illustrated in Figure 5-1, the main 

functions are divided into four task groups: Test signal design, data acquisition, linear 

system and nonlinear systems.
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Test signal design
- Multisine
-MLBS

Data acquisition
- Practrical tests
- Simulations

Matlab

Graphical User 

Interface

Linear systems
- Data analysis
- Parameter estimation

Nonlinear systems
- Second order kernel
- Third order kernel

Figure 5-1. Functional structure of FDGUI.

Each of the functions within each task group is presented by its own sub-menu, which 
provides access to all necessary parameters. The results of each function is clearly 
presented in various formats, ready to be printed. Most functions produce data which 
can be saved in Matlab format and re-loaded into the GUI or used elsewhere. A screen 
shot of all submenus is shown in the Appendix of this chapter.

5.3 Test signal design

As discussed in Chapter 2, for system identification in the frequency domain the 
application of periodic test signals is given preference. The GUI incorporates functions 
for the design of two types of periodic test signals: multisine signals and maximum 
length binary signals (MLBS). The latter has not been used for work in this project but it 
was included as an option for the identification of linear systems, and the facility has 

been used in related work (Evans et al 2000b).
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5.3.1 Multisine signal design

The theory of multisine signals was discussed in Chapter 2, therefore this section 

concentrates more on the parameters by which the user can design the signal. For the 

sake of ease of reference the equation of a multisine in the time domain is repeated here:

F

s(t) = X »U) cos(i(k)a 0t + $(*)) (5-1)

It can be seen that the following parameters determine the configuration of a multisine:

Frequency domain parameters:

- Number of frequencies F

- harmonic vector i

-Phasevector <|>

- Frequency of fundamental coo

- Amplitude vector A

Time domain parameters:

- Reconstruction frequency fr

- Number of samples N

-Number of periods P

- Amplitude vector a
- Time domain amplitude max(\s(t)\)

Some of these parameters are related or interconnected, so that changing one parameter 

will affect others. Hence, not all of the parameters listed above are needed to completely 

describe the signal. For the multisine design menu those parameters were chosen which 

were most commonly used in practical applications of the GUI.
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Harmonic vector

The harmonic vector is given by a vector of integer numbers sorted in ascending order, 

which represent multiples of the fundamental frequency. Hence, the length of the 

harmonic vector is equal to the number of frequencies of the multisine. The harmonic 

vector also determines the type of the multisine in terms of omitted frequencies, as 

discussed in Chapters 4 sections 4.1 and 4.2. For example, the vector

[ 1 5 9 13 17 21 25 29 33 37 ] or [1:4:37] 

defines an odd-odd multisine including 10 harmonics.

Phase selection algorithm

Apart from zero phases, the GUI offers three different phase selection algorithm in order 

to minimise the crest factor: the Schroeder algorithm, the L-infinity method by 

Guillaume et al. (1993) and random phases. For the latter the phases are produced by a 

uniformly distributed random generator. One hundred phase vectors are generated and 

the one which result in the lowest crest factor is then chosen.

Frequency of fundamental and reconstruction frequency:

System identification hardware is generally set up so that the signal generator triggers 

the sample and hold device or vice versa. This is also true for the hardware used with 

the GUI, hence there is no difference between reconstruction frequency and sample 

frequency. The link between the reconstruction frequency^, the number of samples N , 

and the fundamental frequency fo is given by:

f=— (52) 
0 N

It seems practical to present only two of the three as free parameters in the signal design 

menu. Although different approaches are often implemented in signal generation 

hardware, it was found to be more practical to change the number of samples with the 

reconstruction frequency and keep the frequency of fundamental constant. The reason
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being that the number of samples as well as the reconstruction frequency are often 

limited by the data acquisition hardware and that their alteration should not affect the 
frequency band of the test signal. The band can be changed by moving the fundamental 

frequency which on the other hand will also affect the number of samples. This again 
can be corrected by adjusting the reconstruction frequency.

Another possible solution is to allow the user only to change the band via the 

fundamental frequency and automatically adjust the reconstruction frequency so as to 
obtain the maximum number of samples which is given by the data acquisition 
hardware.

Amplitude vector

The amplitude of the signal spectrum cannot be set directly. It depends on the number of 
frequencies, on the compression of the time domain signal and ultimately on the chosen 
time domain amplitude.

It is however possible to adjust the relative amplitudes of the discrete frequencies in the 
signal spectrum. This can be useful if the device under test is captured in a feedback 
loop. Basic system knowledge derived from pilot tests can be used to refine the test 
signal by adjusting its frequency amplitudes in order to compensate for the feedback 
effects on the signal. By default, the frequency amplitudes of a multisine signal are 

equal.

The time domain amplitude and the number of periods are parameters which only apply 
if the signal is to be used outside the GUI. Otherwise, they are set in the data acquisition 

function.

In addition to the parameters above there is the option to pre-warp the signal spectrum 

in order to compensate for the effect of the ZOH introduced by a signal generator. For 

that the frequency vector of the signal is multiplied by a pre-warping vector:
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(5.3)

/

It is possible to keep a large library of multisine signals without storing the lengthy time 

sequences. The GUI offers the choice to save only the frequency data in the form of the 

complex amplitude vector cav, which contains the complex amplitudes of the double 

sided spectrum for co > 0 and the harmonic vector i.

cav(£) = \(k)eMk) , k = 1,2, ... F (5.4)

This is the minimum information required and the signal is still independent of time or 

frequency. By defining the fundamental frequency /o a vector of frequencies 

corresponding to cav can be obtained.

fv (*) = /0 i(*) , # = 1,2, ...F (5.5) 

To obtain the time domain sequence the frequency vector is built up as follows:

, 
, •* = <«....' (5.6)

and the inverse FFT applied:

N ~ l '2 f—I
(5.7)

where W determines the number of samples and Equation 5.2 defined the reconstruction 

frequency.

Existing signals can be loaded into the menu and their parameters used as a basis for a 

new signal design. After calculation, the time domain signal and its single sided 

amplitude spectrum is plotted as shown in Figure 5-2.
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MULTISINE [ harm: 1:2:149, phase: Schroeder, fund: 1 Hz, fr: 1500 Hz, amp: 1.00, crest: 1.67 ]

0.1 0.2 0.3 0.4 0.5 0.6 
Time (s)[ 1500 Samples]

Spectrum of above

0.7 0.8 0.9

0.1

0.08

0.06

'0.04

0.02

50 100 
Frequency (Hz)

150 200

Figure 5-2. Time and frequency representation of multisine signal.

5.3.2 Maximum length binary signals

As an alternative to multisine signals the GUI also offers a design function for 
Maximum Length Binary Sequences (MLBS). It is a property of binary signals that they 
allow the injection of the maximum possible power for a given time domain amplitude. 
Despite the fact that a considerable part of this power will fall outside the frequency 
band of interest, the useful power is still greater than that for multisines. The 
disadvantage of MLBS is that they are far less flexible in their frequency content which 

makes them unsuitable for the identification of nonlinear systems as carried out in this 

thesis.

MLBS are easily generated by shift registers of different length with appropriate 
feedback (Godfrey, 1993). The amplitude spectrum of an MLBS with a peak to peak 

amplitude of 2a is given by:
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-' * = ±L±2,±3... (5.8)

where N is the length of the sequence which depends on the number of shift registers r : 

N=2r -l. The frequency of each harmonic is determined by N and by the 

reconstruction frequency/- :

f(o k =2nk~, k = 1,2,3,.-. (5.9)

The binary signal menu allows the adjustment of the following main parameters:

• Maximum frequency of interest Fmax

• Register length r

• Samples per bit period b

As with the multisine signal, the time domain amplitude and the number of periods can 

also be set if the signal is to be used outside the GUI.

The signal is designed so that the maximum frequency of interest will fall within the 

half power bandwidth of the signal which occurs at approximately 0.443/r . This means 

that the signal spectrum up to the maximum frequency will be attenuated by less than 

3dB. The register length determines the number of frequencies up to and including Fmax. 

This relationship is shown

Table 5-1, which can also be called up from the menu. It also affects the number of 

samples Wper period. In order to allow the digital to analogue converter to stabilise it is 

common to set the length of the bit period b to at least 10 times the sample time, so that 

final sequence length is given by N-b.

The fundamental and the reconstruction frequency, which must be applied to achieve the 

desired spectrum, result from the above parameters and are shown in the menu.
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Table 5-1. Relationship between register length and number of frequencies within -3dB attenuation.

Register length r
3
4
5
6
7
8
9
10
11

Frequencies F
3
6
13
27
56
112
226
453
906

There is also an option to design an inverse repeat MLBS, which only includes odd 

harmonics (Godfrey, 1993).

5.4 Data Acquisition

5.4.1 System Testing

The GUI includes the facility to carry out practical tests by providing an interface to the 

necessary hardware, which consists of:

• Arbitrary Waveform Generator (AWG),

• Analogue to digital converter (ADC),

• Reconstruction Filter (RCF),

• Anti Aliasing Filter (AAF).

The general configuration of the hardware can be seen in Figure 5-3. The data 

acquisition hardware consists of a connection box linked to a four channel analogue to 

digital converter and a Digital Signal Processing (DSP) card for fast data conditioning 

and transfer. The waveform generator is linked to the PC via an GPffi bus, over which 

the test signal is transmitted. The PC also controls the AWG parameters so that no 

adjustment at the front panel is necessary.

The main feature of the ADC is the simultaneous sampling of all channels, which means 

there is no time shift introduced between the input and output sequence by the sampling
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procedure. The ADC receives trigger signals from the AWG which control sample 

frequency and period. The TMS320 processing card is programmed to act as an 

interface between the PC and the ADC.

Both the reconstruction and the anti-aliasing filters are versatile dual channel 

Butterworth filters consisting of two identical channels in a common cabinet. The 

reconstruction filter can be used for multisine signals to filter out higher harmonics 

which are introduced by the ZOH of the AWG. The anti-aliasing filters should only be 

used if a linear system is to be identified, as discussed in Chapter 4.

Waveform 
generator

PC

Reconstruction 
filter

Matlab environment

i r

GPIB-bus

1 t

A/D-card

Clock

Trigger

Device 
under test

Printer

Connection 
box

Anti - aliasing 
filters

Figure 5-3. Schematic of data acquisition hardware.
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All necessary test parameters can be set in the menu. Setting those parameters which are 

also part of the signal design menu, such as the fundamental frequency or the 

reconstruction frequency, will overwrite their original value.

The signal amplitude can be set in the range from 0.01 to 5V which is given by the 

signal generator. However, care must be taken, since the actual amplitude depends on 

the input impedance of the subsequent device, usually the reconstruction filter. A signal 

offset different from zero can be selected in order to compensate for offsets which 

cannot be eliminated in the test set-up .

Naturally, the number of periods should be selected as high as possible within the 

constraints of test time and data size. A minimum of six periods is advisable to allow a 

statistical analysis of the data, and subsequently the estimated models, to be carried out 

with a certain confidence. The periods before recording parameter defines the number of 

periods which are carried out before the data is recorded. This is necessary to allow the 

DUT to settle into dynamic steady state. If the bandwidth of the signal covers the 

dynamics of the DUT, than one period is usually sufficient.

The frequency of fundamental can be varied in order to the shift the bandwidth of the 

test signal. This allows the frequency range over which the DUT is tested to be changed 

easily without re-designing the signal. The reconstruction frequency can also be set in 

the test menu to change the number of samples per period. The term reconstruction 

frequency is used here because it is the frequency with which the signal generator 

"reconstructs" the digital signal. However, it is always equal to the sample frequency 

since the ADC is triggered by the AWG. The signal bandwidth and the number of 

samples which change with the above parameters are shown in the menu for 

convenience. The expected test time is also indicated in the menu and always updated 

when the test parameters are changed.

The data obtained by the test are shown automatically in a format which can be chosen 

by the plot result parameter. The available formats are the same as in the analysis menu
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which is described below. The data are stored in separate matrices for input and output 

in the form of one column per period. All test parameters including the signal filename 
are saved with the data.

5.4.2 System Simulation

The opportunities to test physical systems are often limited due to constraints of time 

and cost. Limited access to such systems demands that tests are well prepared, which in 
particular demands the careful selection of an excitation signal. In many cases basic 

knowledge of the systems parameters is available, such as the model structure and 

frequency band at which the dynamics can be expected. Such knowledge can be used to 

prepare a test by simulating the system and optimise the excitation signals. Once the 

data has been obtained and models estimated, system simulation also serves as a tool to 

validate the model or to simulate the systems behaviour under different conditions.

As with system identification, the simulation of systems can be conducted in both the 

time domain and the frequency domain. For this GUI the time domain approach was 

chosen in order to be able to use the Simulink™ toolbox. Simulink is an extension 

program to Matlab for the simulation of dynamic systems (Mathworks 1996b). Using a 

graphical editor, arbitrary systems can be created in the form of block diagrams, with a 

complexity which is only limited by the computing hardware. This allows the estimated 
models to be simulated in a composite environment including other linear or nonlinear 

systems of arbitrary type.

It must be emphasised however, that the accuracy of these simulations is limited. 

Simulink is only given preference over the frequency domain simulations because of the 

flexibility and the ease with which complex models can be constructed. The simulation 

of Simulink models involves the numerical integration of sets of ordinary differential 

equations (ODEs). Simulink provides a number of solvers for the simulation of such 

equations. Most solvers use variable step size by their nature which needs to be fixed in 

order to get an evenly spaced time vector. Therefore, the data obtained carry an inherent 

error, which may be reduced but not eliminated.



A Graphical User Interface for System Identification 5-15

Simulink provides a wide range of functional blocks which define arbitrary systems or 

groups of such systems. These blocks can be linked together to simulate any scenario. 

FDGUI offers an easy-to-use interface to SMULINK by providing gateway blocks 

which simulate the data acquisition hardware. These blocks are combined in a template, 

as shown in Figure 5-4, ready for the design of a new system.

The GUI calls the simulation function from the command line and passes all menu 

parameters to this function. The simulation control block displays the progress of the 

simulation and allows it to be finished at any time without loss of data. The data, which 

is returned by the simulation function, is converted in the FDGUI compatible format.

STOP

Simulation Control

AWG

Signal Generator

Simulated system

Input

Figure 5-4. Interface template to Simulink.

Output

Due to the related functionality, the layout of the simulation menu is very similar to that 

of the test menu. However, the reconstruction frequency parameter is replaced by the 

simulation step size to be more compliant with the Simulink terminology. Naturally, the 

accuracy of the simulation is improved by reducing the step size which can lead to an
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excessive amount of data. These can be reduced by the decimation factor, which needs 

to be an integer number. If the factor is greater than one the data are re-sampled at a rate 

which is given by the reconstruction frequency divided by this factor. The sample 

frequency which is shown on the right hand side of the menu is a result of the 

simulation step size and the decimation factor.

In addition, there is a choice of different solvers, which are suitable for different types of 

systems. Because of the diversity of dynamic system behaviour, some solvers may be 

more efficient than others at solving a particular problem. A description of all available 

solvers is given in the Simulink manual.

5.5 Data Analysis

The analysis of the acquired data is an important step preceding the estimation of 

parametric or non-parametric models. The data analysis menu which provides a series of 

functions and graphical representations. These allow a detailed examination of the 

acquired data which are obtained within the GUI through Test, Simulation or which are 

imported from an external source. General information about the current test data, such 

as file names, signal properties and test parameters, is given in a display box

To illustrate the representational functionality of this menu example plots of all 

functions are shown at the end. The data used for this example originates from an 

electronic linear system which was built for the test and evaluation of this GUI. The 

system dynamics consist of one anti-resonance surrounded by two resonance peaks.

5.5.1 Time domain

Generally, the first step is the examination of the time records of the acquired data in 

order to detect possible faults, which may have occurred during the acquisition process. 

The time domain function plots both the input and output sequences either over the 

complete length of the test, or averaged across the periods, as shown in Figure 5-5, or all
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periods are plotted on top of each other. In the latter representation it is possible to 

deselect single periods which may contain outliers or deviate strongly from the others.

-0.2

-0.4

Time domain plot

0.1 0.2 0.3 0.4 0.5 0.6 0.7 
Time (s), mean: -1.41e-003, Cf: 2.00

0.8 0.9

[ Data: Bbtp, Signal: so_bbtp; fs: 1500 Hz, amp: 0.10 V, per: 6 ]

0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

Time (s), mean: -6.94e-003, Cf: 2.84

Figure 5-5. Time domain plot.

5.5.2 Autocovariance

This function plots the auto (or circular) covariance function of the output signal, which 

is the auto-correlation of the complete time sequence with its mean value set to zero. It 

is calculated via the frequency domain to reduce computation time.

-\|2J FFT(x-x)\
p (5.10)

The auto-covariance can be used to examine the periodicity of the data and allows the 

detection sampling related faults such as slipping or missing samples. The plot in 

Figure 5-6 shows in the upper half the auto-covariance function and below its zoomed
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first and last lag. For this example, a multisine signal with a period time of Is was 
applied for 6 periods. The peaks of the first and last lag can be seen to be of the same 
magnitude and occur at exactly 1 and 5 seconds, indicating good periodicity and exact 
sampling, which is expected when using the hardware setup described above.

Circular autocovariance of output [ Data: Bbtp, Signal: so_bbtp; fs: 1500 Hz, amp: 0.10 V, per: 6 ]
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Figure 5-6. Circular Autocovariance.

5.5.3 Spectra

This function plots the amplitudes of the input and output spectra which can be seen in 
Figure 5-7. The frequencies which are included in the test signal and at which the 
system was exited are shown in red. As already shown in Chapter 4, nonlinear 
contributions at omitted harmonics are drawn in green (even power) and blue (odd 
power). Frequencies which are not integer multiples of the fundamental are considered 

to be noise and are shown in black.
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Since the excitation signal is an odd multisine, only even powered nonlinear 

contributions can be detected within the signals bandwidth. Apart form multiples of the 

50Hz mains supply no nonlinear loading appears to be present in the input spectrum. In 

the output spectrum, however, even nonlinearities can be detected, especially around the 

higher resonance peak, indicating the nonlinear behaviour of the electronic components 

which often appears with higher amplitudes.

Frequency data: excited (red), omitted: even (green), odd (cyan), noise (white)

-100
20 40 60 80 100 120 140 160 180 200 220

Frequency (Hz)

[ Data: Bbtp, Signal: so_bbtp; fs: 1500 Hz, amp: 0.10 V, per: 6 ]

-100"
20 40 60 80 100 120 140 160 180 200 220

Frequency (Hz)

Figure 5-7. Discrete spectra of input and output signal.

5.5.4 Coherence

The coherence function applied to periodic test signals has already been discussed in 

Chapter 4. The equation, which is repeated here,

(5.11)
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is used to calculate the:

• the linear coherence with k e i,

• the nonlinear coherence at even frequencies with k - 2n, n - 1,2,... N/2, k <£ i,

• the nonlinear coherence at odd frequencies with k - 2n - 1, n = 1,2,... N/2, k £ i.

All three coherence functions are shown for both the measured input signal X= U and 

the measured output signal X= Y, respectively. The same color coding is used as for the 

frequency domain plot described above. The coherence plot in Figure 5-8 is shown in 

continuous format which gives a better overview of areas of good or bad periodicity in 

the spectrum. However, the plot is also available in discrete format to assess the 

coherence at each frequency. It can be seen that the nonlinear contributions present in 

the output spectra have indeed a sufficiently high coherence not to be random 

components.

Coherence: excited (red), omitted: even (green), odd (cyan)

20 40 60 80 100 120 140 160 180 200 220
Frequency (Hz)

[ Data: Bbtp, Signal: so_bbtp; fs: 1500 Hz, amp: 0.10 V, per: 6 ]

20 40 60 80 100 120 140 160 180 200 220
Frequency (Hz)

Figure 5-8. Linear and nonlinear coherence of input and output signal.
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5.5.5 Estimated FRF

The output of this function is shown in Figure 5-9, where the amplitude and phase of the 

estimated frequency response function are plotted. The FRF is calculated using the 

error-in-variables estimator as discussed in Chapter 2:

(5.12)

-200

Estimated FRF

20 40 60 80 100 120 
Frequency (Hz)

[ Data: Bbtp, Signal: so_bbtp; fs: 1500 Hz, amp: 0.10 V, per 6 ]

140

20 40 60 80 
Frequency (Hz)

120 140

5.5.6 Noise

Figure 5-9. Amplitude and phase of estimated FRF.

The noise function produces a figure containing four sub-plots. The two plots in the 

upper half of Figure 5-10 show the variance of the excited frequencies across the 

periods for the input signal and the output signal. The third plot shows the covariance
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between the input and output frequencies. In this example, the variances are very small, 

which is not surprising since the noise floor, present in Figure 5-7, is well below the 

spectral amplitudes of the signals, which is also confirmed by the signal to noise ratios 

(SNR), given in the remaining sub-plot.

Input variance ,x10 Output variance

2.5

2

1.5

1

0.5

0

50 100 
Frequency (Hz)

X 10"'° Frequency covariance

50 100 
Frequency (Hz)

Signal / Noise (dB)

150

Raw:

i/p: 39.68 
0/p: 46.43

Excluding noise lines: 
i/p: 50.51 
o/p: 60.65

Averaging across periods:

i/p: 58.29 
o/p: 68.43

0 50 100 
Frequency (Hz)

150
[ Data: Bbtp, Signal: so_bbtp ]

Figure 5-10. Variances and signal-to-noise ratios of input and output signals.

5.6 Estimation of Model Parameters

The estimation menu builds the interface to the Elis estimator which is described in 

Chapter 2 and which is part of the FDIDENT toolbox in Matlab. The main parameters 

of this menu describe the structure of the model to be estimated, that is the number of 

zeros, the number of poles and a value for the pure time delay. There are also a number 

of options which be can set in the menu:

• models can be estimated in both the ^-domain or z-domain,
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• the pure time delay may be fixed or included as a free running parameter, in which 
case the given value is interpreted as a start value,

• any model parameters can be set to a fixed value,

• the covariance matrix of the input/output data may be included into the cost function 
in order to deal with correlated noise, as discussed in Chapter 2.

The Elis function runs an iterative algorithm which can be controlled through the menu. 
It can be paused, finished or cancelled at any time. This is a useful feature if the 
structure is not known and parameters need to be varied or estimations do not converge.

There are a number of plots available to present the result of an estimation:

• the model fit, as shown in Figure 5-11, which plots the measured frequency response 
function together with the response of the estimated model. As an option, the 
residuals can be added to the plot,

• the pole - zero map, being a commonly used representation of poles and zeros in the 
complex plane,

• the function of dependency, which is the auto-correlation of the complex residuals. 
This allows the detection of unmodelled dynamics and/or nonlinearities as described 

by Evans, (1998).
• and finally a summary including on the left hand side any information regarding the 

test and estimation and, on the right hand side, a list of all estimated model 
parameters and their standard deviation. The summary, which is shown in 
Figure 5-12, can be saved in text format or printed out directly.

Estimated models can also be saved and re-loaded as a basis for further estimation using 

different parameters.
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Figure 5-11. Model fit: model response (—), measured response (+), residuals (x).



A Graphical User Interface for System Identification 5-25

******* FREQUENCY DOMAIN ESTIMATION SUMMARY ******* 

File names Estimated model parameters

Signal: SO_BBTP DC gain: 1.02106 (0.181066 dB)

Data: BBTP Pure Delay: 0 s

Model: ES_BBTP

Zeros Std (%)

Test parameters -6.14e+000 +3.91e+002j 0.2874 0.0043

Fundamental: l Hz -6.14e+000 -3.9le+002j 0.2874 0.0043

Frequencies : 75

Sample frequency: 1500 Hz Poles Std (%)

Peak amplitude: 0.100 V -6.32e+000 +5.67e+002j 0.0407 0.0004

Offset: 0.000 V -6.32e-t-000 -5.67e+002j 0.0407 0.0004

Periods: 6 -6.15e+000 +2.75e+002j 0.0648 0.0015

-6.15e+000 -2.75e+002j 0.0648 0.0015

Estimation parameters

Model: 2/4 s -domain

Delay fixed to: 0 s

Fixed parameters: no

Incl . covariance : yes

Cost function: 927.617

Min: 71.0 95% chi 2 : 88.44

Mean complex error: 0.00939494

Rel complex error: 0.00673415

Freq (Hz)

62.206

62.206

Freq (Hz)

90.2933

90.2933

43.785

43.785

Figure 5-12. Estimation summary.

5.7 Representation of Volterra kernels

In the process of identifying a linear system, basic information about this system can be 

derived from its non-parametric model. A measured frequency response function yields 

the bandwidth of the system and allows assumptions to be made about its type and 

order. Similarly, when testing systems that are nonlinear much useful information can 

by extracted from Volterra kernels, provided that a graphical representation of high 

quality is possible. The representation of Volterra kernels is more difficult than that of 

linear responses, because of their multi-dimensional nature. However, with increasing 

computing power and improving software facilities interpretable plots of multi 

dimensional functions such as Volterra kernels are now possible.

As described in Chapter 4 only the measured points can be acquired by testing a 

Volterra system with a Direct Kernel Measurement (DKM) signal. However the total



A Graphical User Interface for System Identification 5-26

points are required for a useful representation of a Volterra kernel. This includes the 

conjugate complex points which are usually discarded from linear frequency response 

functions, where only the single sided spectrum is used. Furthermore, the unmeasured 

points should be interpolated in order to enhance the plot.

The estimation of linear frequency responses usually carried out at equally spaced 

frequency points. Due to the nature of DKM signals this is not possible for measured 

Volterra kernels. Only an approximately even distribution of the harmonics can be 

achieved when using the methods described in Chapter 4. The evenness in the harmonic 

spacing is a vital factor for quality of multi-dimensional plots where the colour 

distribution is often enhanced by interpolation.

The emphasis in this section is laid on the kernel amplitude since the representation of 

their phases has an added difficulty due to the unwrapping problem. Simple algorithms 

can be applied in an attempt to unwrap two-dimensional phase matrices of Volterra 

kernels. However, they do not always prove successful, especially if the data is of poor 

quality and the system is of high complexity.

5.7.1 Second order kernel

There are many different methods of plotting functions which depend on two variables, 

such as second order kernels. They can be shown as both two-dimensional (2D) or 

three-dimensional (3D) plots. However, the 2D plot can also be considered to be a 3D 

plot, with the view point located at 0° azimuth and 90° elevation. As the two frequencies 

over which the kernel is plotted are identical, the aspect ratio of the 2D plots is always 

1:1, hence resulting in a square axes box.

The menu of the GUI function for the representation of the second order Volterra 

kernels offers the following representations for second order kernels using three 

different plotting functions of Matlab:
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1. The Mesh plot, which is a 3D representation where the amplitude, or alternatively 

phase are represented by values in the z-direction as well as by colour. The view 

point can be adjusted by sliders for azimuth and elevation. The default it set at 20° 

azimuth and 50° elevation.

2. The Contour plot (2D): Only the contour lines are shown, 20 lines by default, which 

represent amplitude or phase levels of the kernel. This representation allows an 

easier interpretation of the structure of the block-oriented model, as will be shown in 

the chapter 6.

3. The Pseudocolor plot which is a 2D version of the mesh plot with the view point 

located at 0° azimuth and 90° elevation. Similarly to the contour plot the 

pseudocolor plot also enhances structural features, provided that it can be displayed 

or printed in colour.

An examples of each representation is given in Figure 5-13, Figure 5-14 and 

Figure 5-15. The second order Volterra kernel shown is the measured response of a 

valve guitar amplifier, a system with high pass characteristics. This system was 

measured using a DKM signal with a set of 10 harmonics:

i = [41291 5437971055 13191585 192722292543] (5.13)

In the first instance, the harmonics are selected to measure a third order kernel. 

However, since only odd harmonics are included the second and third order kernels can 

be measured simultaneously.
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Figure 5-13. Mesh plot of second order kernel of valve amplifier.
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Figure 5-14. Pseudo color plot of second order kernel of valve amplifier.
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Figure 5-15. Contour plot of second order kernel of valve amplifier.
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5.7.2 Third order kernel

The problem of representing multi-dimensional functions increases with the number of 

dependent variables. A third order Volterra kernel depends on three frequencies, which 

take already up the three dimension. The conventional method of showing a third-order 

kernel is to successively fix each frequency, in order to free one dimension, and show a 

series of three-dimensional plots. Each plot is only a slice of the overall kernel, which 

makes an interpretation very difficult. This can be overcome by using colour as a fourth 

dimension for the representation of the amplitude or phase of the kernel.

The result is a cube with each sides showing the system response at only the highest 

measured frequency. In order to obtain a view of the kernel over the whole frequency 

range a section needs to be cut out. Since the kernels are symmetrical over the diagonal 

planes a complete insight can be achieved by taking out a quarter of the cube. An 

example of a third Volterra kernel is shown in Figure 5-16. The kernel was obtained 

from the same measurement as was used above for the examples of second order kernel 

representations.

5.7.3 Interpolation of unmeasured points

The reason for the existence of unmeasured points, that is points in a Volterra kernel 

which cannot be measured, was described in detail in Chapter 4. In a second order 

kernel these points are located along the main diagonal, and causing a gap which widens 

towards the higher frequencies as the harmonic vector gets increasingly sparser. The 

coverage of a 10 harmonic DKM is shown in Figure 5-17.

i = [13 22 32 43 55 70 84 101 121 137] (5.14)

The possibility to show the kernel coverage of particular DKM signal in form of a map, 

where each a measured point is shown as an '+', is also a feature of the second order 

kernel menu. The gap which caused by the unmeasured points can be clearly seen along 

the main diagonal where i\ = -h.
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Figure 5-16. Third order kernel of valve amplifier.
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Figure 5-17. Coverage of DKM signal with 10 harmonics.

Within the GUI's computational environment a kernel is stored as a matrix. The 
elements of the matrix which contain the unmeasured points need to be set to NaN, 
which is a Matlab notation for 'Not-a-Number'. If such data is plotted in Matlab then the 
fields containing an NaN cause a gap in the plot. In order to illustrate the difference the 
mesh plot shown in Figure 5-13 is repeated in the Figure 5-18 without interpolation.
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Figure 5-18. Mesh plot of second order kernel of valve amplifier without interpolation of unmeasured
points.

From the second order kernel menu three methods of interpolation can be selected. They 
will be explained using Figure 5-19 which shows the top left section of the kernel 
matrix with the points to be interpolated typed in bold.

xll

x21

x31

x!2

x22

x32

x!3

x23

x33

Figure 5-19. Illustration of the interpolation of unmeasured points.



A Graphical User Interface for System Identification 5_34

The simplest method is to assign to the missing point the value of its neighbour, for 

example x22 = x!2 or x22 = x21, which is equivalent as x!2 and x21 are conjugate 

complex points. Alternatively, this assignment is possible: x22 = x23 or x22 = x32. A 

better approach is to average the two neighbours so that x22 = mean(x!2,x23) or 

x22 = mean(x21,x32). The most advanced method offered by the GUI is to use a cubic 

spline interpolation along each column of the kernel matrix to obtain the missing point. 

This method works well but for the first and last column. The missing point xll in the 

corners of the kernel matrix cannot be interpolated due to the lack of neighbours. It is 

assigned the value of its neighbour x 12.

The quality of the interpolation, which is a subjective measure as the true values are not 

known, varies with the data quality, the number of harmonics, the size of the gap and 

the degree of variation on the kernel surface. Although the spline interpolation is the 

most advanced it does not necessarily give the best result.

Matlab offers a range of functions for data interpolation, although not all of them are 

suitable for non-uniformly distributed data, as it is the case with measured Volterra 

kernels. Since the interpolation is only used to enhance the representation of Volterra 

kernels only little effort was made to find the 'best' method for a given application and it 

is possible that use of different function and methods yield better results. This however 

can only be proven using simulated kernels where the interpolated points are known.

In order to improve the quality of the interpolation it is essential to measure points of the 

kernel which are close to the main diagonal. This can be achieved by incorporating a 

number of closely spaced harmonics at higher frequencies, An example of such a 

harmonic vector is given by:

i - [3 5 75 76 158 162 246 253 338 347 436 447 540 552 642 655 772 787 907 921]

(5.15)
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Figure 5-20 shows part of kernel coverage using this a harmonic vector. It can be seen 

that the gap along the i = -i diagonal, which is illustrated by a line, is significantly 

reduced, which allows interpolation techniques to be applied more effectively.

# * t # # ft

t ft ft it a

400 
Harmonics

800

Figure 5-20. Coverage of multisine with pairs of harmonics.

Apart from the gap caused by the unmeasured points there are also gaps along the zero 

axis. This does not present a problem since a whole row or column of the matrix can be 

omitted, without the need to use NaN's. These gaps are automatically interpolated by the 

plotting functions and should be kept small by choosing a small number as the first 

harmonic of the DKM signal. Fortunately, an interpolation of phases of second order 

kernels is not necessary. All phases are zero along the main diagonal as the kernel points 

there are the sum of two conjugate complex values.

The interpolation of third order kernels is far more complex since the diagonal of 

unmeasured points now become planes which cross each other, making it even more
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difficult. Basically the same methods can be applied as for second order kernels when 

interpolating only one third order kernel slice at a time.

5.7.4 Using colour representation in Matlab

By default the colour shading is piecewise constant, therefore each surface patch has a 

constant colour determined by the amplitude or phase of the kernel. A user option 

allows the kernel surface to be represented with continuous colour shading. For that, 

Matlab uses Gouraud shading, which is piecewise bilinear so that the colour in each 

surface patch varies linearly, whereas the end or corner values are interpolated 

(Mathworks, 1996a). Figure 5-21 shows the pseudocolor plot of Figure 5-14 with 

continues colour shading.

-4000 -3000 -2000 -1000 0 1000 2000 3000 4000
f, (Hz)

Figure 5-21. Pseudo color plot with color shading of second order kernel of valve amplifier.
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Another import issue is the use of the right colour map. The colour coding shown in the 

plots is proportional to the surface height, that is the amplitude or phase of the kernel. 

The colour map is usually stretched between the lowest and the highest value on the 

surface. However, if several kernels are to be compared visually than the colours must 

be fixed, so that a colour always represent the same values in different kernel plots.

A selection of standard Matlab colour maps, including grey for black and white printers, 

is given in the figure menu of GUI plots. Care must be taken with some colour maps, 

such as 'HSV, as they are circular, that is the same colour code is assigned to the highest 

and lowest value. By default the colour map 'JET' is used which shows a shade of blue 

for low values and gradually changes upwards into a shade of red for high values. A 

colorbar can be added to the figure as a 'fourth axes' in order to be able to relate the 

colours to practical values such as amplitude in decibels or phase in degrees.

5.8 Parameter settings

Upon starting the GUI all menu parameters are initialised to the values which are 

defined in the initialisation file. This is a standard text file which can be edited inside or 

outside the GUI. If this file is edited during a session, then the new parameter settings 

become valid instantly.

All parameters which are changed during a session are kept until the GUI is closed. At 

re-starting the GUI it will revert to the default parameters set in the initialisation file. It 

is however possible to save all current parameters in a session into a file. This session 

file will act as a template and can be loaded again after starting the GUI. This allows to 

store the parameter settings of the GUI for different applications.

5.9 Conclusions

This chapter has described a measurement and system identification package based on 

Matlab, which integrates all functionality required for the identification of a linear 

dynamic system. It is the combination of signal design, data acquisition and data
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analysis assembled into one user friendly environment which makes it so powerful. The 

GUI also includes facilities for calculation and representation of second and third order 

Volterra kernels, which proved most useful for the work carried out for this thesis.

The chapter has only given an overview of the main features and facilities, illustrated by 

a limited number of examples, and it is not to be understood as a manual. The GUI's 

functionality is far more complex and still being updated as it is used for research and 

education purposes beyond the scope of the thesis.
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5.10 Appendix: Screen shots of sub menus
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Chapter Six

Structure Related Graphical Features 
of Block-oriented Models

Abstract — Having established a method of obtaining reliable measurements of 

Volterra kernels which serve as a non-parametric model of a nonlinear system, the next 

step is to identify a parametric model based on those measurements. Before this can be 

done, as in the case of linear system identification, a model structure has to be selected. 

Before devising a method of selection, a set of models must be found which are not only 

inherent in the Volterra series but also represent a wide range of physical nonlinear 

systems. This is particularly true for block-oriented models, which are based on the 

assumption that dynamic nonlinear systems can often be represented as the composite 

of a static nonlinear system and one or more linear systems. The task then remains to 

select a structure from this set of models which best represents the system under test. 

This chapter examines the relationship between basic block-oriented models and the 

graphical features of their Volterra kernels. It is shown that early assumptions about 

the model structure can be made from a measured Volterra kernel.
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6.1 Introduction

The Volterra systems have the attractive property that they can be seen as a natural 

extension of linear system theory. As such, the Volterra kernels have a direct physical 

significance and can often be given a physical interpretation. Furthermore, as the 

Volterra series resembles a combination of a nonlinear static element and linear 

dynamic elements, it is practical to extend this feature to the model structure, hence 

assuming the nonlinear system under test to be composed of such elements.

Under this assumption, a set of structures known as block-oriented models have been 

widely studied and used to model practical nonlinear systems (Haber (1989), Billings 

(1980)). This division of dynamic nonlinear systems into static nonlinear and dynamic 

linear parts provides the advantage that concepts developed for linear system 

identification can be applied, in extension, to nonlinear models. Furthermore, the system 

under test is often known to have indeed a structure of a block-oriented model. For 

example the combination of actuators or drivers, which contain nonlinearities and 

whose dynamic influence is negligible, in series with a linear dynamic systems present 

the well known Hammerstein model structure.

However, the choice of possible combinations of the static nonlinearity with one or 

more dynamic linear systems is enormous. Similar to linear systems identification, 

where the order of the system needs to be established prior parameter estimation, a 

structure of the block-oriented model must be found which represents the system under 

test. The phrase 'a structure' is used here deliberately, since there can be more than one 

possible solution for more complex systems.

This chapter begins by showing an easy approach to simulate Volterra kernel in the 

frequency domain. This is followed by an introduction to simple block-oriented model 

structures. This chapter then concentrates on graphical criteria for identifying the 

structure of block-oriented models by examining relations between patterns in the 

graphical Volterra kernel representation and the model structure.
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6.2 Noise free simulation of Volterra Kernels in the frequency domain

In view of the subject of this thesis the simulation of frequency domain Volterra kernels 

plays an important part in developing and verifying the theory as well as to validate the 
estimated models of practical systems.

Using the feature of the multi-dimensional Laplace transform, higher order transfer 
functions of arbitrary Volterra systems can be easily simulated. Since these functions 

depend on more than one variable it is practical to use frequency matrices for their 

simulation, so that both the transfer functions and their dependent frequencies are 

matrices on which algebraic operations can be performed as easily as with scalars. For 

example, the transfer function of a second-order kernel H(s\,S2) is a two-dimensional 

matrix, which can be evaluated using two frequency matrices of the same dimension.

For illustration, let i be a double sided harmonic vector containing the frequencies at 

which the kernel is to be evaluated, then Ii is a square frequency matrix in which i is 

stored row wise, so that harmonics are equal across the rows. With the second frequency 

matrix \2 being the transpose of Ii, the Volterra kernel can be simulated for all possible 

harmonic combinations.

As an example, a second order kernel is to be evaluated at the following harmonics:

i = [-13-5-1 1513] (6.1)

Vector i resembles a second order DKM sequence. From this vector a square matrix Ii is 

produced, which contains the double sided vector in each row. Then a second matrix I2 

is created as the transpose of I\.
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(6.2) 

I 2 = If (6.3)

The second order harmonic combinations C2 , which are the input to the Volterra kernel, 

are simply obtained by adding Ii and I2 .

C2 = -26
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This method can also be used to quickly find the contributions of a DKM signal, as an 

alternative to the convolution method described in Chapter 4, Section 3. It shows where 

each second order contribution of the one-dimensional output signal can be found in the 

Volterra kernel matrix. The elements of the kernel matrix, which is of the same 

dimension as C2 , contain the response of the nonlinear system to the harmonic
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combination of the corresponding elements of C2 . The indices into the kernel matrix s\ 

and 52 refer to the elements of the contribution matrix €2 in Equation 6.4 as well as to 

the elements of harmonic vector i.

The matrices Ii and \2 can be used to simulate simple block-oriented structures, which 

are explained later. Suppose a nonlinear system is composed of two linear systems 

which share the same input but their outputs are multiplied, as shown in Figure 6-1. 

Such a system can be described by a second order Volterra kernel.

U

Figure 6-1. Example of nonlinear system structure.

The resulting Volterra kernel, which expresses the input-output relationship of this 

system can be calculated by obtaining the response of the linear systems to each input 

frequency and then combine these responses as defined by the structure of the nonlinear 

systems. Using harmonic matrices as defined in Equation 6.2 assures that any possible 

harmonic combination is present to obtain all elements of the kernel. With sx =/27i/oIx 

the equation relating to the structure shown in Figure 6-1 is given by:

(6.5)

For example, the kernel point at si = 5-2nfo and s2 = 13-27i/b is evaluated as follows:

(6.6)

where L\( 5-2nfo ) is the response of the linear system LI to that frequency. In the kernel 

matrix H, this point can be found in the same position as in C2 where it is defined by the 

indices i\ = 5 and /2 = 13. In order to honour the symmetry property of Volterra kernels
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the response of both linear systems to both input frequencies must be considered as 
shown in the equation above.

Clearly, the measured output of such a system is one dimensional. But the contributions 

are composed of sums and differences of pairs of the input frequencies, which are 
modulated in amplitude and phase by the corresponding point on the Volterra kernel.

The same method can be applied to third order or even higher order kernels. This, 
however, requires a mathematical environment such as Matlab, which can handle 
matrices with more than two dimensions.

Naturally, a Volterra systems exist independently of the test signal applied, hence their 
simulation should not be restricted to the use of DKM signals, as done in the example 

above. DKM signals are just one method of measurement which always leads to uneven 
frequency spacing.

If the interest lies, for example, in the graphical features of Volterra kernels, then they 
can be simulated at any frequency, regardless whether such a measurement would be 
possible. Therefore the method described above can also be applied using a consecutive 

harmonic vector i instead of a DKM sequence, yielding a smoother kernel surface, 
which is preferred for model validation or representation.

6.3 Block-Oriented Nonlinear Models

Block-oriented models form an important class of nonlinear models. They are composed 

of a static nonlinear element in various interconnections of one or more dynamic linear 

systems. Using this rule, a range of combinations can be built, which possibly reflect the 

real structure of the nonlinear system under test.

The restriction, of course, remains that the chosen model structure is only an assumption 

and that even the model validation proves satisfactory, there may exists a different 

model structure, of varying complexity, which would serve equally well. That is to say
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that, with a few exceptions, block-oriented models are not unique, as will be shown 

later. Consequently, as there is more than one possible structure which yield the same 

result, it is common sense to model the system with as simple a structure as possible.

6.3.1 Basic structures

Out of the infinite number of combinations of the nonlinear static and linear dynamic 

components a number of simple structures have been widely used to model nonlinear 

dynamic systems. Figure 6-2 shows what has been known as a general structure for 

block-oriented models. This structure includes linear dynamic systems in series with the 

nonlinear element as well as linear system in a parallel. The feedback path is only 

included as a possibility, it can not be modelled by methods described here and is 

therefore not considered any further.

Figure 6-2. General structure for block-oriented model.

This structure can be broken down into simple and well established model structures:

N L

(a)

L JV

(b)

£, N L2

(d)

Figure 6-3. Basic block-oriented models: (a) Hammerstein, (b) simple Wiener, (c) extended Wiener 
(d) Cascade.
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The most simple model is the Hammerstein model (a), where the input signal is first 

being passed through the static nonlinearity which is then followed in series by a linear 

system. The simple Wiener model (b) has the reverse order of components as the 

Hammerstein model and can be developed into the extended Wiener model (c). An 

«'h-order extended Wiener model consist of n different linear systems whose outputs are 

multiplied. Both models are reduced forms of the general Wiener model defined by 

Schetzen(1981).

A combination of both the Wiener and the Hammerstein models is called an SM or 

Cascade model (d), which is examined later in detail. There are, of course, many more 

possible combinations, such as a linear system in parallel with a static nonlinearity or a 

structure involving feedback, as shown in Figure 6-2. However, the work in this thesis 

is confined to the structures shown above.

Making the link between block-oriented models and the Volterra series it must be 

understood that each structure can only represent one order of the Volterra series. 

Recalling the graphical representation of the Volterra series from Chapter 3 with the 

constant term ho omitted,

Figure 6-4: Graphical representation of the Volterra series.

it can be seen that the truncated series contains n orders, including order one, which 

represents a purely linear path, present in most nonlinear systems.
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Each nonlinear path or order, that is each kernel hn , n > I, can be represented by a 

block-oriented model. The model structure does not necessarily need to be the same 

throughout the orders. Theoretically, the second order path could have a Hammerstein 

structure and the third order path be that of the Wiener model. By including only odd 

harmonics in a DKM signal second and third order kernels can be measured separately 

as the second order nonlinearity produces only even and the third order only odd 

contributions for such a signal. It is therefore possible to consider each order separately. 

The identification tools which are described in this thesis are always dealing with one 

order at a time, and the overall model is a combination of each order, including the 

linear path as shown in Figure 6-4.

Using the method for the simulation of Volterra kernels in the frequency domain, shown 
above, the Volterra kernel can be calculated for each structure. The equations for the 
second-order kernels are shown below in the order of: Hammerstein, simple Wiener, 
extended Wiener and Cascade model:

(6.7)

(6.8)

(6.9)

H(sl ,s2 )=Ll (sl )-L} (s2 )-L2 (sl +s2 ) (6.10)

These equations can be easily extended to apply to third-order kernels on the basis of 

three-dimensional matrices:

(6.11)

(6.12)
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H(sl>S2 ,s3 ) = -[£,(*,)• L2 (s2 ). L3 (s3 ) + /,,(*,). £2(53). L3 (s2 )

H(sl ,s2 ,s3 )=Ll (sl )-Ll (s2 )-L] (s3 )-L2 (s] +s2 +s3 )

(6.13)

(6.14)

The kernel equations of the extended Wiener model (Equation 6.9 and 6.13 ) are laid out 

so as to comply with the symmetry property of Volterra kernels.

If the input signal to the nonlinear system is assumed to have unity frequency domain 
amplitudes and zero phases at all frequencies then these kernels also represents the 
«-dimensional output of the nonlinear system.

6.3.2 The Cascade model

A cascade model, as shown in Figure 6-5, is a combination of the Wiener and 

Hammerstein structures, hence it is composed of a static nonlinearity, preceded and 

followed by dynamic linear systems. Cascade or SM models have been widely studied 

and applied, (Billings (1980), Haber et al (1990), Vandersteen et al. (1997b)). With the 
static nonlinearity 'sandwiched' between two dynamic linear systems a simple model 

was found, which reflects the structure of many practical nonlinear systems.

L\(JK>) —— *• N(.) ——— *• L2(j(il)

Figure 6-5. Cascade model.

The equation for the corresponding second order kernel is given by:

(6.15)

An advantage of this structure is its uniqueness in terms of the distribution of dynamics 

between the two linear systems. Boyd et al. have shown that these models are unique in 

terms of the dynamics of LI and L2 . However, the kernel of such a model will be exactly
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the same for any arbitrary distribution of the static gain and the pure time delay between 
the two linear systems. With the transfer functions of the linear systems being split up as 
follows

L} (s) = kfa(s)e-d* , L2 (s) = k2 G2 (s)e-^s (6.16) 

the kernel transfer function can be re-written as:

, k = a2 k?k2 , d = d{ +d2 (6.17)

Since the gains and pure time delays cannot be separated only normalised kernels with 
k=\ and d = 0 will be considered in the following discussions.

6.4 Graphical features of block-oriented models

A measured n-order Volterra kernel is non-parametric model of the «-order nonlinear 
path of the system under test. Similar to the frequency response function of linear 
systems, a Volterra kernel yields information about the system structure. Haber (1989) 
has presented an extensive study of second order Volterra kernel in the time domain 
with special reference to the link of model structure and graphical features in the 

Volterra kernel.

This section concentrates on how graphical criteria of frequency domain Volterra 
kernels relate to the structure of simple block-oriented models, as discussed by Weiss 
et al. (1996). Initially, a cascade model is assumed and it is shown how the presence or 
absence of linear dynamics shapes the Volterra kernel. The aim is to link the graphical 
criteria to the possible distribution of the linear dynamics within this model, hence 

leading to model structure.

For the following discussion, the contour plots of example Volterra kernels are shown of 

the relevant model structure. This representation is simple but effective for outlining 

criteria of structure selection. The kernels are normalised in frequency as well as in 
amplitude, which is shown in a logarithmic scale. Phase representation are not
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considered since the phases of multi-dimensional complex function are difficult to 
unwrap and do not yield the same level of information.

6.4.1 Second order kernels

Hammerstein structure

Figure 6-6 shows the contour plot of a second-order Volterra kernel of a Hammerstein 
model. The linear system L\ is not present (or assumed to have no dynamics and a gain 
of 1). The linear system Z2 is of first order in this example and N is reduced to a 
quadratic term with a^ = \.

-1-1

Figure 6-6. Contour plot of second-order kernel of a Hammerstein model.

The Volterra kernel of the Hammerstein model is completely characterised by the values 
on the /i =fi diagonal. This means that no change in the amplitude occurs along the 
yj = -f2 diagonal, because the input frequencies are convoluted by the nonlinear element 
to build a new signal, which is then filtered in one dimension by the dynamics of the 
linear system. It is therefore possible to observe the transfer function of L2 on the/i =/2
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diagonal, bearing in mind that this is a function of the second order contributions of the 
input frequencies.

This can be more effectively illustrated by another example. Figure 6-7 shows the 
second order kernel of a simulated Hammerstein model, where L2 is a linear system with 
two resonances and one anti-resonance. The response of the linear system can clearly be 
seen alone the ^ = f, diagonal.

-50 -40
-30 -20

-10

20

f, (Hz)

Figure 6-7. Example of Hammerstein kernel of higher order linear system.

Wiener structure

The kernel of the simple Wiener model, shown in Figure 6-8, has identical symmetry 
over both diagonals, which means that it is also reflected over the zero axis. This can be 
explained by the fact that/i and/2 are filtered by the same linear system before being 
convoluted. This is not the case for the extended Wiener model (Figure 6-9) where L\ is 
not equal to LI. The kernel plot shows different symmetries as it is skewed across the 

yj -f2 diagonal. It will however approach the pattern of the simple model as L\ and LI 

become more similar.
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Figure 6-8. Contour plot of second-order kernel of a simple Wiener model.

-1

Figure 6-9. Contour plot of second-order kernel of an extended Wiener model.
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The pattern of the simple Wiener model is unique in that only this structure will produce 

a Volterra kernel which has equal symmetry over both diagonals. Again, the transfer 

function of the linear dynamic system L\ can be observed directly on the kernel pattern. 

In this case it can be seen at both diagonals, however as the values of measured kernels 

along the f\ = -/2 diagonal have to be obtained by interpolation, only the/i =fi diagonal 

should be used. The same complex linear system used for the Hammerstein structure is 

now used to illustrate the presence of the linear transfer function in a Wiener kernel, 

shown in Figure 6-10. The difference to the Hammerstein structure is clearly visible as 

well as the resonances along both diagonals.

-150
-100

-50

50
100

f,(Hz)
150

f,CHz)

Figure 6-10. Example of simple Wiener kernel with higher order linear system.

The kernel pattern of an extended Wiener model does not have such a clear definition 

nor does it yield the shape of the transfer functions of the linear systems. In fact, 

depending on the type linear systems, it can be similar to other model structures, such 

as the cascade model, which will be discussed next. It is therefore not possible to clearly
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identify this structure from the kernel pattern, as it is possible with the simple Wiener or 

Hammerstein model.

Cascade structure

The pattern in the contour plot of the Cascade model, as shown in Figure 6-11, reflects 
its nature as being a combination of the simple Wiener and Hammerstein models. This 
can be seen more clearly in Cascade models where the dynamics of one linear system 
are far less significant in the present frequency range, than those of the other linear 

system.

-1
-1

Figure 6-11. Contour plot of second-order kernels of a Cascade model.

Figure 6-12 shows examples of cascade models with the time constant of I, being five 
times smaller than that of L2 . The pattern (a) comes close to that of the Hammerstein 
model. In with the opposite configuration the pattern (b) of the cascade model becomes 

similar to that of the simple Wiener.
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-1

(a)

-1 -1

(b)

-1

Figure 6-12. Volterra kernel of Cascade model: (a) approaching Hammerstein, (b) approaching simple 
Wiener.

Although the distribution of the linear dynamics in a cascade model results in a unique 
kernel and vice versa the Volterra kernel of a cascade system relates to a unique 
distribution of dynamics, it must be emphasised that the same Volterra kernel can be the 
result of a different model structure. It is therefore not possible to positively identify a 
cascade model solemnly from the graphical features of the measured Volterra kernel.

6.4.2 Third order kernels

Due to the additional dimension, the visual interpretation of third-order kernels is more 
difficult, especially when the model contains underdamped linear systems. It is also 
more difficult and laborious to measure a third order kernel of such quality and 

resolution which would allow an interpretation.

However, the same rules can be applied as for second order kernels, bearing in mind that 
the diagonal lines of the now become diagonal planes. If a symmetry over a diagonal 

line exists in a second order kernel than the equivalent third order kernel is symmetric 
over a diagonal plane. The symmetry over diagonal planes of third order kernel was 

explained in Chapter 4.
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Figure 6-13. Third order kernel of Hammerstein model.

Figure 6-13 shows the evaluated third-order kernel of a Hammerstein model. In analogy 

with the second-order the kernel is constant along the diagonal planes f\ = -f2 and 

fi = -f) and/i =-fj. A simulated third-order kernel of a simple Wiener model is shown 

in Figure 6-14. The kernel is also reflected over the zero axis in a similar way to the 

equivalent second-order kernel.
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Figure 6-14. Third order kernel of Wiener model.

The characteristic patterns of the cascade and extended Wiener structures also matches 

the second-order case although they may need a more careful examination of the 

Volterra kernels from different viewpoints.

6.5 Conclusions

This chapter has introduced block-oriented models for nonlinear system identification 

and their relationship to Volterra kernels. A method for noise free simulation of 

frequency domain Volterra kernel of simple model structures has been presented. Then 

the relation between the structure of block-oriented models and the patterns in their 

frequency domain Volterra kernels has been examined. It is shown that unique structure 

related features exist for second- and third-order and that these can be used as criteria 

for structure selection, provided that the measured Volterra kernel is of sufficient quality 

and resolution.
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It must be stressed, however, that a clear identification of the model structure is only 

possible for the Harnmerstein and simple Wiener models. However, it is unlikely to find 

a practical system which, within the measured frequency and amplitude range, exhibits 

the features of a pure Harnmerstein or simple Wiener model, it is more likely to find a 

combination of both. Coming back to the example of nonlinear static actuator and linear 

dynamic system, one can appreciate that the actuator may contain dynamics, however 

week they may be, and that the linear dynamic system may contain nonlinearities, as 

well. It is therefore more sensible to assume the cascade structure and assess the 

influence of both linear dynamic systems by applying the criteria shown above.

In this chapter only a few well known structures have been examined. Using the 

described simulation method, the graphical features of more complex structures can be 

studied. However, the practical value of a more wide ranging study is questionable since 

the uniqueness of such structures cannot be assumed and would be difficult to prove.

Nevertheless, with the use of DKM signals the quality of measured Volterra kernels has 

improved significantly and modern computing equipment allows their fast and 

meaningful representations. Therefore the information which can be derived from a 

Volterra kernel should not be underestimated, despite the fact, that definite conclusions 

can often not be drawn.



Chapter Seven

Decomposition of Cascade Models

Abstract — The identification of nonlinear cascade models has been widely studied as 

they often reflect the physical structure of practical nonlinear systems. The key to the 

identification of such models lies in the identification of their linear sub-systems. This 

requires that the measured Volterra kernels, which represent a higher order transfer 

function of the overall model, can be decomposed into the transfer functions of the 

linear sub-systems. The relation between the linear transfer functions and nonlinear 

Volterra kernel can be expressed in a system of equations. However, the information 

which is gathered by applying a single DKM test signal in order to measure a Volterra 

kernel is not sufficient to solve these equations. The deficiency can be overcome by 

applying a special combination of DKM signals in sequence to the device under test. 

This chapter introduces a method which includes the design of a special test signal that 

allows Volterra kernels of a cascade model to be decomposed into their linear sub 

systems.
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7.1 Introduction

The cascade model is only one of many possible structures of nonlinear block-oriented 
models which were introduced in the previous chapter. It is, however, the most widely 
studied as it reflects the physical structure of many practical nonlinear systems. It also 
includes the well known sub-structures of the Hammerstein and Wiener models.

The problem of identifying cascade models, including the separation of the linear 
components, has been addressed by many authors using different techniques. 
Billings et al. (1990) employed spectral analysis using Gaussian input signals. Haber 
et al. (1989) based their identification methods on estimated time domain Volterra 
kernels. Vandersteen et al. (1997a) proposed a method using a combination of small and 
large multisine signals.

The approach introduced in this chapter is based on frequency domain Volterra kernels 
which are measured using Direct Kernel Measurement (DKM) signals. The relation 
between a nonlinear Volterra kernel of a block-oriented model and the transfer functions 
of its linear sub-systems can be expressed in a system of linear equations (SLE). 
However, there is a major problem associated with the solution of the SLE. Due to the 
fact that some kernel values cannot be measured using DKM signals there are less 
equations in the SLE than there are unknown parameters.

This chapter shows how a linear least squares estimator (LLS) can be used to 
decompose a Volterra kernel of a cascade model into the linear sub-systems. A special 
combination of DKM signals is introduced which increases the number of measured 
kernel points without increasing the number of unknown parameters in the SLE. Using 
such signals, the SLE can be solved under certain conditions, providing the frequency 

responses of the linear sub-systems (Weiss et al. 1998).
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7.2 Basic estimates of linear transfer functions

The block structure and the equation of a second order cascade model, as described in 
Chapter 6, is repeated here to introduce some of the concepts covered in this chapter.

Figure 7-1. Block structure of a Cascade model.

The block structure of Figure 7-1 yields

L2 (s) =

(7.1)

(7.2)

The lack in uniqueness of this structure in terms of the gains k\, ki and the pure time 
delays d\, d2 prevents these parameters to be identified separately for the linear sub 
systems. This means that Equation 7.1 has to be reduced to:

(7.3)

where

k = = dl +d2 . (7.4)

Since only the overall gain k and time delay d can be estimated, for the following 
considerations it is convenient to set k = 1 and d = Q, hence reducing Equation 7.3 to

(7.5)

To recall the properties of a second order kernel, as described in Chapter 4, Figure 7-2 
shows how the dynamics of G\ (the Hammerstein component ) and G^ (the Wiener 
component) are represented along the diagonals of the second order kernel. The 
magnitudes of G\ and G2 can be extracted from the diagonals as follows:
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G2 (2j) =
/*(*,. 52 )

~ S2

(7.6)

(7.7)

Figure 7—2. Diagonal representation of Hammerstein and Wiener models in a second order kernel.

Since the input to the Hammerstein component are the second order contributions (?2 

can be obtained by using the complete kernel data, rather than using only the 

information form the diagonals. Solving Equation 7.5 for G2 yields:

(7.8)

However, in a measured kernel the values along the /, = -/2 diagonal can only be 

obtained by interpolation. Since these values are vital for the calculations of GI and G2
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the results can only be indicative of the linear dynamics, and do not provide an accurate 
estimation.

Furthermore, the solutions only include the amplitude of the linear components since the 

phases of a Volterra kernel at the f\ = -/2 diagonal are zero. Therefore the data are 

unsuitable for the estimation of a parametric model.

7.3 Decomposition of cascade models using Linear Least Squares

7.3.1 Definition of the system of linear equations

In order to obtain more accurate results an approach must be used which does not 

include interpolated values but only those which can be measured using DKM signals. 

The task is to solve Equation 7.5 so that the unknown values of G\ and GI are found 

based on the known, that is measured values of H(s\, s-i). The method described here 

solves this problem by expressing Equation 7.5 as a set of linear equations (SLE).

This can be achieved by applying the natural logarithm to the either side of the complex 

equation and then split it into real and imaginary parts, or amplitude and phase 

respectively:

(7.9) 

ZH(sl ,s2 )=ZG] (sl )+ZGl (s2 )+ZG2 (sl +s2 )+2x-m(sl ,s2 ) (7.10)

The additional term in Equation 7.10 is added to account for an unknown rapping factor 

m which must be included whenever the phases of a complex vector are examined, hi 

order to find this factor the phases must be unwrapped which still presents a problem, 

especially if one considers a two or more dimensional kernel. If the phase variation 

covers a range greater than it and cannot be unwrapped than the SLE can be applied and 

solved for the amplitudes only.
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The root of this problem lies in the splitting of the complex equation into amplitude and 
phase. This can be avoided by applying a nonlinear least squares algorithm (NLLS) 
directly to Equation 7.5, as will be shown later in this chapter. The advantage of the LLS 
is however, that it can be solved directly as opposed to the iterative algorithm of the 
NLLS, the solution of which depends very much on the right choice of starting values.

If m is known then Gi and G2 can be separated by solving the set of linear equations for 
both the amplitudes and phases. This can be illustrated using the following example:

A second order kernel, which is measured using a DKM signal with two harmonics at 
0)0 and 4o>o , can be evaluated as follows:

, y 4co o) = G, (j<o 0 ) • G, (y 4o> 0 ) • G2 (/5o>
(7.11)

where *G donates the complex conjugate of G. The measured kernel values on the left 
hand side of these equations are stored in vector H:

H = //(./co 0 ,/4o) 0 ) (7.12)

The parameters to be estimated are combined in vector G, which includes the values of 
GI at the input frequencies and those of G2 at the second order contributions:

G2 (y2o) 0 ) G2 (y3« 0 ) G2 (y5o) 0 ) G2 (j8o) 0 )] (7.13)

The relation between H and G, according to Equation 7. 1 1 is defined in matrix A:

A =

201000

-1 10100

1 10010

020001

(7.14)
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which contains a row for each measured kernel point in H and a column for each 

unknown parameter in G. A factor of -1 appears in matrix A for a conjugate complex 

element of G, which has no effect on the amplitudes but on the calculation of the phases 

of H only. The complete SLE is then given for amplitudes and phases, respectively:

|H = exp(\ A /«(|G|)) , ZH = AZG (7. 1 5)

With regards to the example above Equation 7.15 for the first row of A is given as 
follows:

In = 2-ln 

+ !•/«

G,(y4o) 0 )

(7.16)

However, it can be seen from the dimension of the matrix A in Equation 7.14 that the 

number of known (measured) values is smaller than the number of values to be 

estimated. This difference is due to the unmeasured points along the f\ - -f\ diagonal 

(see Chapter 4, Section 4).

When using a DKM signal with R harmonics the number of points in a second order 

kernel which can effectively be measured is R 1 . The number of parameters to be 

estimated is given by the R frequencies at which G\ is excited plus R 2 contributions, 

which are the input to GI. With only R 1 known values but R + R 2 unknown parameters 

the SLE is under-determined by R equations. Thus, for second order kernels the 

deficiency in known parameters is equal to the number of harmonics in the test signal. 

This deficiency can be eliminated through the application of paired DKM signals, which 

will be discussed later in this chapter.

7.3.2 Gain and phase error

Suppose, the problem discussed above can be solved, there would still be an infinite 
number of solutions due to the arbitrary distribution of the gain and pure time delay
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between the two linear sub-systems. This causes the rank of matrix A to be deficient by 

one, hence its smallest singular value is zero. The SLE can still be solved numerically 

by using the pseudo inverse of A, denoted A+

L D =exp(\\ + \ln(\tl)), ZL D = A + ZH (7.17)

However, the rank deficiency of matrix A causes the estimates L\ D and L2o to be 

corrupted by an error in gain kx and phase dx .

L}D (s) = kx L,(s}e-d 's , L2D (s) = -^L2 (s)e+d < s (7.18)
"x

The phase error which is effectively a pure time delay with an opposite sign for L ID and 

L2 D can be removed when estimating a parametric model. There is also an approach to 

determine the k\ and k2 of the linear sub-systems by carrying out multi-level tests 

(Evans (1998)).

7.4 Paired multisine signals

The problem of the deficiency of known values, as discussed earlier, can only be solved 

by adding measured kernel points without increasing the number of unknown 

parameters. Naturally, this cannot be achieved by just adding harmonics to the DKM 

signal as for each new harmonic an additional unknown parameter is introduced.

This problem, however, can be solved by carrying out a second test using a signal with 

different harmonic content. The second signal needs to be designed so that at least R 

more measured points than unknown parameters are added to the SLE. This can be 

achieved by selecting harmonics for which some contributions generated by the 

nonlinearity are the same as in the first signal, hence reducing the number of frequencies 

at which 072 is excited. If the number of common contributions is equal to or greater 

than 2R then the number of measured points equals or exceeds the number of parameters 

to be estimated. For example the harmonic vectors:
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i! = [ 2 15 20 36 64 ] , i2 = [ 3 14 33 54 58 ] 

share the following second order contributions:

cco2 = [ 4 17 21 28 30 40 44 51 66 72 ] 

Figure 7-3 shows the kernel coverage of the combined harmonic vectors.

(7.19)

(7.20)
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Figure 7-3. Kernel coverage of harmonic vectors i, (+) and i2 (o).

By applying both signals separately to the system under test two Volterra kernels are 

measured at different frequencies, hence doubling the number of measured kernel 

points. However, with 10 common contributions the number of unknown parameters 

does not double since G2 is excited only at 2R2 - 10 frequencies, instead of 2R2 as it 

would have been the case of two signals which have no common contributions. 

Consequently, if the data of both tests are combined then G\ is excited at 10 frequencies 

and G2 at 40 frequencies. This adds up to 50 unknown parameters which is equal to the 

number of measured kernel points.
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7.4.1 Selecting harmonic vectors

The problem of finding a set of harmonics which not only allow direct kernel 

measurement but also have a compact and near even distribution was addressed in 

Chapter 4, Section 3. The search algorithm suggested by Evans et al. 1996, which is also 

employed for this work needs to be extended in order to find two compatible sets of 

harmonics with the properties named above. This is done in two stages: firstly, the 

search algorithm is used to find a harmonic vector suitable for the application and 

secondly a search for a second vector, which shares the minimum number of required 

common contributions, is carried out.

The selection criteria for the second set of harmonics is not limited to the number of 

contributions which is common to the first set. The compactness and evenness of the 

harmonic distribution is also of importance, especially when combining both sets. 

Ideally, the second set of harmonics should fill the gaps of the original set or at least be 

in the same range. With modern computing power the search algorithm returns a 

number of solutions from which a pair of harmonic vectors can be chosen using the 

following criteria:

1. Number of common contribution,

2. Harmonics of both vectors being in the same range,

3. Evenness of distributions of harmonics.

It is advantageous but not an essential requirement to choose the harmonic content of 

the two signals to be completely different. Due to the nonlinear nature of cascade 

models, the first linear system G\ is excited only at those frequencies which are part of 

the excitation signal (or signals) whereas the second linear system G2 is excited at 

frequencies which result from the nonlinear contributions. Therefore, if the aim is to 

decompose and identify both systems, the frequency response of G\ will be much 

sparser than that of GI-

Increasing the number of harmonics of DKM signals does have an effect on their 

sparsety and frequency range, as discussed in Chapter 4. By applying paired DKM
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signals the number of frequency points for G\ can double, provided that there are no 

common harmonics in both signals. This is an advantage which should not be 

eliminated by designing paired signals with shared harmonics.

7.5 Improving the estimations in the presence of noise

A general drawback of the SLE approach is that its solution is being influenced by each 

data point equally. Naturally, in data sets obtained by measurement, the quality of the 

data varies throughout the set. This is particularly true for kernel measurements as it is 

difficult to design paired DKM signals so that its spectrum exactly matches the 

frequency range of interest. It is often unavoidable that measured kernel points fall into 

regions of high attenuation, hence being strongly corrupted by noise.

This effect can be reduced by weighting the SLE by the vector of the variances of the 

complex kernel values across the number of periods p. The variances in W are 

themselves weighted by the amplitudes of the corresponding kernel points in order to set 

the magnitude of the variance in relation to the magnitude of the measured point.

a2p|H|2

Equation 7.17 then changes to:

(7 -22)

Another way of improving the numerical solution of the SLE in the presence of noise is 

to remove equations from the LSE which contain measured points with very high 

variance. This, however, can only be done if the paired DKM signal is designed to have 

more common contributions as necessary. Depending on the number of harmonics and 

their selection a DKM signal usually has more common contributions than required for
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the SLE. This means that those equations containing the worst measurement can be 
omitted from the SLE.

7.6 Application of Nonlinear Least Squares

In many cases it is difficult or not practical to unwrap the phases of the measured 
Volterra kernel so that a SLE cannot be applied. In this case a Nonlinear Least Squares 

Estimator (NLLS) must be used, since it does not require the division of the complex 

kernel data into amplitude and phase. Otherwise, the same condition as for the SLE 

applies: enough information must be made available by using paired multisine signals 
for block-oriented models containing more than one linear sub-system.

The additional advantage of the NLLS over the SLE is that it can be applied to more 

complex structures than that of the cascade model. For example, the same method can 
be applied to an Extended Wiener model, where the outputs of two different linear 

systems are multiplied together, by simply changing the error term in the cost function. 

This flexibility is important if the structure of the block-oriented model is not known 

initially and must be determined.

The drawback of the NLLS is that start values are required for the iterative algorithm to 

minimise the cost function and that such algorithms, by their nature, can incur 

convergence problems. However, start values can be obtained be applying the LLS first 

as described above.

An example of a cost function is given here for a second order cascade model:

G2 -o) (7 '23)

where 1C is the total number of measured kernel points obtained from both tests using a 

paired DKM signal. The index k denotes a single combination of input harmonics with
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the resulting contribution out of the total 2C. Similar to the SLE, the cost function can 

be weighted by the variances of the measured kernel points:

(7.24)
2p l \k,2k

In order to apply a minimisation algorithm this cost function needs to be converted to a 

computable format. A matrix A, as described above for the SLE, must first be created to 

express the relationship between input harmonics and nonlinear contributions. When 

paired signals are applied, A combines the input harmonics and the nonlinear 

contributions of both signals. Another matrix D is then derived which contains the 

indices into the measured kernel matrix H and the vectors G\ and GI of the linear sub 

systems.

This will be illustrated by an example with the following paired signal:

i, = [1711] (7.25)

ir= [ 3 7 19 ] (7.26)

co2 = [ 2 4 6 8 10 12 14 16 18 22 24 38 ] (7.27)

Equation 7.27 shows the second order contribution of both signals with the common 

contributions in bold. The corresponding matrix A for the combined signals is listed in 

the table below, where the rows with index k=\ to k = 9 contain all combinations of 

signal 1 and the remaining rows with index k = 10 to k = 18 contain the combinations of 

signal 2. The first row of Table 7-1 contains the combined harmonics and contributions 

of both signals which make up the elements of vector G.

= [G,(yco 0 ) G,(y3o) 0 ) ... G,(yl9co 0 ) G2 (j2<s> 0 ) G2 (j4<s> 0 ) ... G2 (y38to 0 )] (7.28)
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Table 7-1. Combined matrix A of paired signal.

Combined harmonic 
vectors

Second order contributions

k
1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18

1
2
0
-1

1
-1

1
0
0
0

0
0
0
0
0
0
0
0
0

3
0
0
0
0
0
0
0
0
0
-1
2
1
0
0
-1
1
0

K.o

5
0
0
0
0
0
0
0
0
0
1
0
1
2
-1

0
0
1
0

7
0
-1
1
1
0
0
2
1
0
0
0
0
0
0
0
0
0
0

11
0
1
0
0
1
1
0
1
2
0
0
0
0
0
0
0
0
0

19
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
1
1
2

2
1
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0

4

0
1
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0

6
0
0
1
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0

8
0
0
0
1
0
0
0
0
0
0
0
1
0
0
0
0
0
0

10
0
0
0
0
1
0
0
0
0
0
0
0
1
0
0
0
0
0

12

0
0
0
0
0
1
0
0
0

0
0
0
0
0
0
0
0
0

14
0
0
0
0
0
0
1
0
0
0
0
0
0
1
0
0
0
0

16

0
0
0
0
0
0
0
0
0

0
0
0
0
0
1
0
0
0

18
0
0
0
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0

n
0
0
0
0
0
0
0
0
1
0
0
0
0
0
0
1
0
0

7,4
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
0

18

0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1

Harmonics of signal 1 Harmonics of signal 2 Common contributions

The vector G contains all elements of for which a solution has to be found using the 

minimisation algorithm. It is composed as follows: the first six elements contain the 

responses of the linear sub-systems G\ to the input harmonics of both signals and the 

remaining elements contain the responses of the linear sub-systems G2 to the second 

order contributions of both signals. I order to obtain a computable expression for the 

error vector E the indices into G for each contribution are assembled in matrix D:

Table 7-2: Index matrix D:

*
1
2
3
4
5
6
7
8
q

index to G

1
-4
-1

1
-1

1
4
4
5

1
5
4
4
<5
5
4
5
S

7
8
9

10
11
12
n
15
16

k

10
11
12
13
14
15
16
17
18

index to G

-2
2
2
3

-3
-2
2
3
6

3
2
3
3
6
6
6
6
6

7
y

10
n
13
14
16
17
18
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Any harmonic combination which includes a conjugate complex element are marked by 

a minus sign in matrix D. For example, the row for k = 3 contains the indices -1,4 and 9 

into G by which the following elements are selected: *Gi(/co0), Gi(/7co0) and G2(/6(Oo)-

The measured kernel points are stored in vector H in the same order as the combinations 

are listed in matrix A. That means, for example, the third element of H contains the 

measured kernel point corresponding to input frequencies -coo and 7coo.

Since the minimisation algorithm supplied by current version of the Optimisation 
toolbox of Matlab cannot handle complex functions vector G must be split up into real 
and imaginary parts. Taking this into account the error vector for a cascade model 
computes as follows:

- ReG

(7.29)

with the complete cost function given by:

2C

(7-30)
k=\

Naturally, the structure of an error function depends on the structure of the block- 
oriented model and the order of its Volterra kernel which is to be decomposed.

7.7 Conclusions

In this chapter an approach was presented to decompose a cascade model into linear 
sub-systems, a challenge which is always met when dealing with block-oriented models. 
In accordance with the major theme of this thesis, the proposed approach is based on 

measured frequency domain Volterra kernels.
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The structural equations of a cascade model were expressed as a system of linear 

equations and an LLS was proposed for its solution. A new design of paired DKM 

signals as a method to increase the amount of available information was then 

introduced. The use of these signals is the key to the solution of the SLE, which 

provides the transfer function of the linear sub-systems.

The proposed signal design is a combination of DKM signals which have a different 

harmonic content but share a number of nonlinear contribution. This will enable an 

equal balance between known and unknown values in the SLE and allow its solution. 

Both signals must be applied in sequence to the device under test and naturally under the 

same conditions.

Carrying out two tests instead of one could be seen as an drawback of this approach. 

However, the fact that the tests are carried out using different signals doubles the 

amount of information and, with two kernels measured, a validation of the non- 

parametric models is possible. In order to explain the principle, the considerations and 

examples in this chapter were limited to second order kernel and the assumption of the 

cascade structure was made.



Chapter Eight

Simulation Examples

Abstract — In this chapter two simulation examples are presented in order to illustrate 

the approach proposed in the previous chapter.
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8.1 Linear Least Squares Example

The first example has been taken from Weiss et al. 1998. Consider the cascade model 

shown in Figure 8-1, with two linear second order sub-systems and a nonlinear square 

function. The properties of the linear systems are chosen so that the phases can be 

unwrapped and the LLS can be applied to solve the SLE for both the amplitudes and 

phases.

Figure 8-1. Cascade model of simulation example.

with

- M 48(5+2) , _
LAS)= I . Aw '\ and L

13 (8.1)

The system is excited using a paired DKM signal with the following harmonic content 

at a fundamental frequency of O.OSHz:

i, = [ 13 22 32 43 55 70 84 101 121 137 ] 

i2= [ 15 29 42 77 96 117 124 155 156 160 ]

(8.2)

(8.3)

Using 10 different harmonics for both signals yields 20 frequencies at which L\ is 

excited. The number of common second order contributions is 40 which gives an overall 

number of 160 frequencies for the excitation of LI. For the signals above, the second 

order kernels are evaluated in the frequency domain using:

+ 5 2 ) (8.4)

Figure 8-2 and Figure 8-3 show amplitude and phase of the kernels of the example 

cascade system for the two simulations.
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Figure 8-2. Amplitude and phase of second order kernel of cascade model, calculated at i,.
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Figure 8-3. Amplitude and phase of second order kernel of cascade model, calculated at i2 .
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As discussed in Chapter 6 the graphical features of the Volterra kernels shown above 

suggest a cascade structure. It cannot be a Hammerstein model because the amplitude 

changes along the f\=-fi diagonal, neither can the Wiener structure applied as the 

kernel does not show identical symmetry over both diagonals. Therefore the LSE is 

composed assuming a cascade structure for amplitude and phase.

ln(\n)), ZL = A VH (8.5)

Vector H is contains the evaluated points of the kernels as shown in the example in 

Equation 7.12 in Chapter 7. The matrix A, which is determined by the nonlinear 

contributions of the paired DKM signal, is generated in the signal design function of the 

software package described in Chapter 5.

Before solving the SLE for amplitudes and phases, the phase vector ZH must be 

unwrapped since the phases of both kernels exceed 180°. The unwrapping is quite 

simple in this case as the area beyond 1 80° is small and very smooth, as can be seen in 

the phase plots of Figure 8-2 and Figure 8-3.
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Figure 8-4. Frequency responses of linear sub-systems obtained by decomposition(x)
compared with original models (-).

The solution of the SLE is a straight forward task in Matlab, which provides all standard 
matrix operations and a pseudo inverse function. The obtained frequency responses L\ 
and Li, which are extracted from vector L, are shown in Figure 8-4. The error in phase 
and gain can clearly be seen on both linear systems. As the real system parameters are 
known in this case the errors can be determined as &x = 0.1858 and Jx = 0.4757s. 
Figure 8-5 shows the model fit of the decomposed linear transfer function as in 
Figure S-4 but with the gain and phase error removed. This simulation example has 
been carried out under noise free conditions, in order to prove the principle.
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Figure 8—5. Frequency responses of decomposed linear sub-systems with gain and phase errors
removed (x) compared with original models (-).

8.2 Duffing Equation

In the second example a paired DKM signal is used to decompose the cascade structure 

of a system which can be described by the Duffing equation. This equation is used to 

model common nonlinear oscillators in engineering application such as magneto-elastic 

mechanical systems. This example used is based on Zhang and Billings (1993), where it 

was used to illustrate the derivation of second- and third order FRFs from a NARMAX 

model.

The differential equation of motion is given by:
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--u(t) (8.6)

The block structure reflected in this equation is composed of an under-damped linear 

system L(s) in the forward path and a static nonlinearity N(-) in the feedback path, as 
shown in Figure 8-6.

Figure 8-6. Block structure of Duffing equation.

This structure can be rearranged by moving a copy of L(s) into the feedback path:

«(/) — ̂
i— *>

+\
ĵ^x^

N(.) +- LiW

—*

+-

t-> L2(s) y(f)

Figure 8-7. Rearranged block structure of Duffing system.

The systems shown in both structures are identical for L(s) = L\(s) - L2(s). However, 
with the arrangement shown in Figure 8-8 it becomes more apparent that the Duffing 
equation reflects a cascade structure where both linear components are equal. The input 
signal u(t) is passed through L\(s) and then through the nonlinear component before 

being passed through L2(s).

The system is simulated in the time domain using the software described in Chapter 5. 
The Simulink model including the parameters of the linear systems are shown in 
Figure 8-8. The nonlinear function A/(0 is reduced to the second and third order term 

with a-i = 0.01 and a2 = 0.005.
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Figure 8-8. Simulink model of Duffing system.

For the simulation a paired DKM signal with the following harmonic vectors of 10 

harmonics each is applied to obtain second order kernels:

i, = [ 27 43 61 83 103 127 155 185 217 223 J 

\2 = [ 9 51 95 117 141 189 239 247 251 253 ]

(8.7)

(8.8)
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Figure 8-9. Amplitude and phase of second order kernel of Duffing system, calculated at!,.
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The signal contains odd harmonics only in order to exclude the effects of the third order 

nonlinear term. The fundamental frequency is set to 0.1 Hz and the reconstruction 

frequency to 200Hz. Figure 8-9 shows the amplitude and phase of the second order 

kernel of the Duffing system based on the harmonic vector in Equation 8.7. The 

unmeasured points along the main diagonal/, = -/2 are re-produced by interpolation.

The decomposition is carried out by applying the nonlinear least squares function to 

minimise the following cost function:

2C

(8.9)

The algorithm which is provided by the Matlab Optimisation toolbox (Mathworks 1999) 

uses the Levenberg-Marquardt method. The results of the LLS method are used as start 

values.

-200
10 20 
Frequency (Hz)

-200
20 40 60 
Frequency (Hz)

Figure 8-10. Frequency responses of decomposed linear sub-systems with gain and phase errors
removed (x) compared with original models (-).
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Figure 8-10 shows frequency responses of decomposed linear sub-systems with gain 

and phase errors removed compared to the original systems.

Taking into consideration that this example is based on a noise free simulation the 

model fit shown in Figure 8-10 is not surprising after the gain and phase errors have 

been removed. However, due to the feedback path additional contributions are created 

which distort the measurement of the second order kernel and introduce a small error 

into estimates.

This method of validation is of course only possible in the case of simulation where the 

original models are known. However, in practice the complete systems can be validated 

in the frequency domain by comparing the measured kernels with the kernels re 

produced from the frequency responses of the decomposed sub-systems based on the 

applied structure. The relative amplitude error between the kernel presented in Figure 8- 

9 and the re-produced kernel is shown in Figure 8-11.
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Figure 8-11. Relative error between simulated and re-produced kernel.



Chapter Nine

Conclusions

Abstract — In this final chapter the major contributions and conclusions of the thesis 

are summarised and some ideas for further research are presented.



Conclusions 9_2

This thesis deals with the identification of block-oriented nonlinear systems which can 

be modelled by the Volterra series. The main emphasis has been on the measurement, 

presentation and interpretation of second and third order Volterra kernels. A significant 

part of this work is dedicated to the design multisine signals. This type of test signals 

have been chosen because of their complete flexibility with regard of their spectral 

content. This feature, not to be found in any conventional type of perturbation signal, 

allows Volterra kernels to be measured directly, hi the final part of this thesis a method 

is presented which applies special combinations of such multisines to nonlinear cascade 

models with the aim to identify the underlying linear sub-systems.

The introduction to theoretical and practical issues of system identification is given in 

Chapters 2 and 3. In Chapter 2 the two major areas of application, the time domain and 

the frequency domain have been compared and the argument was made in favour of the 

frequency domain approach. Multisine signals have been introduced as the favourite 

perturbation signal since they offer an attractive alternative to the use of random or 

binary sequences. A major quality factor of the multisine is the crest factor. Techniques 

to minimise the Crest factor were discussed and compared.

Chapter 3 presents the theoretical background to the Volterra theory. The application of 

the Volterra series to the modelling of nonlinear systems has been discussed and their 

limitations defined. These limitations defined the class of nonlinear systems on which 

this work has focused. The Volterra class of nonlinear systems excludes a number of 

practical nonlinearities whose properties violate basic assumptions associated with the 

Volterra operator. Examples of such nonlinearities are hysteresis, dead zone and 

backlash. Transforming the functional of the Volterra series into the frequency domain 

results in higher order transfer functions which provide the basis for the study of 

frequency domain Volterra kernels.

After the introduction the thesis concentrates on the measurement of frequency domain 

Volterra kernels and their properties. The total nonlinear distortion criteria (TDH) has 

been discussed as a method to assert the degree of nonlinearity of the OUT before
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attempting to measure its Volterra kernels. However the mere presence of nonlinear 

components can also be detected by examining the input and output spectra of the DUT, 

provided it has been excited using a sparse multisine with all even and any other odd 

harmonics omitted. Any coherent contributions at the output spectrum indicate 

nonlinear behaviour.

The quality of measured frequency domain Volterra kernels has been significantly 

improved through the application of specially designed multisine test signals (Evans 

etal. 1996). The key feature of DKM signals are their harmonic selection which has 

been examined in detail Chapter 4.

The main contribution in Chapter 4 was to study in detail the properties of second and 

third order Volterra kernels which have been measured by DKM signals. Only a small 

number of unique frequency points in a kernel are actually measured, the remaining 

points are a combination of the symmetrical replica or the conjugates of these unique 

points. Some points cannot be measured at all using a DKM signal and must therefore 

be obtained by interpolation.

Finally, in Chapter 4 a measurement setup is proposed. Some differences to the 

measurement of linear systems must be taken into consideration when measuring 

Volterra kernels. Care must be taken in the use of Anti-Aliasing filters. Since the 

spectral content of the input and output signals are different due to the nonlinearity it is 

not possible anymore to compensate for the difference in the AA filter by relative 

calibration. The use of a high quality reconstruction filter and significantly oversampling 

should therefore be considered.

A major part of this thesis has been dedicated to the description of a software tool which 

was developed along side this project. Chapter 5 describes a measurement and system 

identification package based on Matlab, which integrates all functionality required for 

the identification of linear systems. It is shown how the theory discussed in previous 

chapters is implemented in a set of functions which includes test signal design, data
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acquisition, system simulation, data analysis, model estimation and the representation of 

second and third order Volterra kernels. The basic concept behind this software is to 

provide all necessary tools required for system identification, as outlined in Chapter 1, 

in one easy-to-use setup. Similar Matlab toolboxes, which cover some of the 

functionality, have now been developed but were not available or not suitable at the 

time.

Having established the methods for measuring and presenting frequency domain 

Volterra kernels in the previous chapters the final part of this thesis concentrates on how 

these kernels can be used to obtain prior knowledge about the structure of the nonlinear 

system. Chapter 6 starts by presenting a simple matrix based method to evaluate 

Volterra kernels for research purposes. Then an introduction to block-oriented models is 

given. In this concept the assumption is made that the nonlinear DUT is composed of 

one static nonlinearity and one or more dynamic linear systems, a feature which is 

reflected in the theory of the Volterra series.

Out of a number of possible combination the work has focused on the cascade structure 

as it also incorporates the common structures of the Hammerstein and the Wiener 

models. Furthermore, the cascade structure has been shown to be unique with regard to 

the distribution of the linear dynamics between the two linear sub-systems (Boyd et al. 

1983). This uniqueness has been the motivation for the attempt to identify the linear 

system dynamics based on measured Volterra kernels.

Prior to the identification of the components of a block-oriented model it is necessary to 

establish its structure. It has been shown here for second and third-order kernels that 

there exist unique structure related features. Provided that the kernels can be measured 

with sufficient quality to allow a graphical representation it is possible to get an 

indication of the structure based on the shape of the kernel. Clear features have been 

identified to distinguish between a Hammerstein, a Wiener or a more complex, possibly 

the cascade structure. The limitations of this approach have been discussed making it 

clear that it can be used for indication only.
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Chapter 7 concentrates on the cascade model and the identification of its dynamic sub 

systems. For a cascade model with a second order nonlinearity the linear transfer 

functions can be extracted from the main diagonals of the kernel. However, as outlined 

earlier, the kernel values along the f\ = -/2 diagonal cannot be measured and must be 

interpolated. Therefore this approach has no practical value.

A novel methodology to de-compose the Volterra kernels of a cascade model into linear 

sub-systems was presented in Chapter 7. The structural equations of a cascade model 

are expressed as a system of linear equations, hi order to be able to solve the SLE a 

special combination of DKM signals must be applied. The key feature of these signals is 

that while their harmonic content is completely different some of the nonlinear 

contributions are the same. This improves the SLE as the number of known parameters 

is increased for the same number of unknown parameters.

Provided that both signals are applied in sequence to the DUT under the same 

conditions enough information can be gathered to solve the SLE. As the response of 

many nonlinear systems is sensitive to the amplitude of the input signal the issue of 

obtaining the same CF for both parts of the paired DKM signal has also been addressed.

Although an SLE is easily solved the drawback for this application is that the complex 

kernel data must be separated into amplitudes and phases. However, if the phases cannot 

be unwrapped a solution can only be obtained for the amplitudes. An alternative is 

proposed through the application of a nonlinear least squares estimator. As weighted 

cost function for the cascade model has been defined. Two simple simulation examples 

have been presented in Chapter 8 in order to illustrate the principle of the approach.

In summary, the contributions made by this work include the development of a 

comprehensive software tool for system identification in the frequency domain. This 

tool also facilitates the measurement and representation of frequency domain Volterra 

kernels using multisine signals with a special harmonic content. A novel approach is 

introduced for the structure selection of block-oriented nonlinear systems based on the
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graphical representation of measured Volterra kernels. Finally a systematic framework 
has been developed with the aim to separate the linear dynamics of a cascade model. 
The method is based on the original design of paired multisine test signals.

9.1 Suggestions for further research

Higher order kernel

The work in this thesis has aimed at presenting a concept rather than a complete 
solution. The methods for identifying cascade models has been explained for second 
order kernels only. The extension to third order kernels although possible is of such high 
complexity that it was not included.

Signal design

A major problem in the design of paired DKM signals is to produce suitable harmonic 
vectors which fulfil the condition outlined in Chapter 7. Furthermore, these vectors 
should be fairly evenly spaced and well compressed. The solutions presented here have 
been obtained by random search. This approach is time consuming and prohibits a 
focused design. If paired DKM signals are to be used the investigation into a 
deterministic method of their design would be worthwhile .

Advanced block-oriented structures

The methods presented in Chapter 5, 6 and 7 have been developed on the basic 
assumption that the DUT could be described the Hammerstein, Simple Wiener, 
Extended Wiener or cascade structure. If presented with a different structure their 
application will not be successful. This was experienced when an attempt was made to 
decompose the Volterra kernels of the valve guitar amplifier shown in Chapter 4. The 
extension of this method to more complex structures is necessary.
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Periodic Signals for Measuring 
Nonlinear Volterra Kernels
Ceri Evans, David Rees, Lee Jones, and Michael Weiss

Abstract—The frequency-domain measurement of the Volterra 
kernels of a nonlinear system using periodic multisine signals 
is now a practical possibility. An analysis is presented of the 
harmonic output of a Volterra kernel when excited with a 
multiharmonic signal, which lays the basis for the design of 
such signals. This is followed by a review of previous work 
in this area, after which a range of new periodic signals is 
defined. The minimization of the signal crest factors is then 
examined, along with the practical problems associated with 
their application. Practical results are presented which illustrate 
the application of the signals to testing a reference nonlinear 
circuit and a servo motor system.

I. INTRODUCTION

THERE has been a steady growth in the study and mod 
eling of nonlinear systems in recent years. Modern com 

puter systems allow data to be gathered for longer times, at 
faster speeds, and the computational power available makes 
the analysis and identification of nonlinearities a more practical 
possibility. In particular, it is now possible to move beyond 
the use of Gaussian inputs and correlation techniques for the 
measurement of Volterra kernels. This paper examines the 
specific problem of designing periodic test signals to measure 
directly the kernels of a nonlinear system.

The ideas underlining this work were first developed in an 
effort to design test signals for linear system identification 
which were robust to nonlinear disturbances [1]. These ideas 
have now been extended to define a family of test signals 
which may be applied to measure directly both the linear and 
higher order kernels.

The Volterra series representation of a nonlinear system was 
among the first to be postulated, and it has also been one 
of the most widely applied. Volterra models of a wide range 
of mechanical, biological, and communication systems have 
been defined [2], and there is still considerable interest in their 
application [3]. This is in contrast to the Wiener approach [4] 
and to many of the block-structured models [5] for which few 
practical applications have been reported. The Wiener method 
suffers from over-complexity and the need to estimate a large 
number of parameters, while the block-structured models are 
often too simple to model practical nonlinearities.

The Volterra structure has the attractive property that it can 
be seen as a natural extension of linear system theory. As
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such, the Volterra kernels have a direct physical significance 
and can often be given a physical interpretation, or related 
to the system's constituent elements. The limitations of the 
Volterra structure are well documented, and these include the 
inability to model hysteresis, dead-zone, or backlash.

The paper begins with a brief review of Volterra theory 
followed by a discussion of the output frequency properties 
of a functional series nonlinearity when driven by a multihar 
monic input. There then follows a review of work previously 
conducted on identification of Volterra kernels, with particular 
emphasis on earlier approaches to designing signals of the 
type described in this paper.

The results of the current study are then presented and a 
family of signals outlined. The importance of minimizing the 
crest factor of the signals is discussed along with a number 
of important practical considerations when testing nonlinear 
systems. Finally, the signals are applied to the testing of a 
reference nonlinear circuit and a servo-motor system.

II. VOLTERRA MODELS
The Volterra functional series is a direct generalization of 

the convolution integral description of linear systems. For a 
causal, stable, time-invariant system it may be expressed as

»(*)= f I
Jo Jo

• u(t — r2 ) 
,t ,t

+ / /Jo Jo
• u(t - r2 )

,*

/Jo
u(t - Tn

••• , rn)w(t-Ti) 

dr2 ••• drn (1)

where /II(T), h^r), and hn (r) are known as the linear, 
second-, and nth-order kernels, respectively. The kernels have 
the important property that they are, or can be made, sym 
metrical. It seldom happens that the series can be brought 
into closed form, and in most cases a truncated series is used. 
Only weakly nonlinear systems will be considered in this paper 
which can be modeled by their first three kernels.

The n-dimensional Laplace transforms of these kernels are 
termed the nth-order transfer functions

) =

V(sn ). (2)
0018-9456/96S05.00 © 1996 IEEE
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U(s)

Fig. I. Nonlinear system composed of two linear systems and a multiplier.

The elegance of the multidimensional Laplace transform is 
clearly illustrated, in that the complex multiple integrals of the 
time-domain expression have been replaced by straightforward 
multiplications. This multiplicative interaction means that a 
cosine applied to the kernel input does not propagate through 
the system independently of cosines at other frequencies.

The symmetry properties of the s-domain kernels are given 
by

n! i, $2,

Hn (sn , sn _i, (3)

where a symmetrical kernel is obtained by making all possible 
combinations of the arguments of the asymmetric kernel. This 
property may be exploited when measuring and plotting the 
kernels.

The Volterra representation lends itself naturally to the anal 
ysis of systems composed of linear elements and multipliers. 
For example, the transfer function of the system shown in 
Fig. 1 may be expressed as a second-order kernel

»i/m (4)

where [-\syrn indicates a symmetrized transfer function. The 
higher order frequency response function (HOFRF) of this ker 
nel can be evaluated in a straightforward manner by utilizing 
the symmetry properties of (3). If A(s) is a first-order low- 
pass system and B(s] a second-order low-pass system with 
resonance, the amplitude plot shown in Fig. 2 is obtained. This 
is expressed as a contour plot in Fig. 3, where the symmetry 
along the fi = /2 and fi = -/2 diagonals is clearly visible. 
This symmetry means that the kernel is uniquely described by 
the shaded region in Fig. 3, which is the region where points 
on the HOFRF can be directly measured.

The frequency-domain representation of the kernels is 
greatly preferred, since it is far easier to interpret than 
the multidimensional impulse responses of the time-domain 
kernels.

III. HARMONIC ANALYSIS
If the signal applied to a Volterra kernel of order p is a 

multisine of F frequencies, with a double-sided spectrum

(5)

Fig. 2. Amplitude of H^(a\, 3-2).

Fig. 3. Contour plot of \Hy(si , ay)\, showing unique region shaded.

where

A(-fc) =A(fc) 
i(-fe) =-i(jfe) jfe = 

fc(-fc) = -$(*)

then the output can be expressed as

F

k = -F
(6)
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It is clear from (6) that the harmonics generated at the 
output will consist of all the permutations of sums of p input 
harmonics. It is quite possible, and indeed likely, that sums of 
different input harmonics will produce output contributions at 
the same frequency. This may be altered by a careful selection 
of the harmonics included in the input.

In order to measure points directly on the HOFRF, and 
hence map the nonparametric Volterra kernel in the frequency 
domain, the contributions generated by the different harmonic 
combinations must be separate at the system output. This 
can be achieved for a given kernel order by including only 
certain harmonics in the input signal. In this way the output 
contributions which fall at frequencies excluded from the input 
signal can be directly mapped to a point on the HOFRF.

For example, an input signal composed of the first and 
the fourth harmonics will allow direct measurement of the 
following points in a second-order kernel:
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Since a large number of points are needed to measure the 
complete kernels, the use of two-tone signals is not very 
practical due to the large number of tests that have to be 
performed. For this reason signals are required which possess 
the same properties but contain a larger number of harmonics. 
The measurements can be used to plot the nonparametric 
HOFRF or as data for parametric estimation of the Volterra 
kernels, as discussed by Lawrence 16] and Schoukens et al [7].

However, there are certain types of output contributions 
which will always be generated, whatever the input harmonics 
used. For even-order kernels, these result from the pairing of 
equal negative and positive frequencies, which will generate 
contributions at dc. For a second-order kernel they are gener 
ated by one pair of equal negative and positive frequencies, for 
a fourth-order kernel by two pairs, and so on. For odd-order 
kernels they result from the combination of pairs of equal 
negative and positive frequencies with one other frequency, 
resulting in an output contribution at that input frequency.

For both the even and odd kernels the number of such 
contributions depends on the order of the kernel and the 
number of input harmonics. These will be termed harmonic 
or Type I contributions, following the analysis in [1] and 
[8], since their generation cannot in any way be affected by 
altering the input harmonics. All the other contributions can be 
influenced by the selection of the input harmonics and will be 
termed interharmonic or Type II contributions. The importance 
of this distinction will become apparent later.

It follows from this discussion that for even-order kernels it 
is possible to design a signal which does not have any output 
contributions at the input frequencies. The most straightfor 
ward example of this is a multisine composed of only the 
fundamental and its odd harmonics. This is clearly not the case 
for odd-order kernels since Type I contributions will always 
fall at the input frequencies. The aim of this work was to design

multiharmonic signals for which a kernel of a given order 
would generate Type II contributions that all fell at different 
output frequencies.

IV. PREVIOUS WORK
Traditional methods of measuring Volterra kernels rely on 

the use of Gaussian input signals and correlation techniques. 
These approaches all share the uncertainty associated with 
the use of random signals, and the introduction of systematic 
leakage errors when transforming the random signals using 
the FFT. Very long test times are required in order to achieve 
accurate results, and the work has been largely restricted to 
measuring the first- and second-order kernels.

The advances in microprocessor technology achieved by the 
late 1970's made it possible to tackle the measurement prob 
lem more directly by applying specialized periodic signals. 
The first reported application of such signals was by Lawrence 
[6], who designed signals which possessed autocorrelation 
properties which were analogous to white noise, up to a given 
order of nonlinearity. If white autocorrelation properties are 
required up to the 3rd order, the design procedure results in a 
ten-harmonic signal with the following harmonics

i = [1 4 10 17 29 52 67 89 132 164]. (7)

This signal can be used to measure points on the first- 
and second-order kernels, since no nonlinear contributions 
will fall at the input frequencies, and each of the Type II 
contributions generated by the second-order kernel will fall 
at a unique output frequency. The points on the second-order 
kernel measured by this signal are shown in Fig. 4. The signal 
has a sparse spectrum, with the tenth input frequency occurring 
at the 164th harmonic.
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Fig. 5. Kernel coverage plot for signal (9).

In order to measure points uniquely on a third-order kernel 
a signal with white autocorrelation properties up to the fifth- 
order is required. The signal presented by Lawrence is shown 
in (8) and is seen to have a very wide bandwidth with large 
gaps between the higher signal harmonics

i = [8 17 31 66 143 273 508 1018 2046 4099). (8)

The same problem was addressed by Boyd, Tsang, and 
Chua [9], apparently independently of Lawrence, with the 
aim of measuring a second-order kernel. They postulated an 
explicit formula to construct signals made up of two harmonic 
sets, whereby the combinations of frequencies from the first 
and second sets were completely separate at the output. This 
approach leads to harmonic vectors such as that shown below

i = [3 6 9 10 12 15 18 21 24 27]. (9)

While the signal is far more compact than (7), it is clear that 
many contributions will be generated at the input frequencies. 
In addition, the design method only ensures that a certain 
number of the second-order contributions fall at unique output 
frequencies, which means that a large number of possible 
combinations are wasted. The kernel coverage of this signal 
is shown in Fig. 5, which shows the number of measurement 
points to be significantly less than with the Lawrence signal 
while the spacing of the measurements is much better. Such 
a signal was used to measure the second-order kernel of an 
electro-acoustic transducer [9].

This approach was extended by Chua and Liao to the design 
of signals to measure higher order kernels [10] and also to 
estimate the highest significant kernel order [11]. For the third- 
order case they postulated a signal made up of three sets of 
harmonics and found that an explicit formula for selecting

these sets gave poor results. They then used a computer search 
to establish a series of rules for signal design, which give rise 
to signals such as that shown in (10). These signals have the 
advantage of being very compact, with quite evenly spaced 
harmonics, and the disadvantage that many combinations of 
the input harmonics do not fall at unique output frequencies 
and are thus wasted

i = [80 81 90 160 162 180
240 243 270 320 324 360]. (10)

Since the signals are made up of three harmonic sets of equal 
length, it is not possible to design a signal of 10 harmonics. 
The last ten harmonics of the signal in (10) will thus be used 
in later comparisons.

V. NEW DESIGN METHOD
The aim of the current work was to design signals which 

overcame the drawbacks associated with each of the previously 
described methods. Namely, it was to generate signals which 
allowed the measurement of the maximum possible points in 
the kernel in one test, while maintaining a near-even harmonic 
spacing and minimizing the highest harmonic.

A search algorithm was employed to build up harmonic 
vectors progressively which generated no more than one 
combination of harmonics at any excluded frequency and 
no Type II contributions at any of the input frequencies. 
The search was initially started at the first harmonic, with 
each subsequent harmonic being tested for possible inclusion. 
This produced signals similar to those designed by Lawrence, 
which had the undesirable property that the gaps between the 
harmonics got progressively larger as the number of harmonics 
was increased.

It was found that the harmonics selected could be influenced 
by three design variables:

1) The start value for the search can be varied.
2) Each time an additional harmonic is added to the set, a 

jump of a certain number of harmonics can be imposed 
before recommencing the search.

3) The set of harmonics used may include both odd and 
even multiples of the fundamental or be restricted to the 
odd harmonics only. By selecting only odd harmonics 
it is possible to ensure immediately that the even and 
odd kernel contributions will fall only at even and odd 
harmonies, respectively.

The quality of the harmonic vectors generated by altering 
these variables was assessed by examining the maximum 
harmonic of each set and the spacing of the harmonics. 
Defining a vector of harmonic differences

Ai = i2 - i (ID

the standard deviation of Ai can be used as a measure of the 
near-even spacing of i.

An exhaustive computer search was carried out to find the 
harmonic sets with the lowest max(i) and (TAI. by varying 
the start and jump values over a wide range. It was found 
that varying the start and jump values only produced a small 
improvement in max (i) but considerably influenced ff&i-
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These observations led to a simplified design procedure 
which was found to generate near optimal harmonic sets 
without the need for a time-consuming exhaustive search. The 
procedure can be summarized as follows:

• Select number of input frequencies F.
• Search for harmonic set ii, using initial values of start = 

1 and jump = 1 .
• Define j = max(ii)/F. Select range of jumps between 

j/3 and j.
• Select range of start values, beginning either at a low 

harmonic or at a harmonic close to but less than j.
• Repeat search with the range of start and jump values.
• Select signal with minimum value of K — max(i) + 

w^Ai, where the weighting w is selected to reflect the 
importance of obtaining a near-even harmonic vector.

Two options are given for the choice of start values. Using a 
low start value will mean that the first measurements are made 
close to the signal fundamental, which has the advantage that 
the fundamental will not have to be pushed down too far in 
order to measure at a given minimum frequency. However, 
using a higher start value was found to generate vectors with 
better harmonic spacing. These points will be illustrated by 
the signals described in the next section.

The design procedure was used to generate signals of ten 
frequencies, to be used for second- and third-order kernel 
measurements. The signals selected using the simplified pro 
cedure were in each case either identical or very close to those 
found using an exhaustive search. The new approach has the 
advantage of being much faster, since much less time is spent 
testing unsuitable harmonics.

A. Second Order
The signals were initially built up from both even and odd 

harmonics, using low start values. The best harmonic vector 
was found to be

i = [l 8 18 29 41 56 80 102 133 146]
Start = 1, Jump = 7 a&\ = 7.8. (12)

Of the signals with higher start values, the following had 
the best harmonic set

i = [13 22 32 43 55 70 84 101 121 137] 
Start = 13, Jump = 9 <rAi = 3.6. (13)

The disadvantage of this signal is that the first input fre 
quency is at the 13th harmonic, which means that no mea 
surement of the linear kernel will be made below this point. 
The points on the kernel measured by signal (13) are shown 
in Fig. 6, which shows a more even spread of measurement 
points than Fig. 4 and an improved measurement density when 
compared to Fig. 5.

The problem associated with the Type I contributions is also 
illustrated in the top-left to bottom-right diagonal of Fig. 6. 
The gaps in the measurements are points corresponding to 
/i = -/2 contributions, which all fall back on dc and therefore 
cannot be measured. The only way to measure directly points 
along this diagonal is to use single sine inputs and measure
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Fig. 6. Kernel coverage plot for signal (13).

the dc value at the output, which is a difficult and cumbersome 
process. If a higher measurement density is required around 
this diagonal, a signal can be designed especially for this 
purpose, incorporating a number of closely spaced harmonics 
at higher frequencies, in order to measure points close to the 
diagonal.

The problem with the above signals is that the points 
at which the second-order kernel is measured will also be 
corrupted by higher order nonlinear contributions. If a weak 
nonlinearity is being measured, it may be possible to assume 
that contributions from the fourth and higher order kernels 
are negligible, but some account must be taken of the third- 
order contributions. Two options are available in this case, the 
first being to measure at two or more input signal amplitudes 
and use an interpolation technique to isolate the second-order 
contributions, as described by Boyd el al. [9] and Chua et 
al. [10]. Alternatively, the input signal harmonics can simply 
be restricted to an odd set. Signals of 10 harmonics were 
constructed using this approach, the most suitable being

i = [3 13 25 43 57 77 119 155 203 227] 
Start = 3, Jump = 10 <7Ai = 13.8. (14)

In comparison to signal (13) the highest harmonic has 
increased to 227. This means a considerable increase in the 
overall test time, but the increase will be less than repeating 
the test two or more times with signal (13), particularly if the 
settling time is taken into account. The harmonic spacing can 
be improved by using a higher start value, at the cost of a 
higher maximum value in this case

i=[27 43 61 83 103 127 155 185 217 263] 
Start = 27, Jump =16 a&i - 9.2. (15)
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TABLE I 
SUMMARY OF SECOND-ORDER SIGNAL DESIGNS

Eqn.

7
9
13
14

Signal

Harmonics

Min

Law. 2nd 1
Boyd et al. 3

2nd 13
2nd odd 3

Max

164
27
137
227 ,

OAI

Kernel Measurement Points

2nd Order

13.2 100
0.7 21
3.6 100
13.8 100

Corrupt by 
3rd

94
21
95
0

3rd Order

100
5

89
70

Corrupt by 
2nd

13
0
14
0

TABLE II 
SUMMARY OF THIRD-ORDER SIGNAL DESIGNS

Eqn.

g
10
17
19

Signal

Harmonics

Min

Law. 3rd 8
Chuaefa/. 90

3rd 110
3rd odd 241

Max

4099
360
1187
2347

<3*

Kernel Measurement Points

2nd Order

684.8 100
25.7 74
8.0 100

27.4 100

Corrupt by
3rd

7
67
36
0

3rd Order

670
234
670
670

Corrupt by 
2nd

7
9

36
0

B. Third Order
When searching for harmonic sets suitable for measuring 

third-order kernels, it is important not only to ensure that all 
the Type II contributions fall at unique frequencies but also 
that none fall at dc. One of the drawbacks of the Chua et al, 
signals is that they generate a large number of contributions 
at dc. Since the different contributions which fall at dc cannot 
be separated, these measurement points are lost.

The best results for signals designed to measure third-order 
kernels will now be presented, using both low and high start 
values. For a consecutive harmonic set, the following signals 
were selected

i = [5 125 246 368 494 631 769 908 1067 1213]
Start = 5, Jump = 120 <TAi = 13.2 (16)

i=[110 221 333 446 561 679 798 926 1056 1187] 
Start =110, Jump =110 <7Ai = 8.0. (17)

The problem with such signals is that some points at which 
the third-order kernel is measured will also be points at which 
second-order contributions fall. This problem can be overcome 
by once again restricting the search harmonics to an odd set. 
This results in the signals shown in (18) and (19), where the 
highest harmonics have effectively doubled, when compared 
to (16) and (17). It can be seen that the best results overall are 
obtained using signals with high start values

i = [41 291 543 797 1055 1319 1585 1927 2229 2543] 
Start = 41, Jump = 250 <7Ai = 33.1 (18)

i = [241 451 663 877 1095 1319 1581 1817 2109 2347] 
Start = 241, Jump = 210 <7Ai = 27.4. (19)

Type I contributions cause the same problem in the mea 
surement of third-order kernels, in that contributions from 
points in ff3 (/i, h, h) where /i = -/2 , or /: = -/3 ,

or /2 = -/a, will fall at the input frequencies and not be 
separately measured.

C. Discussion
A summary of the signals designed to measure second- 

order kernels is presented in Table I, which shows the number 
of points on the second- and third-order kernels which are 
measured by each signal. The Boyd etal., signal only measures 
a small number of points on the second-order kernel, while 
the Lawrence signal and signal (13) each measure 100. Signal 
(13) has the advantage that it is more evenly spaced, with a 
lower maximum harmonic. However, nearly all the second- 
order measurement points of these three signals are corrupted 
by third-order contributions. This effect is eliminated with 
signal (14), which simultaneously measures 100 uncorrupted 
points on the second-order kernel and 70 on the third.

Table II summarizes the signal designs for measuring third- 
order kernels. The Chua signal has the advantage of compact 
ness but only measures 234 points on the third-order kernel. 
Both the Lawrence signal and the new designs each measure 
670 points on the third-order kernel, while the new signals 
have the advantage of far more even spacing and a lower 
maximum harmonic.

Comparing the two new designs, it is seen that signal (17) 
generates 36 points at which both second- and third-order 
kernel contributions fall. This problem is eliminated in signal 
(19), at the cost of virtually doubling the maximum harmonic. 
The benefit of signal (19) is thus highly questionable, since 
a sufficient number of distinct points on the second- and 
third-order kernels may be measured by signal (17).

The main restriction on the application of these signals is 
the increase in test time involved. For example, if signal (14) 
was required to cover the same bandwidth as a ten-harmonic 
consecutive multisine, its fundamental frequency would have 
to be placed close to 23 times lower. For signal (17) the
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13
14
17
19

TABLE III
CREST FACTORS OF SIGNALS

Eqn. Signal
Phases

Zero Schroeder L~

2nd 
2nd odd

3rd 
3rd odd

4.47
4.47
4.47
4.47

3.42
3.21
3.83
3.87

2.44
2.40
3.09
3.08

fundamental would have to be placed at around 119 times 
lower. This suggests that the signals are best suited to testing 
systems with quite fast dynamics.

VI. CREST FACTOR
Once the harmonic set has been chosen it is important to 

adjust the relative phase of these harmonics so as to minimize 
the crest factor (CF) of the signal, defined as

max
u(t) rms (20)

Reducing the CF allows the input harmonic amplitudes to 
be maximized. Since the different nonlinear contributions fall 
at unique frequencies there is no interaction between them, and 
their magnitude is directly proportional to the input amplitudes 
raised to the order of the nonlinearity. The phase of the input 
harmonics has no effect. Given an amplitude constraint on the 
input this means that

Output Power oc 1 (21)

A straightforward formula for CF minimization was proposed 
by Schroeder [12], which works well on signals with dense, 
evenly spaced spectra. This formula does not give good results 
on signals with sparse spectra, such as logtones, as shown 
by Van der Ouderaa and Renneboog [13]. An alternative 
approach proposed by Guillaume etal. [14] generally produces 
lower CF's than the Schroeder formula and other minimization 
methods [15].

A comparison of the CF obtained with zero, Schroeder and 
Loo phases for the signals described in Section V is presented 
in Table III. It can be seen that the Loo algorithm produces a 
considerable improvement in the CF of each of the signals.

VII. PRACTICAL RESULTS
The application of the signals designed in this paper will 

now be illustrated using two example systems. In order to 
facilitate the use of the signals a Matlab package has been de 
veloped, based on graphical user interfaces, which allows test 
signal design and generation, along with kernel measurement 
and presentation [16].

A typical frequency-domain test and measurement setup is 
shown in Fig. 7, and there are two important considerations 
in its application to nonlinear systems.

Anil - Aliasing Filters

r r
f:ig. 7. Frequency-domain test and measurement setup.

Input Spectral Purity: The signal applied to the system 
must not have power at frequencies other than the input 
harmonics since this will invalidate the basic assumptions 
of the testing method. To this end, a reconstruction filter 
should always be used to remove the higher harmonics 
introduced by the zero-order hold (ZOH) device. It is also 
important to eliminate any dc component at the system input, 
which may be introduced by a dc bias in the ZOH or the 
reconstruction filter. Nonlinear loading effects may also 
generate power at unwanted input frequencies, and these 
may be eliminated using a recursive technique such as that 
proposed by Louage et al. [17].

Anti-Aliasing Filters: Care must be taken in the use of 
anti-aliasing filters, since there is no longer a linear relation 
between the components at a given frequency in the input and 
output. The filters should thus be ideal, with unity gain and 
linear phase. Since such filters cannot be realized in practice, 
there are three options:

1) Carry out an absolute calibration of each measurement 
channel and compensate the measured data.

2) Set the bandwidth of the AA filters carefully to mini 
mize their influence on the measured input and output, 
accepting that small errors will be introduced.

3) Dispense with AA filters altogether, while relying on 
the reconstruction filter to remove the higher harmonics 
generated by the ZOH and sampling faster to counter 
the increased influence of the noise.

A. Example I—Reference Nonlinearity
In order to assess the performance of the signals a "known" 

nonlinear system was constructed, of the form shown in Fig. 1, 
with the linear elements consisting of a first-order low-pass 
system and a second-order low-pass system with resonance.
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Fig. 8. Measured amplitude of second-order kernel.

The first srp.n was to irfentifv .f-domain models of each of the 
linear subsystems, using the estimator implemented by KolMr 
[18] in the Matlab Frequency-Domain System Identification 
Toolbox. Volterra algebra was then used to calculate the 
second-order kernel of the overall system, in the form of (4). 
This calculated kernel was then used as a reference for the 
directly measured kernel values.

Measurements of the overall system were then carried out 
using signal (13), with a fundamental of 0.08 Hz, sampled at 
200 Hz, across six periods. The signal was reconstructed using 
a 16th-order analog Butterworth filter with a cutoff frequency 
of 30 Hz, and the anti-aliasing filters were omitted from the 
test setup.

The result of a single test is shown in Fig. 8, where the 
amplitude of the measured second-order kernel is plotted. The 
absolute relative error between the measured and reference 
kernels is shown as a percentage in Fig. 9. The error is seen 
to increase at higher frequencies and also to be large along the 
missing /i = -/2 diagonal, where interpolated values were 
plotted.

B. Example 2—Servo Motor System
The second example involves the practical testing of a servo 

motor system, the schematic diagram for which is shown in

Pre - Amp Drive - Amp

Tacho Motor

Fig. 10. Schematic diagram of servo motor system.
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Fig. 10. A pilot test using a sparse odd multisine [8] had 
provided information about the bandwidth of the system and 
revealed the presence of a significant even-order nonlinearity 
and some lower level odd-order effects. The system was thus 
tested with signal (14), in order to ensure that the second- 
order kernel measurements would be unaffected by the output 
of any odd-power kernels.

The signal was generated with a fundamental of 0.03 Hz, 
and six periods were sampled at a rate of 150 Hz. The 
reconstruction filter was the same as that used in Example 
1, with a cutoff frequency of 15 Hz. The servo-motor input 
and output spectra are shown in Fig. 11, where the additional 
second-order contributions are clearly visible at the system 
output.

The periodicity of these nonlinear contributions can be 
assessed using the nonlinear coherence function, as described 
by McCormack el al. [19]. This is the ratio of the periodic 
power over the total power, at a given output frequency

(22)
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Frequency (Hz)

Fig. 12. Nonlinear coherence at servo output, for input harmonics (dashed), 
kernel measurement points (solid), and other frequencies (dash-dot).

"*•' : K(Hz) -8 -8 fl(Hz)

Fig. 13. Amplitude of servo motor second-order kernel.
»•„

where Y(ju) is the mean output spectrum and Gyy (ju)) the 
mean auto-spectrum. The nonlinear coherence is plotted in 
Fig. 12, which shows that the kernel measurement points have 
a high coherence, indicating that they are indeed periodic 
components, rather than random contributions.

A plot of the measured kernel amplitude is shown in Fig. 13. 
The particular form of this Volterra kernel is associated with 
the Hammerstein nonlinear model, where a static nonlinear 
element is followed by a linear system [20]. This suggests that 
the nonlinearity precedes the servo motor within the overall 
servo system.

VIII. CONCLUSIONS
A range of periodic signals has been defined for measuring 

Volterra kernels directly, based on an analysis of the frequency 
output of a kernel driven by a multiharmonic input. A study 
of previously designed signals of this type has been made 
and their drawbacks discussed. New designs which overcome 
some of these problems have been outlined, which may be

used to measure second- and third-order kernels. A simplified 
procedure for building suitable harmonic sets has also been 
described.

The drawback of all such signals has also been highlighted, 
in that certain points on the kernel cannot be directly measured. 
In addition, the increase in test times associated with the 
signals means that they are only suitable for testing systems 
with fast dynamics.

The minimization of the signal crest factors has been 
examined, and the practical application of the signals has been 
illustrated using a reference nonlinearity and a servo motor 
system. Some practical problems associated with the testing 
of nonlinear systems have also been highlighted. The periodic 
signals outlined in this paper offer an attractive alternative to 
the use of random Gaussian inputs for the measurement of 
Volterra kernels.
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A MEASUREMENT AND SYSTEM IDENTIFICATION SETUP TO ESTIMATE A MODEL FOR 
CONTROL PURPOSES

M. Weiss, D. Rees, C. Evans and L. Jones
University of Glamorgan, Dept. of Electronics and IT, Mid Glamorgan, CF37 1DL, Wales, UK
E-Mail: mweiss@glam.ac.uk

Numerous control strategies are based on an exact parametric model of the system or 
process to be controlled. This paper will show how a high precision measurement and 
system identification setup based on Matlab software can be used to obtain a 
parametric model of a system under test. The setup allows the user to perform all the 
tasks of identifying the dynamics of a system in the frequency domain, including test 
signal design, data acquisition and analysis as well as the identification of the model 
parameters in the 5 or z-domains. Emphasis is placed on the estimation of 
z-domain models in the frequency domain, which has a number of important 
advantages over time domain techniques.

1. INTRODUCTION

Control design is a major application area of system identification techniques, since most control strategies are 
based on parametric models of the system to be controlled. Furthermore, with the increasing use of digital 
controllers, the estimation of discrete time z-domain models has become an important issue for a wide range of 
industrial problems. These models are usually obtained by applying time domain techniques but little attention has 
been given to the fact that it is also possible to estimate z-domain models in the frequency domain.

Depending on the application, identification in the frequency domain has a number of advantages when 
compared to time domain techniques, for example, if the pure time delay of the system is to be included as an 
estimated parameter. This may prove useful in many industrial applications, especially in chemical plants, where 
fluids or masses are transported and the actuator and measurement transducers are widely separated.

This paper describes a measurement and system identification setup which can be applied to estimate model 
parameters in the s or z-domains. The functions are controlled through a graphical user interface which provides 
easy access for practicing engineers. The paper also presents a comparison between time and frequency domain 
techniques, a brief introduction to frequency domain system identification and an overview of the design of 
periodic test signals. A typical identification session using this setup is illustrated by a practical example.

2. TIME OR FREQUENCY DOMAIN?

System identification for parametric input-output models can be performed in both the time and frequency domains. 
The difference in the identification procedure between the domains is the way in which the data is presented to the 
estimator. Time domain identification uses time records, whereas for identification in the frequency domain the 
data has to be Fourier transformed.

Time domain identification results in a discrete time z-domain model, which can be directly transformed into a 
difference equation. Frequency domain identification is usually used to estimate a continuous time ^-domain model, 
but it is also possible to obtain a z-domain model from the frequency data. Time and frequency domain 
identification each have specific advantages and disadvantages which make them suitable for certain tasks.
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• Frequency domain identification enables the accurate estimation of the pure time delay, which is not possible 
in the time domain, where it can only be an integer multiple of the sample time. In the frequency domain the 
delay can be included as a free parameter in the estimation and can take values which are a fraction of the 
sample time.

• A z-domain model in the frequency domain can be estimated for an arbitrary sample time irrespective of the 
frequency at which the data was sampled. This allows a model to be estimated with regard to an appropriate 
sample frequency for a control system application.

• Contrary to the time domain, identification in the frequency domain requires the sampling of both the input and 
the output of the system, which demands an extra measurement channel. This, however, allows the input noise 
to be taken into consideration.

• In conjunction with the previous point, the measurement of the input also provides a means of estimating a 
model within a feedback loop.

• Since only the Fourier coefficients within the frequency range of interest are used for estimation, a significant 
reduction of data can be achieved.

• Schoukens et al. (1) showed that periodic excitation signals must be used for frequency domain identification, 
otherwise the FFT will introduce leakage into the frequency data. This can be a severe restriction since an 
external excitation must be applied, which is not always possible.

• For frequency domain identification the measurements have to be performed under dynamic steady state 
conditions, which means that the data must not include any transients, which conversely, do not cause any 
problems in the time domain.

3. FREQUENCY DOMAIN SYSTEM IDENTIFICATION

Figure 1 shows a frequency domain error-in-variables model, where Um(jct)) is the measured input signal, corrupted 
by the noise Nu(jco), and Ym(jco) is the measured output signal, corrupted by the noise Ny(jot)). The transfer function 
H(£2) is expressed as follows:

= b0 +b1a+b2ff...bmar c^ = c_^
2 ...an&1 a(.Q)

with Q = ja> for continuous time systems and n = ejair*foT discrete time systems. Schoukens etal. (2) built a 
maximum likelihood estimator for linear systems (termed ELiS), to obtain the parameter vectors a and b, as well as 
the time delay td , from the averaged frequency data. This estimator was initially developed for continuous time 
systems and based on the assumption that the noise on the real and imaginary parts of the frequency data is 
normally distributed. This is true for a wide range of noise distribution in the time domain, as shown by Schoukens 
and Renneboog (3). Pintelon and Schoukens (4) then extended the estimator to discrete time systems and also 
demonstrated its robustness to non-Gaussian noise.

Nu(j<o)

Vm (j(a) 

Figure 1: Error-in-variables model for frequency domain system identification.

If the model is to be used for control purposes then z-domain models are preferred because of the extensive 
application of digital controllers. On the other hand if the model is to be given a physical interpretation, the 
estimation of a continuous s-domain model is more advantageous since a differential equation can be directly 
derived. Although the model can usually be transformed from one domain into the other, the transformation of
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zeros can present problems, especially if the time delay is not an integer multiple of the sample time (5). It is thus 
always better to estimate a model in the domain in which it is to be used.

As mentioned earlier, periodic test signals must be used for frequency domain identification. Two types of 
periodic test signals are commonly applied, these being multisine and binary signals.

3.1 Multisine signals

A multisine signal is an arbitrary summation of harmonically related cosines: 

F
"(0 = £ AW cos(\(k)G)0t + </>(k}) (2)

k=l

The harmonic vector i can be any set of integer numbers, which makes the signal design very flexible in terms of its 
frequency content. The advantage of multisines is that any harmonic can be included, or omitted from, the signal 
bandwidth, which is an important practical consideration for the identification of nonlinear systems. Evans 
et al. (6,7) have designed special harmonic combinations for the estimation of linear systems with nonlinear 
distortions. For example, a signal from which all even harmonics are omitted along with every other odd harmonic 
(termed a double odd multisine) allows the presence of both even and odd power nonlinearities to be detected.

The amplitudes A are usually set equal, whereas the relative phases $ are chosen so as to minimise the crest 
factor of the signal, which is the ratio of its maximum absolute value over its root mean square value. Several 
methods have been developed to minimise the crest factor of multisines. The best results are obtained by using the 
L°o approach, developed by Guillaume et al. (8), but this requires a lot of processing time. A different method, 
which was proposed by Schroeder (9), is much simpler and still yields good results on dense, evenly spaced spectra.

3.2 Binary signals

Of the many types of binary signals the most popular are maximum length binary sequences (MLBS). They are 
easily generated by shift registers of different length with appropriate feedback (10). The sequence length N is 
equal to 2" - 1, with n being the number of registers. The amplitude spectrum of an MLBS with a peak to peak 
amplitude of 2a is given by:

k = 1,2,3... (3) 

The frequency of the harmonics is dictated by the bit period At and N

/*= * NAt

and the half-power bandwidth is found at approximately 0.443/At Hz (11). It is a property of binary signals that 
they allow the injection of the maximum possible power for a given time domain amplitude. Despite the fact that a 
considerable part of this power will fall outside the frequency band of interest, the useful power is still greater than 
that for multisines. The disadvantage of MLBS is that they are far less flexible in their frequency content.

3.3 Identification in closed loop

In practice it is often not possible to open the feedback loop of an industrial plant, for example if it is unstable in 
open loop or it is not feasible to take the plant off-line. The main difficulty of estimating in closed loop is that the 
input and output noise become highly correlated. In order to take this correlation into account, Pintelon etal. (12) 
included the covariances of the input and the output noise in ELiS and showed that its properties were still similar 
to the uncorrelated case. Since both the input and the output of the system are sampled, no information about the 
controller is necessary in order to estimate the transfer function of the system.
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Using multisine signals, which are strictly band limited, it is possible to concentrate the signal power in a small 
number of harmonics, so that even for a very small time amplitude of the signal, its spectrum will rise above the 
noise floor. This allows a multisine to be imposed on a set point without disrupting the normal operation of the 
plant. The signal to noise ratio (SNR) can then be improved by averaging over a large number of periods.

However, consideration must be given to changes to the set point during the data gathering, which would 
corrupt the measurements by causing transient effects or introducing a trend. McCormack etal. (13) developed 
methods to estimate the Fourier coefficients of a system in the presence of both transient effects and a drift 
disturbance. Recent work by Evans etal. (14) has also shown that despite the requirement that frequency domain 
identification is performed in dynamic steady state, the estimator is robust to significant load disturbances.

4. MEASUREMENT AND SYSTEM IDENTIFICATION SETUP

The Measurement and System Identification Setup (MSIP) combines all the necessary hardware and software to 
run a complete frequency domain identification session. The main features of MSIP are:

• The software is based on Matlab 4.2. for Windows.
• All functions and their parameters are controlled via a graphical user interface.
• The data transfer between the PC and external hardware and the hardware control are implemented in the 

software package.
• Parametric models can be estimated in the z or s-domains.
• The model estimation is based on the Matlab Frequency Domain System Identification (Fident) toolbox (15).
• Custom design of periodic excitation signals (binary or multisine) is available.
• System simulations can be performed using the Matlab Simulink toolbox.
• The software package allows the user to import or export data.
• Graphical plots contain all necessary information and can be printed out or copied directly into the Windows 

clipboard.
• Results are shown clearly tabulated on screen and can also be saved to file.

4.1 Hardware

The setup consists of the following devices: a personal computer, a waveform generator, an A/D card, anti-aliasing 
filters and a reconstruction filter. The general configuration of the setup can be seen in Figure 2. The waveform 
generator is connected to the PC via an IEEE bus over which the test signal is transferred. This link also enables the 
control of generator parameters directly from the PC software, such as the signal amplitude and the reconstruction 
frequency.

The reconstruction filter as well as the anti-aliasing filters are used only when ^-domain models are to be 
estimated. Furthermore, the reconstruction filter is employed only for the band limited multisine signals, in order to 
filter out the higher harmonics which are introduced by the sample and hold device of the waveform generator.

System input and output are sampled simultaneously by the A/D card, where the sample frequency is 
determined by the reconstruction frequency of the signal generator, which also sends a trigger signal to the A/D 
card to mark the start of a period. This means that the signal reconstruction and sampling frequencies are 
synchronised, which ensures that an integer number of samples are measured per period.

4.2 Matlab

The Matlab software package is a technical computing environment for high-performance numeric computation and 
visualisation (16). The name Matlab stands for matrix laboratory, which expresses its main feature, in that the basic 
data element is a matrix. Matlab also allows commands or functions to be assembled into new functions or so called 
script files. Using this facility, numerous toolboxes have been developed, which contain comprehensive collections 
of Matlab functions to solve particular classes of problems. Areas in which toolboxes are available include signal 
processing, control systems, neural networks and system identification. Matlab incorporates a set of functions to 
build a graphical user interface based on the Windows concept of menus and controls.
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4.3 Basic MSIP functions

The following functions, which are controlled via a GUI, provide the means to perform all necessary identification 
tasks. Examples of the menu layout and graphical results are shown in Figures 4 to 10 and explained in connection 
with the practical example.

Multisine allows the design of multisine signals as described earlier. The menu includes all necessary 
parameters such as the harmonic vector, the reconstruction frequency and the frequency of the fundamental. A 
choice of phase selection methods, such as Schroeder or Loo, is also given. The designed signal is shown in the time 
and frequency domains. Existing signals can be loaded and their parameters used as a basis for a new signal design.

Binary allows the design of maximum length binary signals. The user defined parameters being the maximum 
frequency of interest, the number of registers and the number of samples per bit. The signal is then designed to 
place the -3 dB point of the signal spectrum at the maximum frequency of interest, with the number of registers 
determining the total number of harmonics in that band.

Test performs a practical test on a system using a signal which can be chosen from a list of signals designed in 
multisine or binary. Other parameters are the number of periods and the signal amplitude. The sample frequency is 
determined by the reconstruction frequency of the signal. Following the data acquisition, both input and output data 
are transformed into the frequency domain and the FRF of the system under test is displayed. The linear coherence 
function is included in the display in order to provide a measure of the quality of the data. A routine for the relative 
calibration of the measurement channels is also provided.

Simulation runs a simulation by calling a Simulink function. Simulink is an extension program to Matlab for the 
simulation of dynamic systems (17). Arbitrary systems can be created using a graphical editor, in the form of block 
diagrams. Special gateway blocks have been designed to make Simulink functions compatible to MSIP. The user 
defined parameters and the result presentation are similar to test.

Analysis offers a range of plots to examine the test or simulation data. The input-output data can be viewed in 
both the time and frequency domains. Furthermore, the measured FRF can be plotted and the signal to noise ratios 
calculated. In order to assess the degree of nonlinear distortion, the nonlinear coherence function for both the input 
and the output frequencies can be estimated, which indicates the periodicity of a given input or output frequency 
component, as described by Evans et al. (18).

Estimation builds an interface to the complex estimation function of the Fident toolbox. This function is a basic 
routine to calculate a parametric estimate of linear transfer functions based on the ELiS estimator, which was 
discussed earlier. All important input parameters to the estimator, such as the number of poles and zeros, can be 
adjusted easily in a menu, which makes it convenient to run the estimation repeatedly for different model orders. 
The estimation, being an iterative process, can be controlled from the menu and the intermediate results are shown 
after each cycle. After the estimation a pole-zero map and a model validation plot are shown on the screen, 
followed by a summary, including the estimated poles and zeros, their standard deviation and test parameters.

PC
Madab environment

'

IEEE-bus A/D-card

Process trainer PT326

i L I

System 
under test

Figure 2: General hardware configuration of MSIP.

um (kT.) ym (kT.)

Figure 3: Configuration of practical test on the PT326.
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5. PRACTICAL EXAMPLE

In order to illustrate the practical application of the setup the estimation of a z-domain model of the Process Trainer 
PT326 will be described. A schematic diagram of the system, configured for data acquisition, is shown in Figure 3. 
Air drawn through a variable orifice by a centrifugal blower is driven past a heater grid and through a length of 
tubing. The temperature is measured by a thermistor which is inserted into the air stream at a set distance from the 
heater.

First, a pilot test was carried out in order to determine the bandwidth of the systems as well as to asses the 
degree of nonlinear distortion. A double odd signal was used in order to detect both even and odd power 
nonlinearities. The averaged time records of the input and output can be seen in Figure 4, and Figure 5 shows the 
data in the frequency domain. The SNR of the input signal is very good, which suggests that the main noise source 
at the input is the quantisation noise of the A/D converter. The output can be seen to be corrupted by a high level of 
shaped process noise, which is probably caused by turbulences in the air flow. There are no additional periodic 
components at the output rising above the noise floor, which would be generated by nonlinearities. This suggest 
that there are no significant nonlinear effects within the present operating range.

Using the information from the pilot test, the excitation signal was then re-designed with a bandwidth to cover a 
drop in the frequency response of approximately 20 dB. The multisine menu with the parameters defined for this 
test signal is shown in Figure 6. The L-infinity method was used to achieve a better time domain compression of the 
signal and the signal was prewarped in order to maintain its flat spectrum when passed through a ZOH. The 
reconstruction frequency was chosen to be approximately six times higher than the highest frequency in the signal 
bandwidth, the amplitude and the number of periods are ultimately set in the test function.

Preceding the final test, a relative calibration of the measurement channels was performed by applying the test 
signal to both channels and calculating the ratio of the measured input-output Fourier coefficients at the test 
frequencies. The result was then used to compensate the measured system output before the estimation was 
performed. The final test was carried out over 20 periods, in order to improve the SNR by averaging the frequency 
domain data.

Table 1: Cost function of different PT326 models.

zeros/poles 2K 2min(K)
5% < X2 < 95%

0/1
1/1
1/2
2/2
1/3

3800
2500
42
30
30

20
19
18
18
18

32
31
30
29
29

46
45
44
43
43

The estimation of the model parameters was conducted for a range of model orders. The estimation menu and 
the parameters can be seen in Figure 7. The time delay, which was set to vary freely, is given in multiples of the 
sample time (taps). Since the estimator cost function with a free delay has a large number of local minima it is 
necessary to run the estimation with several start values in order to insure that the global minimum is found.

The best indicator of the model quality is the value of the cost function K, the minimum of which is given by 
F-np/2, with F being the number of test frequencies and np the number of estimated parameters. The double of the 
theoretical minimum is a random variable with a %2 distribution (15). Too large a value is often due to 
under-modelling but can also be caused by nonlinearities or by fixing the delay to a wrong value. The influence of 
model errors on the cost function is treated in detail by Schoukens and Pintelon (19).

It can be seen in Table 1 that the biggest drop of K occurs for the 1/2 model with K being well inside the 5% - 
95% bounds of %2 . Increasing the model order further gives only a comparatively small improvement in K. The 2/2 
and 1/3 models also lead to high uncertainties on the poles and zeros, which is a further indicator of overmodelling. 
Consequently, the 1/2 model was chosen.

This model corresponds closely with the transform of an 0/2 s-domain model which was also estimated for this 
process, under the same conditions, except for the inclusion of anti-aliasing filters. The estimated time delay was 
also very close to that of the s-domain model, despite the fact that it is not an integer multiple of the sample time. 
This could not have been achieved in the time domain.
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Test data: pt326.mat, Signal: Io_pt326.mat
Sample frequency: 10 Hz, Amplitude: 0.300 V, Periods: 20
Domain: z, Order: 1/2, Delay: 1.101 taps (variable)
Double of Cost fn: 42 (30), 95% chi 2 : 44, SNR: 76.4 i/p 27.5 o/p
Fixed parameters: no, Calibration data: yes, Covariance: yes

0.1395 z + 0.1065 -O.llOljw 
G(z) = —————————————————— e 

Z A2 - 1.342 z + 0.4438

DC gain: 2.411882

ZEROS Standard deviation

-0.7635 +O.OOOOJ I 0.0334 0.0000 I 4.37 0.00 

POLES | Standard deviation | in %

+0.7502 
+0.5916

+O.OOOOJ 1 
+O.OOOOJ I

0.0059 
0.0108

-----------+-- 
0.0000 1 
0.0000 1

0.79 
1.83

0.00 
0.00

Figure 10: Summary of estimation. 

6. CONCLUSIONS

This paper has described a measurement and system identification setup which integrates all the necessary steps in 
the identification of a linear dynamic system. A brief introduction to frequency domain identification and a 
comparison with the time domain techniques has also been given. By using the setup, in conjunction with the 
frequency domain identification toolbox, it has been shown that a z-domain model with a fractional time delay can 
be estimated in the frequency domain. The graphical user interface allows easy access to a range of complex 
estimation functions, thus facilitating their application to practical modelling problems.
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The pole-zero map is shown in Figure 8, which includes the confidence intervals to indicate the uncertainty of 
the estimated poles and zeros. The frequency response of the estimated model (solid) is plotted against the 
measured FRF (crosses) in Figure 9, and it can be seen that the model fit is extremely good. Finally, a summary of 
the estimation results, including the estimated poles and zeros and their standard deviation, can be seen in 
Figure 10.

All subsequent figures are shown as displayed by MSIP
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Figure 4: Time records of sampled input-output data.
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Figure 5: Amplitude of input-output Fourier 
coefficients.
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Figure 6: Menu of multisine function.
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Figure 7: Menu of estimation function.
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Figure 8: Pole-zero map.
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Figure 9: Model validation plot.
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Abstract - Block-oriented nonlinear systems form an 
important class of nonlinear models, as they often 
reflect the physical structure of practical systems. The 
key problem when applying such models is to identify 
their structure. With the improvement of computational 
and graphical facilities it is possible to deduce 
information about the model structures from a graphical 
representation of their measured Volterra kernels. An 
introduction is given to the measurement of Volterra 
kernels using periodic multisine signals, as well as their 
evaluation and representation in the frequency domain. 
This is followed by an analysis of how certain structures 
relate to significant features in the graphical 
representation of second- and third-order kernels. An 
example is given for a simulated system.

I. INTRODUCTION

Block-oriented nonlinear systems are composed of 
various interconnections of dynamic linear and static 
nonlinear elements. They form an important class of 
nonlinear models and have the advantage that 
concepts developed for linear systems can be applied.

The key problem is to identify the model structure. 
Several authors have addressed this using different 
techniques [1], which are mainly based on correlation 
methods. Billings and Tsang [2] applied the theory of 
separable processes in conjunction with spectral 
analysis, deriving certain conditions which are only true 
for a given structure. These methods use Gaussian 
input signals, hence they suffer from the uncertainty 
associated with random signals and poor signal-to- 
noise ratios.

A different approach was developed by Haber [3], who 
derived analytical and graphical criteria for structure 
identification based on second-order Volterra kernels. 
The Volterra structure has the attractive property that it

can be seen as a natural extension of linear system 
theory. As such, the Volterra kernels have a direct 
physical significance and can often be given a physical 
interpretation.

This paper concentrates on graphical criteria for 
identifying the structure of block-oriented models, 
based on measured second- and third-order Volterra 
kernels. It begins with a brief introduction to frequency 
domain Volterra kernels. This includes their evaluation, 
their measurement using periodic multisine signals and 
their graphical representation. The relation between 
patterns in the Volterra kernel plots and the model 
structure is then examined for second-order kernels. It 
is shown that the graphical criteria derived for second- 
order kernels can be extended to third-order kernels. 
Finally, an example is given for a simulated system.

II. BLOCK-ORIENTED MODELS

Nonlinear systems which include dynamics can often be 
represented as the composite of a static (zero-memory) 
nonlinear system and one or more linear systems. This 
division of dynamic nonlinear systems into static 
nonlinear and dynamic linear parts provides the 
advantage that concepts developed for linear system 
identification can be applied to nonlinear models. The 
nonlinear element is represented by the power series:

(1)
k=l

Several combinations of a nonlinear element N with one 
or more linear systems L have been established. The 
most well known model structures are shown in Fig. 1. 
The Hammerstein model consists of a static 
nonlinearity in cascade with a linear system.
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The simple Wiener model is the reverse of the 
Hammerstein model and can be developed into the 
extended Wiener model. An nth-order extended 
Wiener model consist of n different linear systems 
whose outputs are multiplied. Both models are reduced 
forms of the general Wiener model defined by 
Schetzen [4].

A combination of both the Wiener and the 
Hammerstein models is called an SM or cascade model. 
There are, of course, many more possible 
combinations, for example: a linear system in parallel 
with a static nonlinearity or a structure involving 
feedback. However, those shown Fig. 1 can be used to 
model a wide range of nonlinearities.

Fig. 1. Basic block-oriented models: (a) Hammerstein, (b) simple 
Wiener, (c) extended Wiener (second-order), (d) cascade.

higher order transfer function of an n th-order Volterra 
kernel is given by

Hn (Sl,...,sn ) =

The n-dimensional output of a frequency domain kernel 
is obtained in a similar way to the linear case:

(3)

This output can be mapped into a one-dimensional 
frequency vector, which is the practically measured 
output of the kernel:

•J...|yn (s; ,s2 -s,,...,s-sn_,)

The Volterra series representation offers an important 
advantage which is equally valid for time and frequency 
domain kernels. If an nth-order kernel is factorable, 
then it can be split up into n first order kernels which 
are multiplied together, so that

-Hnn (sn ) (5)

III. VOLTERRA KERNELS

Block-oriented models can be characterised using the 
Volterra functional representation, which may be 
considered as a generalisation of the power series to 
nonlinear systems with memory [5]. Although the power 
series theoretically progresses to infinity in practice a 
truncated series is used. The second- and third-order 
terms often provide a sufficiently accurate model of a 
nonlinear system.

The limitations of the Volterra structure are well 
documented, and these include the inability to model 
hysteresis, dead-zone or backlash. The nonlinear 
systems considered in this paper will be restricted to 
those which can be modelled with second- and third- 
order kernels.

A. Evaluation of Volterra Kernels in the Frequency 
Domain

Using the multi-dimensional Laplace transform the

Practically, this means that a nonlinear system which 
can be modelled by a Volterra series can be 
represented as a network of linear systems, in a similar 
way to block-oriented models. An additional property is 
that Volterra kernels are symmetrical over the 
diagonals, or can be made symmetrical as follows:

(6)

When comparing different kernels, it is important that 
they are symmetrized, since only a symmetric kernel is 
guaranteed to be unique for a given system.

Using the features of the multi-dimensional Laplace 
transform the output of block-oriented models can be 
easily evaluated. For example, the higher order transfer 
function of a second-order kernel H(SI,SZ) is a two- 
dimensional matrix, which can be evaluated using two 
frequency matrices of the same dimension.
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Let f be a double sided frequency vector containing the 
frequencies at which the kernel is to be evaluated, then 
F, is a square frequency matrix in which f is stored 
columnwise, so that frequencies are equal across the 
columns. With the second frequency matrix F2 being 
the transpose of F,, the output of the nonlinear system 
can be calculated for all possible frequency 
combinations.

Using the following equations, with s = /co, the second- 
order kernels can be evaluated for the models: 
Hammerstein (7), simple Wiener (8), extended 
Wiener (9) and cascade (10).

s2 )

• L2 (s2 ) + L,(s2 ) • L2 (sr )]

(7)

(8)

(9)

(10)

The kernel of (9) has been symmetrized. These 
equations can be easily extended for third-order kernels 
on the basis of three-dimensional matrices, using a 
matrix based mathematical environment such as 
Matlab* [6].

B. Measuring Volterra Kernels Using Periodic Signals

Because of their extensive application in modelling 
nonlinear systems, the measurement of the Volterra 
kernels has been the subject of extensive study. 
Traditional methods rely on the use of Gaussian input 
signals and correlation techniques. These approaches 
all share the uncertainty associated with the use of 
random signals, and the introduction of systematic 
leakage errors when transforming the signals using the 
FFT.

Volterra kernels can be measured directly and more 
efficiently using periodic multisine signals. By carefully 
selecting the harmonic vector of these multisines it can 
be ensured that the contributions generated by the 
different harmonic combinations are separate at the 
system output. This is described in detail by 
Evans ef a/. [7] who have recently improved these 
signals in terms of the number of measured points, the 
test time and the harmonic spacing. An example of 
such a harmonic vector is given by:

Fig. 2 shows all points of a second order kernel which 
can be measured using a signal with these harmonics. 
The gaps along the zero axis can be kept small by 
choosing the first included harmonic to be close to the 
fundamental. The gap along the i = -i diagonal is 
caused by the fact that certain points cannot be 
measured using these signals.
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Fig. 2. Measured points in a second-order Volterra kernel.

For second order kernels, points corresponding to 
f1 = -f2 contributions all fall back on dc and therefore 
cannot be separately measured. It is possible to reduce 
the resulting gap by incorporating a number of closely 
spaced harmonics at higher frequencies, in order to 
measure points close to the missing diagonal. For third 
order kernels the points corresponding to f1 = -f2 or 
f2 = -f3 or f1 = -/a all fall at input frequencies and cannot 
be separated. The three dimensional equivalents to the 
gaps in Fig. 2 are shown as six planes in Fig. 3.

' = [13223243557084101 121 137] (11)

o ^~-\^^^^-^' o

f2 (Hz) ~ 1 ~ 1 f1 (Hz) 

Fig. 3. Unmeasured points in a third-order Volterra kernel
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C. Graphical Representation

With the improved graphic facilities of modern 
computers it is now possible to efficiently visualise 
second- and third-order kernels. Second-order kernels 
can be shown in three-dimensional plots where the 
amplitude or phase of the kernel is represented in the 
z-plane. For the purpose of structure identification, 
however, a better insight can be obtained by two- 
dimensional colour or contour plots, looking at the 
kernel from above. Several examples of second-order 
kernel representation are given in [7].

The conventional method of showing a third-order 
kernel is to successively fix each frequency and show a 
series of three-dimensional plots. Each plot is only a 
slice of the overall kernel 'cube', which makes an 
interpretation very difficult. This can be overcome by 
using colour as a fourth dimension for the 
representation of the amplitude or phase.

The surface of the cube only shows the kernel 
response at the highest measured frequency, therefore 
a section needs to be cut out. Since the kernels are 
symmetrical over the diagonals a complete insight can 
be achieved by taking out a quarter of the cube. 
Matlab® also provides a range of visualisation tools, 
such as surface plots [8], which can be used to build up 
an easily interpretable third-order kernel plot in four 
dimensions.

IV. STRUCTURE DETECTION

Only the amplitude of frequency domain Volterra 
kernels is considered for the purpose of structure 
selection. Hence all subsequent plots show the 
amplitude of the Volterra kernel in dB.

A. Second-order Kernels

This work represents an extension into the frequency 
domain of the work carried out in the time domain by 
Haber [1]. The physical significance of the different 
kernels is much easier to interpret in the frequency 
domain. Fig. 4 shows the contour plots of measured 
second-order kernels for the model structures in Fig. 1. 
The linear system L is of first order and N is reduced to 
a quadratic term with a2 = 1.

The Volterra kernel of the Hammerstein model, 
Fig. 4(a), is completely characterised by the values on 
the fi = f2 diagonal. This means that no change in the 
amplitude occurs along the f-/ = -f2 diagonal, because 
the input frequencies are convolved by the nonlinear

element to build a new signal which is then filtered in 
one dimension by the dynamics of the linear system. 
The kernel of the simple Wiener model, Fig. 4(b), has 
identical symmetry over both diagonals, which means 
that it is also reflected over the zero axis. This can be 
explained by the fact that fr and fz are filtered by the 
same linear system before being convolved. This is not 
the case for the extended Wiener model (c) where L, is 
not equal to L2. The kernel plot shows different 
symmetries as it is skewed across the fr = 4 diagonal. It 
will however approach the pattern of the simple model 
as L r and L2 become more similar.

0.5

i- 0 
c\i

(a)

-0.5

0.5
(b)

-0.5

0.5

0 
f1 (Hz)

(c)

0.5
-0.5

-0.5

-0.5
-0.5 0 

f1 (Hz)
0.5

Fig. 4. Contour plots of second-order kernels for models: (a) Hammer- 
stein, (b) simple Wiener, (c) extended Wiener and (d) cascade.

The pattern in the contour plot of the cascade model, 
Fig. 4(d), is a combination of patterns (a) and (c). This 
can also be seen by considering cascade models where 
the dynamics of one linear system are far less 
significant than those of the other one. Fig. 5(a) shows 
a cascade model with the time constant of L, being five 
times smaller than that of L2. The pattern comes close 
to that of the Hammerstein model. In Fig. 5(b) with the 
opposite configuration the pattern of the cascade model 
becomes similar to that of the simple Wiener.

Except for the Hammerstein models, the pattern in the 
contour plots depends on the nature of the linear 
systems involved. Fig. 5(c) and (d) show simple and 
extended Wiener models containing an underdamped 
linear system. It can be seen that the above 
assumptions still hold, in that the simple Wiener model 
shows equal symmetries, whereas the contour of 
extended model is skewed along the fi = f2 diagonal.
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0.5
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-0.5
-0.5

0.5

0 
f1 (Hz)

(d)

0.5

-0.5
-0.5 0 

f1(Hz)
0.5

Fig. 5. Contour plots of second-order kernels for models: (a),(b) 
cascade, (c) simple Wiener, (d) extended Wiener.

B. Third-order Kernels

Due to the additional dimension, the visual 
interpretation of third-order kernels is more difficult, 
especially when the model contains underdamped 
linear systems. The diagonal lines of the second-order 
kernel now become diagonal planes over which the 
kernel is symmetric.

0

f2 (HZ) ~2 - f 1 (Hz) 

Fig. 6. Evaluated third-order kernel of a Hammerstein model.

Fig. 6 shows the evaluated third-order kernel of a 
Hammerstein model. In analogy with the second-order 
the kernel is constant along the diagonal planes f, = -f2 
and /2 = -fa and f1 = -f3. An evaluated third-order kernel 
of a simple Wiener model is shown in Fig. 7. The kernel 
is reflected over the zero axis in a similar way to the 
second-order kernel in Fig. 4(b).

f2 (Hz) f1 (Hz) 

Fig. 7. Evaluated third-order kernel of a simple Wiener model.

The characteristic patterns of the cascade and 
extended Wiener structures also match the second- 
order case although they may need a more careful 
examination of the Volterra kernels from different 
viewpoints.

V. EXAMPLE

The simulated nonlinear system in Fig. 8 combines a 
second-order nonlinearity with an extended Wiener 
structure and a third-order nonlinearity with a cascade 
structure. The second- and the third-order kernel can 
be measured simultaneously using only one test signal 
with the following harmonics:

i = [41 291 543 797 1055 1319 1585 1927 2229 2543] (12)

In order to avoid the second-order kernel output 
corrupting the third-order output and vice versa, the 
harmonics of this signal are restricted to an odd set [7].

Fig. 8. Block diagram of simulated system.

A fundamental frequency of 0.00015 Hz multiplied by 
the minimum and maximum harmonic results in a 
bandwidth of 0.006 - 0.38 Hz, which is sufficient to 
cover the systems dynamics. A sample frequency of
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3 Hz gives a Nyquist frequency of more than three 
times the input bandwidth. This is necessary since the 
maximum contribution of a third-order nonlinearity is at 
three times the highest input harmonic.

Fig. 9 shows the contour plot of the measured second- 
order kernel. The gap caused by unmeasured points 
along the fr = -k diagonal has been filled by evaluating 
the missing values as averages of their neighbours. 
This simple method yields good results for small gaps, 
otherwise a two-dimensional interpolation function 
should be applied. In accordance with the structure of 
the simulated system, the pattern can be seen to be 
that of an extended Wiener model, as in Fig. 4(c).

-0.3 >

-0.3 -0.2 -0.1 0 0.1 0.2 0.3 
11 (Hz)

Fig. 9. Measured second-order kernel.

Fig. 10 shows the contour plot of the measured third- 
order kernel. In order to show the effect of the 
unmeasured points, shown in white, no interpolation 
has been used. Despite the restriction in size and 
colour, the pattern can be identified as that of a 
cascade model.

VI. CONCLUSIONS

The relation between the structure of block-oriented 
models and the patterns in their frequency domain 
Volterra kernels has been examined. It has been shown 
that unique structure related features exist for second- 
and third-order kernels and that these can be used as 
criteria for structure selection.

The simultaneous measurement of a second- and third- 
order kernel of a block-oriented system, along with the 
estimation of their different structures, has been

illustrated in simulation. The representation of 
third-order kernels as cubes, using colour as an 
amplitude, has also been illustrated, within the 
limitations of the black and white format of this paper.

Future work will investigate criteria by which 
structure identification process can be automated.

the

-0.3

C

0

12 (Hz) 

Fig. 10. Measured third-order kernel.
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Identification of Nonlinear Cascade 
Systems Using Paired Multisine Signals

Michael Weiss, Ceri Evans, and David Rees

Abstract— The identification of nonlinear cascade models has 
been widely studied, as they often reflect the physical structure 
of practical nonlinear systems. The problem when using such 
models is establishing their structure and then identifying their 
linear subsystems. Both can be obtained from measured Volterra 
kernels. By performing tests with a pair of input signals, specially 
designed in order to measure these kernels, enough information 
can be gathered to separate the linear systems. A brief intro 
duction is given to the measurement of Volterra kernels using 
periodic multisine signals. A method using combined tests is then 
proposed to estimate the nonparametric and parametric models 
of the linear subsystems. An example is given for a simulated 
system with a second-order nonlinearity.

I. INTRODUCTION

A CASCADE model is one of many possible structures 
of nonlinear block-oriented models. It is composed of a 

static nonlinearity, preceded and followed by dynamic linear 
systems. The problem of identifying these models, including 
the separation of the linear dynamics, has been addressed 
by many authors using different techniques. Billings et al. 
[1] employed spectral analysis using Gaussian input signals. 
Haber et al. [2] based their identification method on estimated 
time-domain Volterra kernels. Vandersteen et al. [3] proposed 
a method using a combination of small and large amplitude 
multisine signals.

The approach proposed in this paper is based on measured 
frequency-domain Volterra kernels, which can be considered 
as nonparametric models of the nonlinear system. The problem 
of identifying the linear subsystems of a cascade model 
can be expressed as a set of linear equations. By carrying 
out tests with a pair of specially designed multisine signals 
enough information can be gathered for these equations to 
be solved. The solution provides the frequency responses 
of the linear subsystems, which can then be used for the 
estimation of parametric models, by applying an advanced 
estimator. Performing two tests using different input signals 
has the additional advantage that the measured kernels can be 
validated.

The paper begins with an introduction to frequency-domain 
Volterra kernels and briefly discusses the design of periodic 
test signals for their direct measurement. This is followed by 
an analysis of the second-order Volterra kernel of a cascade 
structure.

Manuscript received June 1, 1997; revised April 1, 1998. 
The authors are with the University of Glamorgan, Department of Electron 

ics and Information Technology, CF37 1 DL, Glamorgan, U.K. 
Publisher Item Identifier S 0018-9456(98)06462-6.

It is then shown that nonparametric models of the linear 
subsystems can be identified when applying pairs of test sig 
nals and solving a system of linear equations. The estimation 
of parametric models is also discussed. Finally, the method is 
illustrated on a simulation example.

II. VOLTERRA KERNELS
A class of nonlinear systems can be characterized using the 

Volterra functional representation, which can be considered 
as a generalization of the power series to nonlinear systems 
with memory [4]. Although the power series theoretically 
progresses to infinity in practice a truncated series is used. 
The second- and third-order terms often provide a sufficiently 
accurate model of a nonlinear system.

The limitations of the Volterra structure are well docu 
mented, and these include the inability to model hysteresis, 
dead-zone or backlash. The nonlinear systems considered in 
this paper will be restricted to those which can be modeled 
with second and third-order kernels.

The time-domain output of a Volterra nonlinear system is 
given by

(1)

where hn (ri, . . . , rn ) is known as an n-dimensional Volterra 
kernel. This can be transformed into the s-domain using the 
multidimensional Laplace transform

Hn (Si,...,3n )

, . . . , TB ) • n - - - drn .
(2)

A. Measuring Volterra Kernels
The problem of directly measuring frequency-domain 

Volterra kernels using periodic multisine signals is discussed 
in detail by Evans et al. [5]. The harmonics of the multisines 
must be selected so that all of the nonlinear contributions are 
separate at the system output.

A simple example is a signal which contains the har 
monics WQ and 4u>o- A second-order nonlinearity generates 
contributions at 2w0 , 3u>o, 5w0 , and 8w0 . It is important that 
all contributions are due to only one combination of the 
input frequencies in order to be separable. Furthermore, no 
contribution should fall at an input frequency as they cannot 
then be separated from the output of the linear component.

0018-9456/98$10.00 © 1998 IEEE
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-150

Fig. 1. Measured points on a second-order Volterra kernel.

Fig. 2. Cascade model.

In order to measure a large number of kernel points signals 
are needed which fulfill these requirements but also contain 
more harmonics. An example is a multisine which is composed 
of the following harmonics:

i = [13 22 32 43 55 70 84 101 121 137]. (3)

Fig. 1 shows the points on a second-order kernel which can be 
measured using such a signal. Due to the symmetry property 
the kernel is completely described by the points in the shaded 
region.

The gap along the i = -i diagonal is caused by the fact that 
certain points cannot be measured using these signals. These 
correspond to /i = —/2 contributions, which all fall back on 
dc and therefore cannot be separated. The inability to measure 
these points causes problems for the identification of the linear 
subsystems, as will be shown later.

B. Cascade Models
A cascade model, as shown in Fig. 2, is a combination 

of the well known Wiener and Hammerstein structures. It is 
composed of a static nonlinearity, preceded and followed by 
dynamic linear systems GI(S) and G2 (s).

The nonlinearity N(-) is represented by the power series

N(x(t)) = + a2x2 (t) + a3x3(t). (4)

Using the features of the multidimensional Laplace transform 
the output of block-oriented models can be easily evaluated. 
The following discussion is based on systems with only a

quadratic term in N. The second-order kernel of the cascade 
model is given by

Clearly, the measured output of the system is one- 
dimensional. But the contributions are composed of sums 
and differences of pairs of the input frequencies, which are 
modulated in amplitude and phase by the corresponding point 
on the Volterra kernel.

Cascade models are unique in terms of the dynamics of Gl 
and G2 , as shown by Boyd et al. [6]. However, the kernel 
of such a model will be exactly the same for any arbitrary 
distribution of the static gain and the pure time delay between 
the two linear systems. With

the kernel transfer function (5) can be rewritten as 

^(S i> s2 ) = kLi(si) • Li(s2 ) • L2 (si
. (7)

Since the gains and pure time delays cannot be separated only 
normalized kernels with k = 1 and d = 0 will be considered 
in the following discussions.

III. IDENTIFICATION OF LINEAR SUBSYSTEMS

A. From the Kernel Diagonals
A simple method can be used to obtain an approximate 

estimate of the dynamics of both linear systems LI and L2 . 
Based on (7) these can be extracted from the diagonals of 
the measured Volterra kernel, provided that the unmeasured 
points along the main diagonal /i = —/2 have been obtained 
by interpolation

|ii(s)| = \/|#(si,a2)|,
\H(Sl ,s2 )\ =

si = -s2 (8)

(9)

More points for L2 can be estimated by using the complete 
kernel

\L2 (s 1 +s2 )\ = \H(Sl ,s2 )\ (10)

The solutions only include the amplitude of the linear 
components since the phases of a second order kernel at the 
main diagonal are zero. Therefore the data are unsuitable for 
the estimation of a parametric model. However, the major 
drawback of this approach is that both estimations are based 
on unmeasured, i.e., interpolated points.

B. Linear Least-Squares
By taking the logarithm of the complex kernel, (7) can be 

split into real and imaginary parts

i, s2 )\ = InMaOl + In^s,)! + ln|L2 (5l + S2 )\
(11)

(12)
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The factor m in (12) is only known if the phases of the kernel 
can be unwrapped.

Based on the equations above a system of linear equations 
(SLE) can be built for amplitude and phase, respectively. A 
linear least-squares estimator (LLSE) can be used to find the 
amplitudes and, if m is known, also the phases of LI and LI- 
Using the previous example of the signal with harmonics w0 
and 4u>o the second-order kernel values are given by

(13)

H (4w0 ,4w0) =

• Li(4u0 ) • L2 (3w0 ) 
Lj.(4w0 ) • L2 (5w0 )
• Li(4w0 ) • L2 (8w0 )

where *L donates the complex conjugate of L. The measured 
kernel values are stored in vector h

h = [H (w0 ,
(14)

The parameters to be estimated, which are the frequency 
responses of LI at the input frequencies and L2 at the second- 
order contributions, are combined in vector 1

1 = [Li(w0)Li(4wo)L2 (2wo)L2(3wo)L2 (5wo)L2 (8w0 )].
(15)

The relation between ln(h) and ln(l) can be defined in a matrix 
A with each column corresponding to either an input or output 
contribution, as

A =

• 2
-1

1
.0

0
1
1
2

1
0
0
0

0
1
0
0

0
0
1
0

o-
0
0
1.

(16)

The first two columns contain a factor for each input harmonic 
and columns three to six contain a one at the corresponding 
contribution and zeros anywhere else. The SLE is then given 
for amplitudes and phases, respectively,

|h| = exp(|A|ln(|l|)), Zh = AZ1. (17)

C. Paired Multisine Signals
A test signal with F harmonics allows F2 points on a 

second-order kernel to be measured. The number of parameters 
to be estimated is given by the F frequencies at which GI is 
excited plus F2 contributions, which are the input to G2 . With 
only F2 known values but F + F2 unknown parameters the 
SLE is under-determined by F equations.

This problem can be solved by carrying out a second test 
using a signal with different harmonic content. The second 
signal needs to be designed so that at least F more measured 
points than unknown parameters are added to the SLE. This 
can be achieved by selecting harmonics for which some 
contributions generated by the nonlinearity are the same as in 
the first signal, hence reducing the number of frequencies at 
which G2 is excited. If the number of common contributions is

equal to or greater than 2F then the number of measured points 
equals or exceeds the number of parameters to be estimated.

With data from both tests included in A and h the SLE 
can be solved for amplitude and phase. However, there are an 
infinite number of solutions for an arbitrary distribution of the 
gain and pure time delay between the two linear systems. This 
causes the rank of matrix A to be deficient by one.

Although the system can be solved using the pseudo inverse 
of A, denoted A+

| = exp(|A+|ln(|h|)), L\ = A+Zh (18)

the estimates obtained are corrupted by an error in gain kx 
and phase dx .

(19)

The phase error, which is effectively a pure time delay with an 
opposite sign for LI and L2 , can however be removed from 
the model, as will be shown later.

A significant improvement in the results in the presence of 
noise can be achieved by weighting the SLE. Each kernel point 
should be weighted according to the quality of its measurement 
thereby scaling its significance in the SLE. One possible 
solution is to use the variance of each point and divide it 
by its amplitude

w = (20)

Equation (18) then becomes

The extension of this method to third-order Volterra kernels 
is straightforward. Equation (5) is changed to define the three- 
dimensional kernel of a cascade model

H(s 1 ,s2 ,s3)
+ s2 (22)

A multisine signal used to measure third-order kernels must 
also be designed on the principles outlined in Section II-A. 
This means that all contributions generated by the cubic term 
must be separate at the system output. The required number 
of common contributions generated by a pair of test signals is 
the same as for the second-order case.

D. Nonlinear Least-Squares
Depending on the order of the linear subsystems and the 

complexity of their transfer functions, it may be difficult, if 
not impossible, to unwrap the kernel phases. In this case, the 
LLSE cannot provide solutions for the phases of the linear 
subsystems. A nonlinear least-squares estimator (NLSE) must 
be used instead, with the cost function (23) shown at the 
bottom of the next page. 2C is the number of measured kernel 
points of both tests and D is a 2C by 2 matrix containing 
all combinations of the input harmonics. The parameters to be 
estimated are the response of GI to all input harmonics, as 
stored in D, and the response of G2 to all of their sums.
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Fig. 3. Cascade model for simulation example.

TABLE I 
ESTIMATED POLES AND ZEROS OF LINEAR SUBSYSTEMS

L, 
l*

Zeros
-1.9894

Poles
-11. 8 194. -7.9707 
-8.7716 ±7.1868i

Pure time delay (s)
0.0432 
-0.0436

The LLSE can be used to generate start values for the 
amplitudes, whereas no start values are available for the 
phases. As with any nonlinear optimization method, there is 
no guarantee that the absolute minimum is found. However, 
no convergence problems were encountered throughout a 
number of experiments, despite the relatively large number 
of parameters.

E. Parametric Estimation
Using the nonparametric estimates of LI and L2 the estima 

tion of parametric models is possible. In order to estimate the 
phase error an advanced estimator is needed which allows the 
pure time delay to be included into the cost function. Such an 
estimator has been developed by Schoukens et al. [7] and is 
implemented in the Frequency Domain System Identification 
Toolbox for Matlab [8].

The cost function of this estimator includes the measured 
input and output frequency data and their variances. In their 
place, the estimated frequency responses L are used as the 
output data and the input data are set to one for all frequencies. 
The pure time delay is estimated and then omitted from the 
model, since it represents a combination of the phase error and 
the actual delay of the system.

IV. SIMULATION EXAMPLE
Consider the cascade model with two linear second-order 

subsystems, as shown in Fig. 3. A pair of multisine test signals 
is used with the following harmonics and a fundamental 
frequency of 0.05 Hz:

11 = [13 22 32 43 55 70 84 101 121 137]
(24)

12 = [15 29 42 77 96 117 124 155 156 160].
(25)

The harmonic content of the two signals is completely dif 
ferent in order to measure the maximum number of frequency 
points, in this case 20, for the first linear system. The signals 
share 40 second-order contributions which means that Z/2 is 
excited at 160 frequencies.

The simulations were carried out over 10 periods and 
normally distributed random noise was added to the frequency 
data in order to give a signal-to-noise ratio of approximately 
40 dB before averaging.
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Fig. 4. Estimated (- -) and true (-) responses of linear subsystems.

Fig. 4 shows the estimated frequency responses of LI and 
Z/2 which were obtained from the kernel data using (21). 
The error in phase and gain can clearly be seen for both 
linear systems. In order to eliminate the phase error parametric 
models for LI and L2 were estimated and are shown Table I.

The estimated poles and zeros can be seen to be close to 
the real parameters. As expected, the pure time delays of both 
systems are very similar but with the opposite sign. Finally, 
the normalized frequency responses of these models, without 
the pure time delay, are plotted against the true responses in 
Fig. 5.

V. CONCLUSION
A new method for the identification of the linear subsystems 

of a nonlinear cascade model has been proposed. The Volterra 
kernel of the system is measured using a pair of specific multi- 
sine test signals. These signals result in a number of common 
frequency combinations when passed through a second-order 
nonlinearity. This reduces the number of parameter to be 
estimated while adding more measured points.

A system of equations can then be solved in order to 
separate the frequency responses of the linear subsystems. 
Using these estimates, parametric models can be obtained. The 
result will be a parametric model of the cascade system which

2C

(23)
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Fig. 5. Frequency responses of estimated models (x) and true systems (-).

describes the dynamics of the underlying linear systems and 
an overall static gain.

A necessary condition for the application of this method is 
that the system under test can be represented by a Volterra 
series and that the kernels can be measured. Furthermore, the 
cascade structure must be applicable to the system.

An indication of the structure of a block-oriented nonlinear 
system can be derived by graphical means from its frequency- 
domain Volterra kernel, as discussed in [9]. If the identification 
of the cascade model fails, other structures can be attempted 
by redefining the cost function of the Nonlinear least squares 
estimator.
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