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Abstract

The study of rotating astrophysical bodies is of great importance in understanding the 

structure and development of the Universe. Rotating bodies, are not only of great 

interest in their own right, for example pulsars, but they have also been targeted as 

prime possible sources of gravitational waves, currently a topic of great interest.

The ability of general relativity to describe the laws and phenomena of the Universe is 

unparalleled, but however there has been little success in the description of rotating 

astrophysical bodies. This is not due to a lack of interest, but rather the sheer 

complexity of the mathematics. The problem of the complexity may be eased by the 

adoption of a perturbation technique, in that a spherically symmetric non-rotating 

fluid sphere described by Einstein's equations is endowed with rotation, albeit slowly, 

and the result is expressed and analysed using Taylor's series.

A further consideration is that of the exterior gravitational field, which must be 

asymptotically flat. It has been shown from experiment that, in line with the 

prediction of general relativity, a rotating body does indeed drag space-time around 

with it. This leads to the conclusion that the exterior gravity field must not only be 

asymptotically flat, but must also rotate. The only vacuum solution to satisfy these 

conditions is the Kerr metric.

This work seeks to show that an internal rotating perfect fluid source may be matched 

to the rotating exterior Kerr metric using a perturbation technique up to and including 

second order parameters in angular velocity. The equations derived, are used as a 

starting point in the construction of such a perfect fluid solution, and it is shown how 

the method may be adapted for computer implementation.
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Chapter 1

Introduction

1.1 Background

Almost every object in the Universe displays some degree of rotation. Locally, 

the Earth rotates about its own axis, the Moon rotates about the Earth while 

the planets rotate about the Sun. These facts may be established today by 

anyone using time lapsed photography (see figure 1.1). In historical times for 

example, the eighteenth century models of the Solar System called orreries 

were built to establish the relative motions of the planets (see figure 1.2). 

The rotation of the Sun about its own axis may be established by observing 

the motion of sunspots (see figure 1.3).

On a universal scale the Sun is located in the outer arm of the Milky 

Way spiral galaxy (see figure 1.4). The galaxy rotates about its galactic 

centre. Hence the Sun and the Solar System also rotate about the galactic 

centre. The Solar System currently completes one rotation about the centre 

in approximately 220 million years, at a velocity of about 250 km/s. As 

explained in the narrative of figure 1.4, it would be impossible to photograph 

the structure of the Milky Way galaxy, but photographs of other spiral arm 

galaxies and whirlpool galaxies immediately give the sense of rotation about 

the centre (see figures 1.5 and 1.6). On a still larger scale the Universe itself
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may be rotating. The idea of a rotating universe is at present a topic of 

discussion, with interesting research papers being produced.

1.2 General relativity

Towards the end of the nineteenth century and the early years of the twen 

tieth century, there were many unsolved problems in the fields of astronomy 

and physics. These included the perihelion shift of Mercury and the apparent 

bending of light, and the more troublesome problem of "action at a distance", 

all of which could not be explained by the Newtonian theories of the time. 

It was not until Albert Einstein (figure 1.7) published his theory of General 

Relativity during the period 1913-1916 that these perplexing problems would 

have a solution. The theory correctly explained the perihelion shift of Mer 

cury, and proved that gravity causes the bending of light, a phenomenon now 

also known as gravitational lensing (figure 1.11). The "action at a distance 

problem" was also explained by relativity. In particular, the Schwarzschild 

vacuum solution of Einstein's equations explained particle motion in an exte 

rior gravitatoinal field. Schwarzschild's solution also predicted the existence 

of black holes (see figures 1.9 and 1.10), an idea first postulated by the French 

mathematician Pierre Laplace in 1796. Since then, the black hole has be 

come one of the most widely known astrophysical phenomena outside the 

scientific world. While being a continual mainstay topic of astrophysical re 

search, blackholes have now entered the mainstream world, even starring in 

their own feature film, Disney's 1979 "The Black Hole" (figure 1.8).

Furthermore the scientists of the Victorian age believed that the universe 

was static in accordance with the Newtonian physics of the time. However 

relativity gave rise to cosmological models in keeping with known observa 

tions of the expanding Universe (figure 1.12). The classical model is the 

expanding homogeneous fluid sphere due to Robertson Walker (see [1]).
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1.3 Rotation and general relativity

Work on integrating the ideas of rotation and general relativity has been an 

on going task, with different areas, and effects of rotation being considered. 

According to Chen (et al) [2], the rotation of planets, stars, galaxies inspired 

Gamow [3] to suggest that the Universe is rotating, and that the angular mo 

mentum of stars and galaxies could be a result of the cosmic vorticity. This 

idea of a rotating Universe is still the subject of much controvesy, with some 

intriguing papers being published, for example Birch [4]. Some of the early 

combinations of rotation and general relativity simply consisted of comput 

ing orbits and geodesic paths for point particles using general relativity, for 

example the solving of the perihelion shift of Mercury. Meanwhile, a major 

use of the theory of general relativity was in modelling the interiors of celes 

tial bodies. And there was much success acheived with the modelling of stars 

using the idea of fluids1 , and their counterpart exterior gravity fields (or vac 

uum solutions). All of these models were however non-rotational. What little 

work was completed on rotation involved strange geometries, and it wasn't 

until R. P. Kerr [5] published his asymptotically flat2 rotating vacuum solu 

tion in 1963 was there a form of physical realism. To date, Kerr's discovery 

is still the only asymptotically flat rotational vacuum solution to Einsteins 

equations available. This intriguing fact has some important consequences 

to be discussed later.

The description and analysis of isolated3 rotating bodies is a fundamen 

tal problem in general relativity. Unfortunately, despite important efforts, 

understanding rotating objects within the framework of general relativity 

is still very incomplete. Whereas a large number of spherically symmetric 

static solutions are known, together with their matching to their counter-

l ln general relativity, celestial bodies are often represented by fluids.
2 Asymptotically flat basically means behaving in the same way as Newtonian gravity 

at large distances.
3 "isolated" in this sense means that the exterior gravity field should be asymptotically 

flat
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part external vacuum solution (or gravity field), there is currently no global 

spacetime model available for a rotating fluid body in an asymptotically flat 

space-time. This incompleteness has been described as "an embarrassing 

hiatus in the theory of general relativity [6]." The study of rotating objects 

is not only of general intrinsic interest, but has potentially important appli 

cations in astrophysics. James Hartle [7] was one of the first to examine the 

modelling of rotating extended finite bodies using general relativity together 

with perturbation theory. He concentrates on the body itself, and appears 

not to give any consideration to the counterpart external vacuum solution. 

Shapiro [8] reports that "Because most objects found in nature have some 

angular momentum, rotation is likely to play a significant role in the qua- 

sistationary evolution as well as collapse of a super massive star. The slow 

contraction of a super massive star will most likely spin it up to the mass 

shedding limit because such stars are so centrally condensed." To quote Her 

nandez [9], "The study in the framework of general relativity of finite bodies 

which possess angular momentum is, in general, extremely difficult. But this 

is exactly the problem set before us if, for example, we want the gravita 

tional field associated with a rotating star. The need for understanding this 

problem assumes much greater importance when we are concerned with ro 

tating super massive or neutron stars where the gravity field may be quite 

strong. Most studies of the more difficult problems in relativity proceed by 

employing techniques such as perturbation theory, linearization, numerical 

integration etc..." There has been some success in the matching of rotating 

internal solutions to rotating external solutions, for instance Davidson [10] 

who matched a rotating perfect fluid cylinder to an exterior Lewis metric, 

and Hernandez who discusses nonfluid interior solutions specifically for the 

Kerr metric.
Now, one of the important and very interesting predictions of general 

relativity theory is the Lens-Thirring effect or the frame dragging effect, 

which until recently was a speculation. A recent magazine article [11] reads:
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Scientists claim to have found the first direct evidence that the Earth is 

dragging space and time around itself as it rotates. According to a report in 
Nature, this is the first accurate measurement of the Lens- Thirring effect, 

also known as frame dragging. The effect, first predicted in 1918 by Einstein's 

theory of general relativity, was measured by precisely observing shifts in the 
orbits of two Earth orbiting laser-ranging satellites.

"Frame dragging is like what happens if a bowling ball spins in a thick 
fluid such as molasses, " said Erricos Pavlis (Joint Center for Earth System 

Technology). "As the ball spins, it pulls the molasses around itself. Anything 

stuck in the molasses will also move around the ball. Similarly, as the Earth 

rotates, it pulls space-time in its vicinity around itself. This will shift the 
orbits of satellites near Earth. "

"We found the plane of the orbits of LA GEOS I and II were shifted about 
six feet per year in the direction of Earths rotation, " he said. "Our mea 

surement agrees 99 percent with what is predicted by general relativity. Even 

if the gravitational model errors are off by two or three times the officially 

quoted values, our measurements are still accurate to within 10 percent or 

better. "
The study is a follow up to earlier work in 1998. However, the previous 

result was much less accurate, due to inaccuracies in the gravitational model 

of the Earth that was available at the time. Data from NASA's GRACE 

mission have vastly improved the accuracy of this model, making the new 

result possible.
An even more precise measurement should soon be obtained by NASA's 

Gravity Probe B spacecraft, which has been orbiting the Earth since April.
This is exciting news, since it means that any mathematical model of the 

exterior field of a rotating body must therefore not only rotate, but must 
also be asymptotically flat. This also generates a problem, since the only 
known solution to Einstein's equations which represents a vacuum asymp 
totically flat rotating exterior field (or spacetime) is the Kerr solution. The
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Kerr solution seems to systematically refuse to be matched with any known 

rotating interior solution (of which there are very few). It would not be true 

to say that the Kerr solution has no mathematical model of its source, but it 

would be true to say that there is no known fluid source, and it is the aim of 

this work to provide some insights to the method of possibly obtaining such 

a source solution. A convenient method is to use slow rotations, since it is 

assumed that if a property holds in an exact sense, then it will hold for the 

slow motion case as well. The converse of this may of course also be true, 

in that just because a property works at slow rotations, it does not neces 

sarily follow that it works for all rotations. However, since this work must 

begin somewhere, the idea of slow rotations will be used, and to emulate 

slow rotation, perturbation methods will be employed, wherein the problem 

will be examined in Taylor series expanded in terms of an angular velocity 

parameter.

1.4 Overview of the work presented

The work presented follows the somewhat preferred method of using the 

perturbation technique, where known non-rotational solutions are endowed 

with rotation. We begin with an overview of general relativity from a static 

point of view. Junction conditions and matching criteria are then examined, 

with the three most popular techniques compared and contrasted. This is 

followed by a general discussion of rotation. The Kerr metric is elaborated 

on, with some discussion on early attempts at finding a source metric. An 

examination of some of the work completed involving slowly rotating sys 

tems of a first order angular velocity component is first conducted. Both 

the work of Kegeles [12], and the more general work of Wiltshire [13] are ex 

amined, with the work of Wiltshire being reproduced using a different form 

of junction condition matching technique. Following the cases of first order 

angular velocity, attention is turned to the problem of systems up to and in-



1.4 OVERVIEW OF THE WORK PRESENTED 7

eluding second order angular velocity parameter. It is rotation that deforms 

the body itself, and as such, special attention is paid to the shape of the 
boundary. The second order rotational cases are themselves broken down 

into simpler problems, firstly involving no change of coordinate system, with 

results given for a general metric. These results are then modified for the 
specific Schwarzschild interior solution. Again, special attention is paid to 
the boundary description, with all results presented in the form of a Taylor 
series. A full general system is then considered, together with a change of 
coordinate system with the work in this area still ongoing.

The problems regarding analytical solutions of Einstein's equations to 

perturbed metrics of second order angular velocity parameter, and in partic 
ular the Robertson Walker metric are then considered. Finally, conclusions 

and suggestions for future work are presented.



Figure 1.1. Circular star trails in the night sky 
(courtesy: http://antwrp.gsfc. nasa.gov/apod/ap000905. html)

Figure 1.2. Mechanical Orrery 
(courtesy: http://www. ingenious, org. uk)
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Figure 1.3. Sunspots move across the Sun's surface 
(courtesy: http://sohoww\v. nascom. nasa.sov/bestofsoho/PA GE4/spotcollG.gi1)

Figure 1.4 : "The Milky Way is a giant spiral galaxy like many others we have 
discussed on these pages. Like viewing a forest when amongst the trees, we can 
only imagine what the whole galaxy looks like and this imaginary image of a 
typical spiral is as good as any."

(courtesy: http://user. me. net/arf/mw. htm)
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Figure. 1.5. Spiral Galaxy M66 
(courtesy: http://antwrp.gsfc.nasa.gov/apod/ap040407.html)

Figure 1.6. Whirlpool Galaxy M51 
(courtesy: http://antwi-p.ssfc.nasa.gov/apod/ap010410.html)
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Figure 1.7. Albert Einstein (March 14, 1879 to April 18, 1955)
(http://www. th.physik.uni-frankfurt.de/~jr/gif/phys/einst_7.jpg)

Figure 1.8. Walt Disney's 1979 film "The Black Hole"
Disney
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Figure 1.9 Core of Galaxy NGC4621

This is a Hubble Space Telescope image of an 800-light-year-wide spiral-shaped 
disk of dust fueling a massive black hole in the center of galaxy, NGC 4261, located 
100 million light-years away in the direction of the constellation Virgo.

By measuring the speed of gas swirling around the black hole, astronomers 
calculate that the object at the center of the disk is 1.2 billion times the mass of 
our Sun, yet concentrated into a region of space not much larger than our solar 
system.

The strikingly geometric disk   which contains enough mass to make 100,000 
stars like our Sun   was first identified in Hubble observations made in 1992. 
These new Hubble images reveal for the first time structure in the disk, which may 
be produced by waves or instabilities in the disk.

Hubble also reveals that the disk and black hole are offset from the center of NGC 
4261, implying some sort of dynamical interaction is taking place, that has yet to 
be fully explained.

(courtesy: http://hubblesite.ors/newscenter/newsdesk/archive/releases/1995/47/imaKe/a)
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Figure 1.10. Blackhole inNGC 7052

"Resembling a gigantic hubcap in space, a 3,700 light-year-diameter dust disk 
encircles a 300 million solar-mass black hole in the center of the elliptical galaxy 
NGC 7052. The disk, possibly a remnant of an ancient galaxy collision, will be 
swallowed up by the black hole in several billion years. Because the front end of 
the disk eclipses more stars than the back, it appears darker. Also, because dust 
absorbs blue light more effectively than red light, the disk is redder than the rest 
of the galaxy (this same phenomenon causes the Sun to appear red when it sets 
in a smoggy afternoon). This NASA Hubble Space Telescope image was taken 
with the Wide Field and Planetary Camera 2, in visible light. Details as small as 
50 light-years across can be seen. Nubble's Faint Object Spectrograph (replaced 
by the STIS spectrograph in 1997) was used to observe hydrogen and nitrogen 
emission lines from gas in the disk. Hubble measurements show that the disk 
rotates like an enormous carousel, 341,000 miles per hour (155 kilometers per 
second) at 186 light-years from the center. The rotation velocity provides a direct 
measure of the gravitational force acting on the gas by the black hole. Though 
300 million times the mass of our Sun, the black hole is still only 0.05 per cent of 
the total mass of the NGC 7052 galaxy. Despite its size, the disk is 100 times less 
massive than the black hole. Still, it contains enough raw material to make three 
million sun-like stars".

(courtesy:
httD://hubblesite.org/newscenter/newsdesk/archive/releases/1998/22/image/a)
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Figure 1.11. Gravitational Lensing 

(courtesy: http://hubblesite.0rg/newscenter/newsdesk/archive/releases/2000/07/imase/b)



Figure 1.12 
(courtesy: http://hubblesite. org/newscenter/newsdesk/archive/releases/l 996/01/image/a )

Nubble's Deepest-Ever View of the Universe Unveils Myriad Galaxies Back to the
Beginning of Time

Several hundred never before seen galaxies are visible in this "deepest-ever" view of the 
universe, called the Hubble Deep Field (HDF), made with NASA's Hubble Space Telescope. 
Besides the classical spiral and elliptical shaped galaxies, there is a bewildering variety of 
other galaxy shapes and colors that are important clues to understanding the evolution of 
the universe. Some of the galaxies may have formed less that one billion years after the Big 
Bang. Representing a narrow "keyhole" view all the way to the visible horizon of the 
universe, the HDF image covers a speck of sky l/30th the diameter of the full Moon (about 
25% of the entire HDF is shown here). This is so narrow, just a few foreground stars in our 
Milky Way galaxy are visible and are vastly outnumbered by the menagerie of far more 
distant galaxies, some nearly as faint as 30th magnitude, or nearly four billion times fainter 
than the limits of human vision. (The relatively bright object with diffraction spikes just left 
of center may be a 20th magnitude star.) Though the field is a very small sample of sky 
area it is considered representative of the typical distribution of galaxies in space because 
the universe, statistically, looks the same in all directions.
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Chapter 2

General relativity - an 

introduction

2.1 An overview of general relativity

In this research, the Riemannian space-time will be defined by means of the 

metric,

ds2 = guvdxudxv . (2.1) 

and in addition, the Riemann-Christoffel tensor is taken to be

r\ r\

__ ^ per _ per I pr p<r _ pr p<7
~ A" Ai X" T A TIX '

where F is a Christoffel symbol of the second kind, defined by

_
5:ECT '

and can be seen to be composed entirely out of the components of the metrical 

tensor g^v and their first and second derivatives.

The Ricci Tensor is defined through the contraction

8
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(2.2)

We can also form the mixed form of the tensor, R* = gXcTRa^ with the 

curvature invariant (a scalar) being the contraction

n>A _ «^CT r? /o o\ 
*l\ — 9 -tt<rA- (2.3)

The Riemann-Christoffel tensor is also known as the curvature tensor, as 

it measures a property of Riemann space-time, analogous to the curvature of 

a two dimensional surface.

2.1.1 Bianchi identity

It is possible to show, with the aid of Riemannian coordinates1 (y) that 

the Riemann-Christoffel tensor evaluated at the origin of the Riemannian 

coordinates can be expressed as

with the covariant derivative of this tensor being

d2 d2
= ~ r*» ~ ~ r - (2 ' 5)

By cyclically permutating the indices /x, v and r and adding the equations, 

we obtain the Bianchi Identity thus,

+ R^r,» + Rlr^ = 0- (2-6)

This may be contracted with respect to a and v to give

r + Rl^ + RlT^a = 0- (2.7)

1 local coordinates, where at the origin, all first order derivatives of the gab vanish.
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which in turn may be written as

„ = 0. (2.8) 

The symmetry properties of the Riemann-Christoffel Tensor imply that,

(2.9)

and hence equation (2.8) becomes

,„ = 0. (2.10)

Contraction with respect to p and r gives

and changing the last term summation index from a to p results in

= 0. (2.11) 

If 2A is an arbitrary constant then one may write

which allows us to write equation (2.11) as

flj - I** (*£ - 2A) ,,= 0. (2.13)



2.2 PHYSICAL EXPLANATION OF ENERGY CONSERVATIONll

2.2 Physical explanation of energy conserva 
tion

Before proceeding further, it may prove useful here to consider the idea of 

energy conservation. Examine the diagram overleaf showing a cube of perfect 

fluid, and consider the argument [14]. Energy can flow across all sides. The 

rate of flow across face 4 is a2T4x (x = 0) and across face 2 is  a2T4x (x = a), 

negative because flow is in opposite direction. Similarly, we may obtain 

expressions for flow in the y and z directions. The sum of all these flow
d(a3 T44: )

rates must be equal to the rate of increase of energy ^ m—'-. This gives the 

following equation

'44 \
/ _ 2 trr-i^x I _ rr-ifac I \T^y I _'T14y I 

a   u \J. \x=0 J |x=a ~J~-L \y=0 •*• ly=o 
OT

i /T^4z i T14z I 1 
-T-L |z=0 —-t U=aJ i

which, dividing by a3 and taking the limit as a —>  0, we obtain

dT44 _ _
^ ^ ~ I _____ I

dx dy dz
(2.15)

With x4 = t, x1 — x, x2 = y and x3 = z, we may write

Tf + Tf + Tf + Tf = 0,

or
T4aa = 0. (2.16)

The same mathematics applies when momentum is examined, with the 

index 4 changed to i (i = 1,2, 3), and we obtain

T™ = 0. (2.17)
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Now combining both energy and momentum (changing i to a), we obtain 

the general law of conservation, being

Tf = 0. (2.18)

This relationship has, of course, been derived using the local coordinates. 

But, the postulate of General Relativity states that the laws of physics must 

hold in all frames of reference, and by applying the 'comma, semi colon 

exchange rule' equation (2.18) becomes

rf = 0. (2.19)

2.3 Einstein tensor and Einstein's equations

2.3.1 Einstein tensor

In the mixed form, the Einstein Tensor is denned by

G* = R°- \^ (Rpp ~ 2A) - (2.20)

We see that equation(2.13) states that the vectorial divergence of the Einstein 

tensor is zero. Since the Ricci tensor and the metric tensor are symmetric, 

then the Einstein tensor is also symmetric.

2.3.2 Einstein's equations

Einstein's equations can be written

G$ = -87TT?, (2.21)

where T£ is an energy momentum tensor and relates the effect of matter on 

space time.
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Einstein realised that by comparing equations (2.13) and (2.18), and as 

suming the existence of 'covariant integration' as the reverse process of covari- 

ant differentiation, then if G^ = 0 = T^, G^ and T£ differ by a constant, 

see equation (2.21).

One example of T£ is the perfect fluid energy-stress tensor, which is given 

by

T» = (p + p)u»uv - 6$p, (2.22)

where p =density of fluid, p =pressure of fluid and u^ are the contravariant 

components of velocity four vector, which satisfy u^u^ = 1.

In General Relativity, a primary source of interest is that of a perfect fluid. 

This is a fluid (or gas) which moves through space-time with a velocity-four 

vector ua , which may vary from event to event, and exhibits a density (of 

mass-energy) p and an isotropic pressure p in the rest frame of each fluid 

element. There are no shear stresses, no viscosities, or anisotropic pressures.

2.4 Solutions of Einstein's equations

In the absence of matter, Einstein's equations are written

- M (RPP - 2A) = °' ( 

which in the case of zero cosmological constant reduce to

Rfu, = 0. (2.24)

The solving of Einstein's equations in the absence of matter leads to 

solutions representing the vacuum gravitational field outside a non rotating 

source. This was famously described by Schwarzschild in 1916. The solution 

normally attributed to Schwarszchild, as can be verified by examination of
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any of the many textbooks available, such as [1] or [15], is usually written2

dr? - —--—de - edO2 - e sin2 Odtf. (2.25) 
f 1 - If)

2.4.1 Internal solutions

The solutions of Einstein's equations for given metrics, subject to the energy- 

stress tensor and perfect fluid conditions, can generate mathematical models 

of not only the exterior vacuum field surrounding a body, but also models of 

the body itself.

Spherically symmetric internal fluid solutions, describing for example, 

processes of gravitational collapse, may be determined using a metric of the 

form

ds2 = e^^drj2 - e2^'^2 - r2 (£, 77) d62 - r2 (£, rj) sin2 9d^2 . (2.26) 

In this case, the non zero Christoffel symbols are

2 It is interesting to note here that the form of the metric given here was not the form 
originally announced by Schwarszchild in 1916. The original solution was

2m 2 _
2m

The form given in (2.25) is actually the work of Droste, Hilbert and Weyl. See Loinger 
[16] for further details. For the sake of confusion, this thesis will take the standard 
Schwarszchild solution as (2.25).
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r1 — a r4 — p 2^-2A x r2 — r^ r3 — r^ c~> 07^
1 11 — A*£? A 11 — e Arj, 1 12 — — > 1 13 — — > (2.2?)

= — , ri3 = cot 0, r^3 = -rr€ sin2 0e-2", T^3 = rr,, sin2 ^e-

= 2a, r^ = A^2A-2^, r23 = -cos^sin^,

Also the non-zero components of the Einstein tensor are

2)) ,

4 + , G, = ———————— -

+ r^ - rX^ - rA2 - r^ - r«)

+e~2A r + r/^ + r/ - rA/z, + r -

- 2rr« -

-G|. (2.28)

Analysis of Einstein's equations reveals two very important conditions for a 
comoving system3 . Firstly

7? = T| (2.29)

also called the isotropy condition, and secondly

Tl = 0 = Tf. (2.30) 

These resulting equations formed from (2.29) and (2.30) may be solved to

3 A comoving system is when the observer moves with the system. Consider two train 
spotters, one track side, the other a passenger. The passenger is a comoving observer.
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provide solutions to Einstein's equations.

Static solutions

These are defined by taking A = A(£), p, = n(£) and r (£, 77) = £ so that

= d<92 + sin2 dd(f)2 . (2.31) 

We may generate Einstein's equations such that,

- [f (1 - 6-'

_ r>1 — r<2 —
— Cr! — (_r 2 —

(2.32)

We have three equations, with four unknown functions p, p, A and p,. Sup 
plementing these three equations with an equation of state

f(p,p)=0. (2.33)

for example

1 p = -p or

P = apn ,

and imposing some regularity conditions, provides the fourth equation re 
quired. Usually however, an ad hoc4 assumption is made for one of the metric

4 ad hoc: Latin - something made up as we went along; not planned; no particular 
reason why it should be as it is.
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elements, with the resulting equation of state evaluated from the resulting 
line element.

Solutions of Einstein's equations are found by noting that the isotropy 
condition G\ = G2 = G% leads to the differential equation

——— 7 ——— ——— 72 ——— >

which is the only equation requiring solution. Note that it is underdefined, 
and the ad hoc assumption is made, for example equation (2.33).

Non static solutions

Non static solutions are denned by taking A — A(£, 77), // — //(£, rj) and r = £ 
so that

ds2 = e2X(^drf - e2^")^ _ ^dtf, dtf = dd2 + sin2 Bdtf . (2.35) 

Einstein's equations are generated such that

+ M - /^
(2.36)
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The isotropy condition G\ — G\ implies that

18

0 = \2 -
(2.37)

Comoving solutions

For a comoving solution, the full set of conditions as implied by equations 
(2.28) are used, together with the isotropy condition. In addition, the equa 
tion G\ = 0 = G\ must also be satisfied.

An interesting, and useful solution which corresponds to a non-static, 
comoving case is the Robertson Walker dust solution. It is used widely in 
cosmological modelling, and is examined from a rotational point of view later.

2.5 Extrinsic curvature

The extrinsic curvature Kab is an important tool in general relativity. It 
is used in this work as part of the Darmois boundary matching conditions. 
In order to consider the idea of extrinsic curvature, consider first figure 2.2 
below [15].

dn--K(dP)

B

P+dP

Figure 2.2 — Pictorial representation of extrinsic curvature
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Extrinsic curvature measures the fractional shrinkage and deformation of 
a figure lying in the space like hypersuface B that takes place when each 
point in the figure is carried forward a unit interval of time normal to the 
hypersurface out into the enveloping spacetime. It is not possible to have an 
extrinsic curvature without an enveloping spacetime. The extrinsic curvature 
tensor is a positive multiple of the unit tensor when elementary displacements 
dP, in whatever direction within the surface they point, all experience the 
same fractional shrinkage. Thus the extrinsic curvature of the hypersurface 
in the figure is positive. The dashed arrow represents the normal vector n at 
the fiducial point P after parallel transport to the nearby point P + dP.

The coordinate free equation

dn = -K (dP) , 

may be represented in component form by

dna = —Kab (dx6) .

Misner et al. [15] present an explicit form for the extrinsic curvature Kab 
based on three space. This may be extended to four dimensional spacetime, 
the general form of which is

, (2.38) 

as given by Lynden-Bell [51], where n^ is the unit normal vector defined by

with b representing the boundary of the hypersurface, xl representing the co-
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ordinate system (£, 9, 0, 77) and g^being the components of the metric tensor. 
In addition, hca is a projection tensor given by

ha = da -



Chapter 3 

Boundary conditions

3.1 Introduction

To motivate the mathematical discussion of boundary conditions note first 

that the gravitational field of a body does not undergo any dramatic change at 

the boundary, that is where the body meets vacuum spacetime. For example 

there is no abrupt disruption or discontinuity of the Earths gravitational field 

felt by an astronaut as he leaves the launch pad and travels into space, and 

similarly, nothing is experienced by the miner who goes deeper into the earth. 

This must be reflected in the solutions of Einsteins equations, by subjecting 

the metrics of the system to certain mathematical conditions, which ensure 

that there are no anomalies in the mathematics describing the gravitational 

fields at the boundary, which might otherwise result in discontinuities or 

disruptions in the fields. This is known as satisfying the boundary or junction 

conditions for the system.
In general relativity, this type of boundary is a hypersurface. The hy- 

persurface can be null and nonnull. Null hypersurfaces will not be discussed 

here, as they refer to boundaries such as the Schwarzschild radius or event 

horizon.
According to Bonnor and Vickers [17] there are three types of junction

21
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conditions in use. They are those of Lichnerowicz [19], Darmois [20] and 
O'Brien and Synge [18]. The junction conditions of Lichnerowicz arose from 
the mathematical consideration of the differentiability of the metric coeffi 
cients gab. The method of O'Brien and Synge was considerably different, 
relying on the considerations of a hypothetical boundary layer whose thick 
ness is allowed to tend to zero (a method employed in electromagnetism). 
These conditions are not equivalent to those of Darmois and Lichnerowicz.

It will be shown that a junction satisfying the conditions of O'Brien and 
Synge automatically satisfies Darmois and Lichnerowicz. However, a junction 
satisfying Darmois and Lichnerowicz does not automatically satisfy O'Brien 
and Synge. It will also be shown that in some cases, the conditions of O'Brien 
and Synge are too restrictive and rule out physically reasonable situations. 
Darmois conditions are generally used at present. The second fundamen 
tal form1 has shown itself to be readily calculable using computer algebra 
programming packages with its symmetry properties reducing the amount 
of calculation required. The approach of O'Brien and Synge would in the 
case of a perfect fluid, require the continuity of fluid density, which is clearly 
unrealistic.

In the following discussion [17], the above arguments will be considered 
in detail with the usual notation being used in that Latin indices run from 1 
to 4 and Greek indices from 1 to 3.

3.2 The junction conditions

Let V and V* be two regions of space time, separated by a hypersurface (or 
boundary) B. It shall be supposed that the metric coefficients gab are of

1 Many texts refer to the continuity of the first and second fundamental forms across 
the boundary. This is the same as the continuity of the metric components gab and the 
extrinsic curvature components Kab respectively.
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differentiability class C73 (see note2 ), except on B. In the case of O'Brien and 
Synge and Lichnerowicz, the same coordinate system is used in V and V*, 
but with Darrnois, this need not be the case.

3.2.1 Darmois conditions

Let xl and x*1 be coordinates in V and V* and gab and g*b the corresponding 
metrics. Let B be given by the functions

/ (z*) = 0 in V and /* (a;**) = 0 in V*, (3.1)

where these functions are of class C2 . The unit normals can then be calcu 
lated thus

and

where ,; means -^ or g^. These are required to construct the extrinsic 
curvature components, Kab. In addition, let

xi = gi (u1 , u2 , u3) in V and x** = g* (u1 , u2 , u3 ) , (3.2)

where both gi and g™ are of class C3 such that B is covered by the same 
domain of ua (a — 1, 2, 3) in both representations. Then V and V*are said 
to match across B if the gab and g*b , and the Kab and K*bare identical at 
boundary, that is in the ua coordinates.

2 The notation C3 means that the function is continuous, and also that its first three 
derivatives are continuous. For example, x\ is of class C°.



3.3 EQUIVALENCE OF SETS OF CONDITIONS 24

3.2.2 Lichnerowicz conditions

V and V* are considered to match across the hypersurface B if for every 
point P of B, there exists a system of coordinates such that their domain 
contains P and also that the metric components and their first derivatives 
are continuous across B. Such coordinates are called admissible.

3.2.3 O'Brien and Synge conditions

Coordinates are chosen such that x4 = 0 defines the boundary B (note that 
x4 need not be a timelike coordinate). Then V and V* are said to match
across B if

, ~4 - , and T4

are continuous across B, Tj. being the energy-stress tensor.

3.3 Equivalence of sets of conditions

If the metric components and the extrinsic curvature components calculated 
at B are the same when approached from either side, then it follows, as 
shown by Darmois [20], that if Gaussian coordinates3 are used in both V and 
V* with B given by x4 = 0 and z*4 = 0, then gap = g*ap and ^jjj. = J^f On 
B. Since in Gaussian coordinates #44 = g44 — I and g±a = g\a = 0, all the 
gab and gab,^ are continuous and Gaussian coordinates constitute admissible 
coordinates in Lichnerowicz. This demonstrates that if Darmois are satisfied, 
then so are Lichnerowicz.

3 A coordinate system where the line element is given by da2 = ~drj2 + gijd 
(or da2 = drj2 — g^dx^^dx^} . It is termed synchronous because the time coordinate 77 
measures proper time along the lines of constant xl (ie g^ = — 1) and because the surfaces 
rj = const are locally surfaces of simultaneity for the observers who move with x 1 = const, 
ie 9r,i = 0. A hypersurface where 77 = const has a spatial geometry described by the 
previous metric with dr) — 0 and so to know everything about the resulting 3-geometry of 
these hypersurfaces is to know everything regarding the geometry of space-time.
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Let there exist a set of coordinates for which Lichnerowicz are satisfied, 
that is that all the gab and ^f^ are continuous across B. It is seen that 
the first and second fundamental forms of B, which depend only on ga{, and 
^r*-, will be the same when approached from either side of B. Hence if 
Lichnerowicz are satisfied then so are Darmois.

Now, let B be given by

x4 = const and x*4 = const (3.3)

in V and V*. Also suppose that on B that the other coordinates and param 
eters are such that

xa = x*a = ua . (3.4)

Continuity of the gab is a requirement of the Darmois conditions, and so 
9ap = 9a8- Hence gap is continuous across B which satisfies part of the 
requirements of O'Brien and Synge.

The components of the extrinsic curvature tensor imply that

l\K O ™ ^ ft~J *~ —— ' \ )oua ou" 

with Ui being the unit normal, which for the condition (3.3) becomes

(3-6)

Using equations (3.3) and (3.4) it is seen that the J^rf5?r term from equation 
is equal to zero for all terms except i = a and k = ft. This would then imply 

that

and hence

= 0, (3.7)
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as the only non zero Ui is equal to n^, and na;/g is given by Fig 77,4. Expansion 
of this equation gives

((<7*44)5 [a/3, 4]* - (S44) 1 NM) = [a/3,7] (V47 (<7*44)^ - ̂ 7 (<744)^) = 0,

(3.8)
where [a/3, i] is the ChristofFel symbol of the first kind. The condition 
9a/3 — 9a/3 requires that [a/3,7]* = [<*/?, 7]- Thus if the conditions required 
by O'Brien and Synge are met, then equation (3.8) is satisfied. However, 
the converse is not true since if equation (3.8) holds, it does not imply that 
g*44 = g44 , which is a consequence of O'Brien and Synge. Hence a junction 
satisfying O'Brien and Synge automatically satisfies Darmois, but not the 
converse. In other words, one might say that O'Brien and Synge are more 
restrictive than Darmois.

3.3.1 An example

The following example was first employed by Vickers in his Ph.D. thesis 
(1973) [21], and refers to a spherically symmetric dust distribution. It is 
used here to show how applying the O'Brien and Synge boundary conditions 
would rule out a perfectly acceptable solution. Using comoving coordinates 
xl — (£, 6, </>, 77) and taking the metric as

da2 = - (Re) 2 e~2df 2 - R2 (d02 + sin2 Qd<f] + drf, (3.9)

where due to the field equations (without the cosmological term), 

must satisfy

where 0 and F are arbitrary functions of £. A dust solution requires G\ — 
p = 0. Solving G\ = 0 results in equation (3.10). Integration of (3.10) with 

respect to 77 gives rise to a further arbitrary function T (£).
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It will be assumed that

Rt / 0 and R^ ^ 0, (3.11)

with
x1 = £, x2 = 0, x3 = <j>, x4 = rj. (3.12)

The only non zero component of T£ is

Vickers considers two regions of space-time, both with metrics of the form 
(3.9), but with different functions G, F and T, separated by a hypersurface 
B denned by

x 1 = £ = b (= const) . (3.14)

Let C be the set of functions which are continuous across B, and also assume 
that all coordinates are continuous across B. Applying the O'Brien and 
Synge conditions to B requires

R.R^&eC. (3.15)

Differentiating equation (3.10) with respect to 77, and using equation (3.11) 
gives

= -FR-2 , (3.16)

and since from equation (3.15) R and .R^ are continuous, then F must also 
be continuous. Hence

FeC. (3.17)

Similarly, differentiating equation (3.16) with respect to £ together with a
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little rearranging gives

2 . (3.18)

The left hand side, and the first term on the right hand side are continuous 
by previous equations, thus

Ft e C, (3.19)

and finally then, differentiating equation (3.10) with respect to £ and using 
previous results finds that

0£ € C. (3.20)

Collecting all these results together reveals that to satisfy O'Brien and Synge, 
the following are required

#, % 6, % F, F? e C. (3.21)

Now, applying Darmois conditions to this example, it is found that the 
components of the unit normal are

rn = 6} (-9ll )* . (3.22) 

The parameters ua are (6, <p, 77) , a = 2, 3, 4, with the metric on B being

- (R (a, r/)) 2 (d02 + sin2 0d02 ) + drf . (3.23)

As this condition applies no matter from which side it is approached, it 
follows that

R € C. (3.24)

The coefficients of the extrinsic curvature from equation (3.5) are found to 
be

, (3.25)
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with the continuity of dap across B requiring

6 e C. (3.26) 

Finally, using the result from equations (3.10) and (3.16) to get

F e C. (3.27) 

Hence the full requirements of Darmois may be listed thus

R, 0, F 6 C. (3.28)

It is evident from the above that Darmois are less restrictive than O'Brien 
and Synge. It is also worth noting that Darmois does not require the con 
tinuity of <7n at the B. The continuity requirement (3.13) means that the 
density must be continuous across the boundary. This is too restrictive. In 
deed, Vickers points out that matching a Friedmann model, with the exterior 
Schwarzschild metric using O'Brien requires the zero density of the exterior 
Schwarzschild and the demand of continuous density the boundary then re 
quires that the Friedmann model also has zero density, due to homogeneity. 
Hence, O'Brien and Synge conditions would rule out a viable cosmological 
model.

3.3.2 Concluding remarks

This small chapter gives an introduction to the methods used in evaluat 
ing boundary and junction conditions in general relativity. It is clear that 
the conditions laid down by O'Brien and Synge are stronger than those of 
Lichnerowicz and Darmois, but however can result in the non-acceptance 
of physically realistic solutions. Lichnerowicz and Darmois can be said to 
be equivalent, with Darmois winning favour over Lichnerowicz owing to its 
friendliness to computer calculation and elegance, and that Lichnerowicz con-
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ditions require the definition of an admissible coordinate system.
Note that some texts refer to the satisfying of the first and second fun 

damental forms. This is equivalent to the metric components gab and the 
extrinsic curvature components Kab being continuous across the boundary.

In this work, the main focus will be on the use of Darmois matching 
conditions, although one illustrated example of the Lichnerowicz approach 
will be given.



Chapter 4

Rotation

4.1 Introduction

Most known stars exhibit a rotation relative to their local inertial system, 
and consequently cannot be considered spherically symmetric as the rotation 
will oblate the star. Their exterior gravitational field cannot therefore be 
described by the Schwarzschild metric. In Newtonian theory, even though 
the field will now be different, it will still be static whereas in Einstein's 
theory, the flow of matter acts to produce fields. The metric would still 
be time independent for a time independent rotation of the star but not 
invariant under time reversal. Hence, it should be expected that the external 
field of a rotating star would be described by an axisymmetric, stationary 
vacuum solution which tends to flat space at great distance from the source. 
The type of field produced would obviously depend upon the distribution of 
matter within the star.

4.2 Metrics for rotating systems

In [22] the development of a simple rotating axially symmetric stationary 
metric is described using intuitive arguments. Consider a star in space-time,

31
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and assume that the generalised field is time independent. One may then 
write

9wx = Qwx (£, 0) , P = P (f , 0) , p = p (£, 0) ,

where p and p are the density and pressure respectively.
Suppose the star is allowed to rotate about its polar axis, where Q is 

the polar angle. It may be deduced that the coordinates (£, 0, 0, 77) and 
(£, 0, 0 + 27T, 77) refer to the same point of the star. Rotating in this manner, 
the four velocity u^ = 4j£. (// = 1, 2, 3, 4) has the following components

us = = _ = n /c 0) U4 
rfs o??7 rfs

The term 17 (f , 0) is the angular velocity, and is measured here in units 
of coordinate time 77. The above equations mean that for a particle in the 
star, only its 0 coordinate changes with time. Rigid rotation means that Q 
is constant, while differential rotation means that in general fi is a function 
of £ and 0.

Since the star rotates in the 0 direction, the field generated by it is not 
invariant under time reversal, since such a transformation would reverse the 
sense of rotation of the star, giving a different space-time geometry. Nor is 
the star's field invariant under reversal of 0, as this would also reverse the 
sense of rotation. But a simultaneous reversal of both time 77 and 0 would 
be invariant, that is (77, 0) — » (—77, —0) . These properties affect the metric 
coefficients g±i, #42, #13 and (723, which must now vanish, otherwise under the 
transformation (77, 0) — * (—77, —0) the metric would no longer be invariant. 
This means that the terms 941,9*2,913 and #23 are all equal to zero, and so 
the metric may be written in the form

ds2 = g^drf + 2g43 drid(t> + g^dcj? + gabdxadxb ,
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with a and b summed over the values 1,2.
It is possible to remove g^ and g21 from the metric by means of a coor 

dinate transformation, so that in its most basic form, a rotating metric can 
be written in the following manner

ds2 = v(f , 0, q)dr]2 -u(£, 0, gX2 -s(£, 0,
(4.1) 

where q is an angular velocity parameter.
Consider the star rotating about the polar axis, that is in the <f> coordi 

nate plane, then there is a requirement for a cross term involving drfidr), as 
above. However, if it was seen to be rotating about the equatorial axis, then 
there would exist a requirement for the inclusion of a dOdrj term. Adequate 
realignment of the coordinate system would ensure that at most, only a d^drj 
term would be required

There exist many known solutions to Einsteins equations for a rotating 
system, some of which satisfy the requirements to represent interior solutions. 
The majority of these are physically unrealistic. The most famous solution 
or representing a rotating system is the Kerr metric, discovered by R. P. 
Kerr in 1963 [5], and which proves to be very important in understanding 
gravitational collapse of a rotating star. It is the only asymptotically flat 
vacuum solution to satisfy Einsteins equations.

Physically unrealistic closed interior solutions include

• Godel's rotating universe solution [23], is unrealistic because it allows 
closed timelines, and hence time travel.

• The Wahlquist solution [24], which is found to be unrealistic as the 
fluid it represents does not obey the laws of physics as observed in 
the known universe. It represents a rotating prolate spheroid, using a 
perfect fluid energy-stress tensor. The solution would require a rugby 
ball shaped perfect fluid body, the two points of which represent the 
poles, rotating about the polar axis. Clearly, this phenomenon does
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not exist, or is physically possible without external forces. The idea 
of a prolate body rotating about the prolate axis is also questionable. 
Cutler [25] commented that a rotating prolate object would not rotate 
on its poles, but would rather tilt until its poles were orthogonal to the 
axis of rotation as in figure 4.1. This is because the system seeks its 
lowest energy level.

Polar Axis Polar1 Axis

Figure 4.1: Initial rotating prolate object tilts but 
still rotates about the same polar axis

• The Lewis [26] and Van Stockum [27] solutions, which cannot repre 
sent the external field of any bounded rotating source as they do not 
permit asymtotically fiat solutions. These solutions possess a strange 
geometry, which have a cylindrically symmetric form, and as such they 
could represent the external field of a rotating distribution of matter 
extending to infinity along the axis of symmetry.

• The Papapetrou solutions (see [22]) do not contain any solutions repre 
senting a massive bounded rotating source whose field is asymptotically 

flat.

Before continuing with an examination of the Kerr metric and its prop 
erties, it must be stated that the Kerr metric does not represent the external 
field of an arbitrary rotating star, but only the exterior of a rather special 

source.
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4.3 Kerr metric

Here, some of the properties of the Kerr metric will be examined. It provides 
the description of the gravitational field surrounding all black holes [28], and 
is referred to as the only instance of a physical theory providing an exact 
description of a macroscopic object. The Kerr metric has many different 
coordinate representations. The most common representation is that written 
in Boyer-Lindquist [29] coordinates as

da2 = T + d& + (e + a2 ) sin2 Qd<? - c2 dr)2

, (4.2)

where T = £2 + a2 cos2 0, A = £2 - 2m£ + a2 , 

a is the rotational velocity parameter.

It can be seen that as £ becomes large, the metric represents that of a flat 
space-time. Further, Stephani [29] states that a transformation of the com 
ponents into Cartesian coordinates gives reason to deduce that ra represents 
the mass and ma represents the z component of the angular momentum of 
the source of the Kerr field. This interpretation of the two components is 
further strengthened by the fact that removal of the component a from the 
metric results in collapse back to the Schwarzschild metric, and the simul 
taneous reversal of t to —t and a to —a (simultaneous reversal of time and 
rotation) results in the metric being invariant. Boyer-Lindquist coordinates 
can be described as generalised Schwarzschild coordinates, and hence, just 
as the Schwarzschild metric breaks down with discontinuities at f = 2m, the 
Kerr metric suffers the same fate when A = 0, that is when

f = m ± Vm2 - a2 . (4.3) 

It can be seen that when a = 0, £+ corresponds to the Schwarzschild radius
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f = 2m, while £_ corresponds to the non rotational case of £ = 0. An 
interesting case arises here of course. If a2 > m2 then f becomes complex. 
To quote Stephani [29], "Prom now on we shall ignore the parameter region 
m2 < a2 , which would correspond to very rapidly rotating bodies. It probably 
does not occur for the fields of real sources, as they would fly apart before 
rotating so rapidly".

Equation (4.3) may be written £+ = m + \An2 - a2 and £_ = m - 
\/m2 — a2 . It can be seen that the £+ value corresponds to the event horizon 
of Schwarzschild (setting the rotational parameter a = 0 results in £+ = 2m). 
It can be seen however, that as long as the source body is rotating, then it 
is impossible for £_ to be zero and hence, the problem of a singularity at the 
centre of a black hole does not exist for the Kerr metric. Instead there is 
a bigger problem. According to Hawking and Ellis [30] when £ < £_ there 
exists a world of causality violations and closed timelike curves. Hence, 
while having a physical radius and a potential surface, the rest of this body 
is constructed of matter beyond current physics. This "surface" is termed a 
ring singularity. As this world does not obey the laws of physics, relativity 
theory cannot be applied to find a physically plausible description of the 
body.

For £_ < £ < £+ a region exists with no causality violations. A body 
with a radius within this area of space-time would be a source of a blackhole, 
and hence beyond the reach of physical analysis and probe.

A further radius of interest is obtained by setting g44 = 0. In the 
Schwarzschild case this is achieved automatically when £ = 2m, with this 
radius coinciding with the event horizon. However, for the Kerr metric, this 
further radius is found to be

£' = m ± Vm2 — a2 cos2 9.

The area bounded by £'_ is contained within the body itself, but the £+ radius 
lies outside the event horizon. It is known as the static limit, or radius of the
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ergosphere. This ergosphere lies between the event horizon and this static 
limit. The static limit does not act like the event horizon in that it can 
trap particles. Particles lying within the ergosphere are free to escape across 
the static limit and head for infinity should they have enough energy to do 
so. However, any particle within the ergosphere must rotate with the source 
body, that is, it would be impossible to orbit a body within its ergosphere, 
in any direction other than that of the body's own rotation. This is the 
frame dragging effect, as local frames of reference such as that of an orbiting 
particle are dragged around in the direction of the source's rotation. The 
frame dragging effect ceases at the static limit. Figures 4.2 and 4.3 show the 
Kerr metric and some of its properties.

4.4 A missing result ?

It is important to realise however, that despite all the work carried out on the 
Kerr metric which has been reflected in many of the standard and research 
texts such as [15],[31],[28],[29],[32] and [33] for example, the problem of an 
interior solution appears to be omitted. For the non rotating case, many 
interior solutions of Einstein's equations have been found (for instance the 
Robertson Walker dust cloud, the Schwarszchild interior solution), some of 
which have been successfully matched to the exterior Schwarzschild metric, 
resulting in a complete solution, that is a complete mathematical description 
of the star, its interior pressures and densities, and its exterior gravitational 
field. At the present time, there is no complete solution available for the 
Kerr metric. Most books refer to the Kerr metric as the gravitational field 
of a rather special source, or more commonly as the gravitational field of a 
rotating black hole. Naturally, there is no mathematical description available 
of this special source, or the rotating black hole, because both these bodies 
exist within the event horizon where the laws of physics no longer apply. The 
general lack of internal solutions has been described by Bradley et al [6] as
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" an embarrassing hiatus in General Relativity, leading to a lack of devel 
opment in the general area". With bodies whose radii lie within the event 
horizon being unattainable, there have been many attempts to fit known ro 
tating solutions to Einstein's equations to the Kerr metric, generally ending 
in failure.

It seems however that work on obtaining interior rotating solutions satis 
fying Einstein's equations is more orientated into finding equations of state 
for neutron stars, and examining their collapse into black holes as opposed 
to finding interior solutions that match the Kerr metric. It is of course un 
derstandable that much work has and is being done in this area, as not only 
are neutron stars the closest thing to a black hole that will allow a mathe 
matical examination without the danger of being plagued by discontinuities, 
but they also bring into play the fascinating area of Superfluids. Manko et 
al [34] give a very interesting solution for the exterior field of a rotating neu 
tron star. It should be noted however that this solution is based upon the 
Einstein-Maxwell equations1 .

To date, the only known closed rotational solution to Einstein's equations 
with a zero pressure boundary, namely the Wahlquist metric, has been shown 
by Bradley et al not to be a valid solution acting as a source for the Kerr 
metric [6]. The Wahlquist metric describes a rotating perfect fluid ball. This 
ball however is shown by Hoenselaers to be prolate for most values of the 
metric parameters [35]. Indeed, Bradley [36] himself provides the comment 
"In this reference [6] the calculation of the ellipticity of the zero-pressure 
surface is erroneous. The correct statement is that for slow rotation, the 
body is oblate if and only if k2 + r%£2 cot x is negative. Evaluating this 
for the Wahlquist metric, it turns out that the surface is always prolate, 
indicating some exterior force on the fluid". In hindsight, it would be easy 
to ask why Bradley is trying to fit a non realistic solution to the Kerr metric, 
but in defence, the only closed form solution available to Bradley satisfying

1 See chapter 12 on conclusions and future work.
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a zero pressure boundary was, and still is that of Wahlquist.

4.5 Evidence of ergospheres

As the Kerr metric is the only rotating solution to fully satisfy Einstein's 
equations, it is the only metric currently available to possess an ergoregion, 
and hence display frame dragging effects. There is much observational and 
experimental evidence available to support the idea of frame dragging around 
blackholes, as can be found by a simple search on the world wide web. How 
ever, experimental evidence found in 1997 suggests that frame dragging ef 
fects can also be found around neutron stars, while in 1998 astronomers from 
the United States and Europe announced that some orbits of some artificial 
satellites around the earth showed the effects of frame dragging [37]. A recent 
talk by Will [38] also highlighted evidence that frame dragging was in effect 
around the planet Earth, with Gravity Probe B, an experiment designed to 
detect frame dragging, finally launched on 20 April 2004. A recent read 
ing of the Gravity Probe B website (29 April 2005) does not give any new 
information.

4.6 Conclusion and discussion

The conclusion from this evidence must hence be that either it is possible 
to use a metric describing a rotating physical object (a neutron star, the 
Earth etc.) as an interior source for the Kerr metric (as the Kerr metric is 
the only rotating metric known to be not only asymptotically flat, but also 
in possession of an ergoregion) , or that the Kerr metric is but a specific 
member of a yet not found larger family of rotating vacuum solutions.

The following work focuses on the first of the above "conclusions", and 
seeks to show that it is possible to place a rotating fluid body at the centre 
of the Kerr metric using a perturbation technique, with the requirements of
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zero pressure at the boundary, flattening at the poles and the satisfying of 

Einsteins equations all being met. The solutions are given in a Taylor series 

expansion about the boundary, and appear to be well suited to numeric 

computer calculation.
Kegeles [12] worked upon a first order rotational system, matching an 

interior Robertson Walker to an external Kerr metric successfully. This work 

has been generalised by Wiltshire [13]. It has to be noted that while Kegeles 

uses the now popular Darmois matching conditions, Wiltshire uses Lich- 

nerowicz conditions. It is these two pieces of work that form the basis of this 

research.
The work presented will begin with an examination of first order rota 

tional systems, which will also serve as an illustrative for matching and using 

boundary conditions.
The matching of first order rotational systems is of vital importance as 

it not only provides a basis for, but many of the results will be required and 

carried over into a second order rotational analysis.

4.7 A final point of interest

A final point of interest is that it has been shown that the rotational velocities 

of galaxies are not consistent with the amount of visible mass present. It is 

also queried if the amount of visible mass could be responsible for the amount 

of gravity so far found in the Universe. This then brings up the notion of 

dark matter. The June 2004 issue of Physics World [39] makes a point 

regarding dark matter, the relevant piece of which states that" black holes 

and other objects make up some of this dark matter, but many cosmologists 

believe that upto 85 per cent of the mass of the matter in the Milky Way and 

other galaxies is in the form of exotic particles left over from the Big Bang. 

These include so-called weakly interacting massive particles (WIMPS), and 

other particles not included in the Standard Model of particle physics. This



4.7 A FINAL POINT OF INTEREST 41

mysterious form of matter does not emit or absorb electromagnetic radiation - 
hence the name dark - but it does extert a gravitational influence on ordinary 
matter." It is important to note here that this dark matter, about which 
little is known, especially its energy-stress tensor, would play a vital part in 
any large scale mathematical modelling of the gravitational fields of rotating 
bodies, such as galaxies. This is why throughout the remainder of this work, 
'the source body is taken to be a star or similar such object where it is trusted 
that the influence of dark matter is of little consequence.



Chapter 5

Robertson Walker source 
endowed with first order 
rotation

It should be noted that many results in this and subsequent chapters have 
been obtained with the help of the computer algebra package Macsyma. 
Macsyma was found to be ideal for generating Einstein's equations, and 
easy enough to program so that the extrinsic curvature components could be 
calculated. It is unfortunate that Macsyma is no longer a supported package, 
but a free download of Maxima is available from the internet. It may be of 
interest to know that the Maple V computer algebra package is also equipped 
to perform similar calculations in general relativity theory.

5.1 Introduction

The purpose of this chapter is to provide an introduction to the matching 
of the external vacuum metric to an internal slowly rotating source metric 
by the use of Darmois matching conditions. This work is based upon that 
of Kegeles [12], and consists of two sections. The first section explains the

42
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matching procedure of the non rotating case, the results of which are then 
used to explore the slowly rotating case. The internal source metric is taken 
as the Robertson Walker.

5.2 The non-rotating case

In terms of a standard co-moving coordinate system (£, 9, </>, 77) the Robertson 
Walker metric may be written,

da2 = drj2 - R2 (r,) --2 + ?d02 + £2 sin2 9d^ . (5.1)

This must be matched to the external Schwarzschild metric, written in cur 
vature coordinates as

(5.2)

To achieve continuity at the boundary, both metrics should be written in the 
same coordinate system. This requires a transformation of coordinates. The 
transformation may be obtained from orthogonality conditions.lt is usual to 
set the transormation into the form

n = n(e,77), 
ff = e,

Kegeles has selected the following transformations
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/r- <->\(5 - 3)

where

k — —p (0) and p (0) is the initial density of the dust cloud, o
R(ri) = time dependant scale factor such that, 

= kR~l (1-R), R(0) = 1, ^(0) = 0,

with matching being performed at the boundary ^ = b.
When transforming the coordinate systems, the transformed metric will 

need to satisfy an orthogonality condition, in other words, there are unre- 
quired terms present in the transformed metric that require a value of zero 
at the boundary. Here, the orthogonality condition is written

(5.4)_2MX2' 
bR )

where a boundary condition for the value of 2M is found from seeking con 
tinuity of the gab.

There are many functions II = II (£, 77) which would satisfy the orthog 
onality condition, equation (5.4). Kegeles has happened to choose the form
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presented in equation (5.3). It can be shown that

l - k* h l R

and
_ fl-ktf\* 1 / R \*kb(l-R)

It is easy then to confirm that the form chosen by Kegeles satisfies the or 
thogonality condition, equation (5.4).

5.2.1 Continuity of the gab

The transformations presented allow the Schwarzschild metric to be written 
in the (£, 6, <f>, 77) coordinate system. It is easy to show that, when written in 
this transformed system

, (5.5)

in addition to the above mentioned conditions acheives continuity of the 
metrics at the boundary.

5.2.2 Continuity of the extrinsic curvature

Kegeles uses the general form of the extrinsic curvature

K^ = hca hdb Vcnd = hcahdb nd, c (5.6)

where hca = 6ca — nanc .
To find the unit normals n» the gab components are required. The gab 

are the components of matrix g~~ l , where the gab are the components of the 
matrix g. This gives the following expressions for the gab
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l-fc£2 22 1 33 1q = ——————?r q = ___________ n44 — — 1 ^71
y Z?2/'^\<r2' y D2/^\ «-2 -_2/i' » ~~ i ' W-'^

Allowing the boundary to be £ - 6 = 0, the normals are given by

,
and so

TV; = [1,0, 0,0]-

The unit normal n» = / J?^ N , is calculated to be

nv = ^R(l-k^) ~* , 0,0,0] . (5.9) 

Calculation of the Kab requires equation (5.6) written in its full form,

(5.10) 

which is simplified to

Kab = hcaht (nd,c - mry , (5.11) 

as the only non-zero n; = HI. This gives

KU = 0, K22 = -nirlz, K33 = -riling, Ku = -niPli. 

For these values the Christoifel symbols are zero, except for

and r^3 = -£sin2 0 (l - A£2) , (5.12)
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and hence the only non-zero extrinsic curvature components are

. (5.13)

It is important to note at the surface £ = b the symbols £ and 6 maybe 
freely interchanged.

The six independent components of Kab are hence

KM = KM = K43 = K23 = 0, (5.14)

In the vacuum exterior metric of equation (5.2) the unit normal may be 
found as

n' =

using the transformation rule

dxc
na = nc

and hence the jj^ trnsformation matrix is required. This is found from 
equation (5.3). Explicitly

-
dff ~ ' ddt
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The non zero K'ab components are found to be

We see immediately that the continuity condition in equation (5.5) satisfies 

the above such that the Kab components are continuous, and hence junction 

conditions are satisfied.

5.3 The slow rotation case

Examination of the rotating metric begins with first approximating the Kerr 

metric to first order in angular velocity term, to obtain,

(5.i8)

V £3 ) 

and so, the perturbed Robertson Walker metric should be of the form,

ds2 = ds2RW - 2E2 sin2 ffOdfidn, (5.19)

where £2 is a function of the interior coordinates requiring computation, but 

at the boundary £ = 6,
£2(6) = 2Ma(bR)-3 - (5-20)

This perturbation technique requires that the cloud remain spherical.
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This is a reasonable assumption, since a slow rotation (second order rota 
tional components are disregarded) does not alter the shape of the cloud as 
any rotational forces responsible for altering the shape of the cloud are of 
second order rotation.

5.3.1 Continuity of the gab

In (£, 77, Q, 4>] coordinates, which are co-moving for the unperturbed dust, but 
not for the perturbed case, the metric in equation (5.19) becomes

ds2 = -dr? + R2 (77) ( _ 2 + £2d02 + £2 sin2 Qdtf J (5.21)

,2'sin

The form of this metric can be shown to be correct by transforming the 
external Kerr metric coordinate system. The matching of the ga\, is the same 
as that for the non rotational case, with the additional rotational components 
of X (£, 77) and W (£, 77). These are not matched at this stage, but it may be 
shown that

-kb2)~l {W}b ,

using the transformations presented in equation (5.3).

5.3.2 Continuity of the Kab

Consider now the calculation of the components of the extrinsic curvature. 
First note that the components of the contravariant metric tensor are

" = R~2 (1 - ke) , 922 = R'2C\ (5-22) 

)-2 , <743 = W, 913 = -R~2



5.3 THE SLOW ROTATION CASE 50

with the covariant and contravariant components of the unit normal to the 
hypersurface £ = b being

na =

na =
(5.23)

By setting U = R2 (l - k£2)~ l and V = R2?, the Christoffel symbols 
can be calculated as

r?3 = ~\ (W^V - X^V - XVr,} sin2 0, 1*3 = ± W% sin2 0, (5.24)
_ V"T/ 1

sin2 0, ri = — (XnV - W,V - WV£ sin2 6,

3 _ 2U' 1 i2 — A cote/,

ri4 = wcot*, ri3 = ± ^ -w% sin2 ^,z \ c/ /

ps _ pj/ _j_ _i

Consequently the Kab are found to be

5 , (5.25)
sin 9

- Xr,) sin2 0,#43 = bR (1 - fcfc2) ^ \W + \
I z

with all other components equating to zero.
The transformation matrix Jgr at £ = 6 is required in order that the 

(see equation (5.16)) may be calculated.
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The K'ab are found to be

bR (1 - kb2)
2

~* X fe63 ,. 0\5._.. ...1

sin2 0, (5.26)

b (Wf - XJ sin2 0,

where Q = 2Ma
The corresponding jK"a6 for the exterior Kerr region may be computed, 

using the normal to the £' = &/?(/?) hypersurface. The normals are found to 
be

. 2M
^-- 1 ' '°'°'--——I' (5 ' 27)

na =
1

V~5T ~~ ~6~j

with the K'ab being

_~ ^ 6

with all other components vanishing. The ^2 components of equations(5.26) 
and (5.28) match, and it follows that the K'3S components also match, but to 
achieve continuity for the K'43 and K'l3 components, the following condition
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is required
- (1 - kb2 ) *b(W<:- Xn ) = an, at £ = b. (5.29)

This work by Kegeles provides an important first step in using pertur 
bation techniques and boundary conditions. Adaptation of Kegeles work to 
provide for a more general first order case is a natural progression, before 
considering the second order rotational problem. It was found that the work 
of Kegeles could be approached from a different and slightly simpler posi 
tion by careful consideration of coordinate transformations. Future work is 
also improved by writing the metric components such that any parameter 
indicating rotation is written specifically and separate from any metric com 
ponents, hence allowing rotational components to be easily distinguishable 
from non-rotating components.



Chapter 6

A general first order rotating 
perfect fluid source

This section will not only examine a more general case [13], but will also 
demonstrate the equivalence of the Lichnerowicz and Darmois boundary con 
ditions.

6.1 The non-rotating case

Consider first a spherically symmetric non rotating fluid source described by 
the metric

da2 = e 2W - e2^2 - rW, (6.1)

with A = A(£, 77), // = n (£, 77) , r = r (£, 77), with the components of the met 
rical tensor denoted by 5-06- The boundary, the surface of the source, will be 

described by the equation
£b = F (r?) . (6.2)

53



6.1 THE NON-ROTATING CASE 54

It is noted that in the case of a comoving observer F (77) is constant. In all 
the following section, the subscript b shall be taken as to denote evaluation 
at the boundary.

The exterior Schwarzschild solution, will be written using the metric

da'2 = eNd!i2 - e~NdX2 - E2 dfi'2 , (6.3)

where eN = I - 2sl > 0.
Using a transformation of coordinates

n = n(£,r7),

(6.3) becomes

da'2 = (eNU2 - e-NZ%) drf - (e~N^2 - eNU2 ) d£2 - X2dtf (6.4)

where standard notation is used for partial derivatives. The components of 
this new metric we denote by 7a6 . Using the Lichnerowicz junction condi 
tions, in which the components of each metric gab and 7a6 and their first 
order partial derivatives are matched continuously, we will obtain the neces 
sary results for a smooth continuous solution for a non rotating spherically 
symmetric interior with the Schwarzschild exterior. This will then be ex 
tended to slowly rotating systems, using a first order Kerr metric exterior.

Equations (6.1) and (6.4) give the boundary condition for the components 
<722 and #33, and associated partial derivatives. Hence comparing the two 
equations,

= fo] , &,]„ = [r,], - (6-5)



6.1 THE NON-ROTATING CASE 55

Note here that for any function X =

Xb =

X (£, 77), the following is true;
\dX~

[ v~ 1 _ _77 6 L ^?.

Also, for any

dXb 
drj

(6.6)

(6.7)

F~ I

We may apply the above conditions to 
following relationships;

and [E7?T? ] 6 to obtain the

(6.8)

which will allow the determination of [S^]^ and [ET>T; ] 6 , once FTJ and 

found. We note immediately that Fn = 0, gives the relationship [E^] 6 

and [Sw] 6 = [r^] b .
Continuity of metric components across the boundary give 

^44 = 744 and g^ = 714 . It follows that:

are

(6.9)

and
(6.10)
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with 2m/

It is noted that equation (6.10) is the mass equation,

(6.11)

(6.12)

though more usually defined using the Riemarui tensor thus,

(6.13)

Equation (6.10) may be used to ease the calculation of equation (6.9) to 
give

K\b == [e~NeX~'A '2t]b> [nd& = [e~Netl~x^] b - (6 - 14)

Continuity of the partial derivatives for components gives the following 
relations for metric components 544, 744,011 and 7n .

d_ r _K 
drt 
d

(6.15)

with

(66 16)
Evaluation of equation (6.16) gives the requirement that,

We may expand the above, and using Einstein tensor component G\,
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together with previous equations obtain,

= 0. (6.18)

Using equations (6.15) and (6.16), the continuity of partial derivatives for 
and 714 may be written

_
dr\
d

J b

- eN -

= 0, (6.19)

= 0,
J6

which, in conjunction with equations (6.7), may be written in terms of Ein 
stein tensor components G\ and G\ as follows,

-f - C?Jr€ ] 6 , (6.20)
= 0.

We may write the second equation above as a mass function term thus,
'dm'

-o. (6.21)

[G\ - FnGl] b = 0, [G\ - F,G\] b = 0,

We may substitute equations (6.18) and (6.20) into each other, to obtain 
the following simplifications,

(6.22)

(6.23)

The above may be used to find F, [E#] 6 and also express equation (6.21). 
Now, with attention paid to the energy-stress tensor Ttk , and assuming
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the source is a perfect fluid, equations (6.21) and (6.23) become,

= 0, (6.24)

respectively, where p (£, 77) is the star's pressure, and uk are the components 
of the velocity four vector. In a comoving configuration where ul = 0 we see 
that Fn = constant as expected.

We see then, that direct use of boundary conditions specifies conditions 
and limitations on the interior metric components S (£, 77) and II (£,77), but 
fails to define them uniquely. We must then, to complete the definition of an 
admissible system, complete these transformations given here in the form of 
a Taylor's series

Dn - (6.25)

n (g, 77) = n6 + [n,] b (£ - F) + * ; + ; En (t - FT . (6.26)
n=3

where
n, = y ([n,], + F, pig] fc ) d^ (6.27)

and Dn = Dn (77) ,En = En (rj) ,n> 3.
The above transformation is consistent with equations (6.5), (6.7), (6.14), 

(6.15), (6.16) and (6.23). Note that the transformation functions E (£, 77) and 
n (£, 77) and multivalued, since both Dn and En are arbitrary functions of 77.

6.2 Slowly rotating systems
Consider a first order rotating star, whose metric is given by,
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da2 = e2Xdrj2 - - r2dQ2 - 2r2 q sin2 9 (Yd£d<j> + Xd<J>dr)) , (6.28)

where X = X (£, 77) , Y = Y (£, 77) and q is a small parameter indicating 
rotational velocity, whose square and HOT's are negligible. We still write 
the source boundary as £ = £6 . The exterior metric, now a first order Kerr, 
can be written,

da'2 = eNdH2 - e~NdZ2 - - 2E2a sin2 B d<f>dU, (6.29)

which on transformation of coordinates becomes,

da2 = (eNU2 - drj2 + 2 (6.30)

9 _ -2asm2 Q +
2m —. , , , \ Urjd^dTj ) . 

/

The angular speed, previously q is now replaced with a, such that its 
squared and higher order terms are negligible, with a — q explicitly. Com 
paring equations (6.28) and (6.30), we see that,

2m, 2m (6.31)

The continuity conditions applied to equation (6.31) imply that,

d /2m TT— I —=-n

2mn,)

9

2m

(6.32)
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Use of the above, and equations (6.7) to (6.13), (together with a little algebra) 
will reveal that,

(6.33)
^ 6

an important result, to be used later and also the same result as found by 
Kegeles' equation (5.29).

6.2.1 Einstein's equations

Let us now return to Einstein's equations, which for a perfect fluid, we will 
write in the form,

G% = -87rTba , TZ = (p + p)u*ub -5tp, (6.34)

where p and p are the stars' (the source) pressure and density and ua the 
components of the velocity four vector with the property that uaua = 1, and 
let us suppose that comoving fluid spheres with G\ — G\ and G\ = 0 are given 
for a non rotating source. We note also that the internal supporting pressure 
of the star is not affected by the addition of a slow rotation parameter up to 
and including order g, but we must ensure that ul = v?. Now, for the metric 
given in equation (6.28) it is easy to show that G\ — G\ = 0, G\ = G\ — 0 
identically, whilst we may obtain G\ = G\ = 0 if

(Ym - XtJ = (Y, - X,} (X + ^ - ̂ ) , (6.35) 

and hence it is easy to show that Einstein's equations are satisfied whenever

(6.36)

with h being an arbitrary function of £, and by comparing equations (6.33) 
and (6.36) we may see that Einstein's equations are satisfied at the boundary 
if
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hb = 6m. (6.37) 

The angular velocity of the source is given by L (£, 77) where

u (6.38)

and hence a particle moving in the field of equation (6.28) will have a zero 
angular momentum if u3 = 0 and thus the quantity

will also be zero for the particle, and it then follows that the induced angular 
velocity f2 (£, 77) of the inertia! frame is given by

(6.40) 

and using equations (6.14) and (6.31) we may show that

This is known as the dragging effect, and is shown to decrease inversely with
r3 .

We must now turn our attentions to the finding of the functions X (£, 77) 
and Y (£, 77) which not only satisfy the junction conditions, but also satisfy 
equation (6.36). Writing

X e, rj) = Xb + (£ - &) [Xs] b + E (^, 77) , (6.42)

with [E^] b = 0 and by using equations (6.33) and (6.37) in (6.36), we may 
obtain
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d?7, (6.43)

and we thus obtain a solution for X (£, 77) in terms of Y (£, 77) using equations 
(6.42) and (6.43), satisfying the necessary boundary conditions.

6.3 Darmois boundary conditions

Here we present an alternative, more elegant method of calculating the 
boundary conditions, to that used by Wiltshire. This small section also 
confirms the earlier work discussing the equivalence of Darmois and Lich- 
nerowicz.

Let the interior metric have the form

da2 = e2Xdri2 - e2»d£2 - r2d02 - r2 sin2 Od<p2 - 2r2q sin2 B (Yd£d<p + Xd^drj) ,
(6.44) 

and the corresponding external Kerr metric have the form

da'2 = eNdU2 - e-NdZ2 - £2d02 - E2 sin2 Qdtf - 2a sin2 6 (^] d^dU.
\ £ /

(6.45)
A comoving system shall be studied for simplicity, and so

£& = 6, (6.46)

where b is a constant, as this eases the complexity of the notation.
The Kerr metric represents a non comoving description, and thus has a 

time dependent boundary, written as

S6 = B (U). (6.47)
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Using the transformation of variables

E = E(£,77), (6.48)

it is possible to rewrite the metric of equation (6.45) in the interior coordi 
nates thus

da2 = (eNU2 - e-N -£ 2 ) drj2 + 2

- (e-"E2 - eNU2 ) dt? - X2d62 - E2 sin2 Odcf

-2o sin2 9 (^Utd£d<j> + ^-Yl^dcfxirj] . (6.49)

The procedure at this point is the same as that of Lichnerowicz, and 
continuity of the gab gives rise to the following conditions when evaluated at 
the boundary B (77),

, (6.50) 

which gives
(6.51) 

Similarly

gives
(6.53)

For the d^dr] term
O, (6.54)

giving ^ _^vx , x ,
(6.55)
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Also it can be seen that

{E>6 = H6 , (6.56) 
r v ^ f 2m „ I{x}b = \ £^n" r '

v. J 6

,,.,, f 2m
{ ^ 

The condition G — 0 results in

(6.59)

A number of further useful relations are available from the above defini 
tions at the boundary. It may be shown that

> (6.60)

, (6.61)

which may be used to further develop what has become known as the mass 
function, as discussed earlier.

6.3.1 Continuity of the extrinsic curvature

Transformation of the Kab from one coordinate system to the other is given 
by

where K^b are the extrinsic curvatures for the internal metric described by 
the internal coordinate system xla , (x11 = f , x12 = 0, x13 = 4>, x14 = 77) , and 
K v̂ are the extrinsic curvatures for the external metric described by the 
internal coordinate system xEft , (xEl = S, xE2 = 0, XE* = 0, xE4 = U) .

Throughout the following analysis, it will be assumed that all calculations 
will be made at the boundary, and thus for the most part the {} h notation
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to indicate evaluation at the boundary will be dropped.

Evaluation of the extrinsic curvature components for the internal metric 

result in the following components

Kii = 0, (6.63)

K*3 =

#12 = #21 = 0,

: #31 = e'^qrrf. sin2 OY,

*L = #i = o,
#£ = C^TT€ ,

#23 = #32 = ° 5

i^/ _ if i _ nA 24 ~ ^42 — U i

^33 = sin2 6e~^rr^

e~^r sin2 6> (rY^ - rJC€ - 2r^X)
2

/Q74 = -e2A~^Ac .

(6.64)

(6.65)

(6.66)

(6.67)

(6.68)

(6.69)

(6.70)

(6.71)

(6.72)

The Kab of the external Kerr metric are found to be

(O./o)^ }

#w = #21 = 0, (6.74)

i, (6.75)

= = )



6.3 DARMOIS BOUNDARY CONDITIONS 66

Kg = 0, (6.78) 

Kg = 0, (6.79)
3JV (6 - 80)

3JV

(6-81)

Using equation (6.62), the actual matching of the internal Kab to the external 
Kab does not follow any particular order, but instead depends upon the choice 
of boundary.

Firstly the zero components of the Kab assuming symmetry,

K{2 = K^ZI + Kjfl^ = 0, (6.83) 

Kg = Kg, (6.84)

-rs-I _ jv-£yi I Z^-EfT = fl f6 85^

The non zero matches are as follows

• Continuity of K^

KM = Kg, (6-86) 

e-nrn = e^^ (6.87)

• Continuity
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K& = tfgSc + KgUe, (6.88) 

2 9^2 ^3m£ne-f H,me^
' l ;sn =

Substitution for e~^rr€ from equation (6.87) and using continuity of the 
yields, following some simplification

hence ^^n,
(6.90)

or, using the continuity conditions for

Bn = |a. (6.91) 

Substituting for BU into equation (6.87) and solving for r^gives the result

Continuity of K%±

Kit = K*&, + tfgll,, (6-92)

2 

but substituting Y^ = X^ + h( implies that

==. (6.94)
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Using equation (6.87) to obtain an expression for e~^ together with cancella 

tion of common terms and using continuity conditions, equation (6.94) may 
be written as

(Q (6.95)

which gives

and hence
{M0}b = 6m, (6.96)

since using the continuity conditions of the gab it is easy to show that

• Continuity of

(6.97)

N^ + 2Bun)

| * + 2Bnn)

and hence, following some factorisation, it can be seen that either

Bne 5̂  = 0, (6.99)
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or
e2NNv - SB^N-z + 2Bun = 0. (6.100)

Using equations (6.55) and (6.91) it is easy to show that equation (6.99) 
holds, and the match is complete.

• Continuity of A"14

(6.101)

'

where & — e2N N^ — 3B^N^ + 2Snn and similarly, after factorising it can be 
shown that either

+ (n^ + n^) Bne^ - n^iv^ = o, (e.ios)

+ 2Bm = 0. (6. 104)
or

e2N

Again, using equations (6.55) and (6.91) it is easy to show that equation 
(6.103) holds, and the match is complete.

Continuity of

(6.105)

(6 . 106)
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where $ = (e™ ATE - 3BgJVE + 2BUI1 ). Hence

J
(6.107)

Use of equation (6.55) on the first bracket allows the expression to be written

C2A-M v, - _e-¥ (eNU2 - e-"S2 l I 2 -e X,- e (e H, c E,) II, e _

(6.108) 
hence

" 4A 2 7VE + 2Buu) , (6.109)

2Bnn) , (6.110)

and with substitution of equation (6.91) one obtains

With Bu = S2 then iii

but as this is a comoving system, {d£}b = 0, and so, following some simplifi 
cation = ban _ ilT?T?Zj?7 (6.112) 

n2 n3ilT) iAr?
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Also
e" = i

differentiating w.r.t. S gives

and so
ATE = i (c-" - 1) . (6.113)

Substitution of equations (6.112) and (6.113) together with the continuity 
condition for e2A into (6.111) gives

- 3) n.Sg - 2eNUr 
€

(6.114) 
Using equations (6.60) and (6.113), it can be shown that

(6.115)
Following use of equations (6.10), (6.60)and (6.115) and continuity con 

ditions for £ and S^ it may be shown that equation (6.114) becomes

2 -2X-N
X, = -re-2*-"Ac - r^e-^X,, + r^e^^ + « * (6.116),

r2r
__ n * i

2r 2r 2r 

Further use of the mass function to substitute for eN gives

(rf -

°-————— 2r
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Calculation of G\ gives

with

+
(6.118)

It can be seen then, that equation (6.117) may be written

\ = -STTP = 0,

hence implying that there is zero pressure at the boundary, as required.
The above shows the confirmation of Bonnor [17] that Lichnerowicz and 

Darmois boundary conditions are equivalent, in that they both have the same 
resulting requirements at the boundary, that is continuity of the gab, and the 
value of for example {h (£)}& = 6ra. They differ in that Lichnerowicz requires 
an admissable coordinate system, while Darmois will accept a coordinate 
system such that at the boundary

V ,r.



Chapter 7

Sources of second order 
rotation

7.1 Introduction

In previous chapters discussion has been confined to a review of the pertur 
bation of rotation in general relativity up to and including first order terms in 
the angular velocity parameter q. However it is very important that sources 
with second order terms in q are also investigated since such bodies are sub 
ject to centripetal forces and deformation. Indeed such forces originate from 
second order terms in velocity and cause a deformation of the body, observed 
to be a flattening of the poles and an expansion of the equator. This is the 
familiar oblate spheroid. The results of this and subsequent chapters (see 
[40] and [41]) appear to be new, as judged by a thorough literature review.

73
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7.2 The source metric

The source metric will be taken in the following form

da2 = e™ (I + q2 Q) drf - e^ (l + q2 U) d? - r2 (l + q2 V) d62 - 2q2 Jr2d^drj 

-r2 sin2 0 (l + q2W) d(f - 2Xr2qsin2 8d<j>drj - 2Yr2qsm2 8d£dr),

(7.1)

where r = r (£, 77) with the exteribr Kerr metric being a Taylor's series ex 
pansion of the standard Boyer-Lindquist Kerr metric up to and including 
second order angular velocity parameter.

7.3 The boundary

The boundary for a rotating perfect fluid of second order angular velocity 
parameter q for a co-moving system will be taken as

£-&-g2/(0,77) = 0, (7.2)

and hence it is the / (9, 77) term that actually describes the shape of the 
source. It is a second order* angular velocity term, which if not present 
results in a spherically symmetric body

7.4 Einstein's equations
It is found that the Einstein's equations requiring solution in second order 
cases are significantly different from those of first order perturbations. Cal 
culation of the Einstein tensor for equation (7.1) shows that both <72 and 
G| components are indentically equal to zero. As this metric represents a 
rotating body about the polar axis, the velocity four component u3 and its 
contravariant partner u3 cannot be zero. Therefore, the components u2 and
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u2 must be equal to zero. Hence, the following conditions must hold up to 
and including terms in q2

T12 = 0 = T21 , (7.3)

r22 +p = 0.

In addition to these, the following relationships must also hold

* + p) (T33 + p) - T*T* = 0,

(T33 + p) (T4 + p) - T4T43 = 0. (7.4)

Further calculations of the Einstein tensor gives the following dependen 
cies on q. Gf, G3 , G3 , G3 depend on linear terms in q, with G2 , G\, G4 , G4 , G\ 
and G| dependent on q2 . It is also to note that when q — 0, each of these 
components is zero. Using this information with respect to those equations 
in equation (7.4), it can be shown that the second equation reduces to

since as both T\ and T-j* are of order q2 then their contribution to the expres 
sion is of order g4 and is therefore discounted, as working is only carried out 
up to and including terms of order q2 . This means that either (T^ + p) — 0 
or (T* + p) = 0. As the velocity four components u4 and u± cannot be equal 
to zero, then it must be the case that (T-j1 + p) =0. Choosing the velocity 
four component ul equal to zero upto second order terms1 , it follows that

J It is important to note that the component u1 is not zero. It is permitted to have 
components of second order and higher terms in angular velocity parameter.
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solutions of Einstein's equations must satisfy

Tl+p = 0,
f~T^2, \ __ f\

I i1 j 1O I n-L\ I* I '4 I \ ^T"l4 ^ / '3 ___ f~\

Tl = 0,

T% = Tl = 0. (7.5)

The internal pressure may be calculated using either the first or second 
of the above, whilst the density may be found from

p = TZ + 3p. (7.6) 

The angular velocity, L (£, 77), may be found by

T I f~ \ __ __ 4 / ̂ 7 *7\

expanded in a Taylor's series.



Chapter 8

Perfect fluid sources for the 
Kerr metric with second order 
rotation

8.1 Introduction

The previous work gives an approach to rotating perfect fluid sources at the 
heart of a Kerr metric, having first order rotational components only. Here, 
we will deal with a second order rotational system. In order to ease some of 
the complexity of the mathematics, there is no transformation of coordinates, 
and some of the results from previous chapters will be used.

8.1.1 The metrics

A spherically symmetric static perfect fluid source without rotation can be 
represented by the metric

do* = e'W - e^d^ - ̂ dd2 - ? sin2 Qd<?', (8.1)

77
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where A = A (£) and JJL = p, (£) with

+ I- + J,. (8.2)

The internal supporting pressures and densities for such a fluid source are 
given by

_ere (8.3)

Up to and including second order terms in angular velocity parameter q the 
Kerr metric may be written

where , „ „ v
, 2m/ g2 cos2 0\

*43 = ^ (8-6)

1 / i q2 cos2 0 ___q-fO~-^1* + *^-^,* - x I- (8 - 7)

cos2 0, (8.8)

2?no2 sin2 & 2 ,.9 /o r,\ 
> 33 = ——^-7——— + Q + t • (8 - 9)
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The internal source may be described by the metric

da2 = e™ (I + q2Q) dr? - <?» (l + q2 U) df? - f? (l + q*V) d62 (8.10) 

-f2 sin2 0(1 + q*W) dtf - 2X£2 qsm2 ed(j>drj.

Immediately, we see that the boundary given by

&, = £0 + <72 / W (8-11) 

gives rise to the following conditions for the continuity of the gab :

2/m-f(l-/Qcos2 0 —————— — 2 —————— - 2
•*»-So

Kcos2 6-2fm-l - 2

cos2 6>

. 
So

To complete the application of the Darmois junction conditions, the con 
tinuity of the extrinsic curvature will now be discussed.
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8.2 Continuity of the extrinsic curvature

Using equation (5.6) it may be shown that

Kg = Kg = 0, (8.13)

and furthermore the following relationships hold identically

In addition the following non zero terms may be calculated

(8.15)

{Kg = Kil } b = {Kg = K*} b , (8.17)

K[z = Kg = 0 = K& = Kg , (8.18)

= (Kil } b = {K&} b = {K*} b , (8.19)

K[± = Ki, =0 = Kg = K%, (8.20)

{K{,} b = {Kil } b = {Kg} b = {K*}b , (8.21)

	(8-22)

, (8.23)

= K{2 = 0 = 7f£ = Kg, (8.24)
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K-E _ KE _ --m
-^34 — -"-43 — ————————— 5 ———————— • (0.27;

£ 5

Thus

Moreover

73 
So

-22 — —————————— -

sn

E g2 (2C2/gg + cos2 Qt - e - 2m cos2 g) + 2^3 -
A 22 = ———————————————— 3 . = ————————————— , (8.30)

2£ 5 V£-2m

whose continuity gives rise to

(8.31) 

Similarly

in 9 [q2 (^ sin 6W^ + 2 sin ^^W - sin 9£U (8.32)

(2 sin2 ^C2 + cos2 0£2 - ̂ 2 - 6m sin2 ^
v (8.33)

2m cos2 ^^ + 4m^ + 4m2 sin2 9) + 2£4 - 4m£3] , 

gives rise to {W(]b = 3(^-y g -2 (8 34)
Finally

ifi e2A-M [g2 (U\ ~ 2QA€ - Og ) - 2Ad , ,
-".44 = ———————————————— ̂  ———————————————— ' (0.00)

„ m [q2 (^ - 7 cos2 0^ + 14m cos2 0) + 2g3 - 4m£2]
/V = — ———————————————— - ————— —— ~ • ^-2m
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This gives
(8.37)

^ o

with

(2K2 -K-l) f(l + K){^} b f

The condition found for {A^} 6 allows us to update some of early boundary 
conditions such that the affected ones become explicitly

, (8 .39)

In addition we may define a function H (£, 0)

H = Q(£,0) + X2e2e-2A sin2 0, (8.41)

and from previous work, we also have

h Cf 1 ex+fji 
X, = ^——, (8-42)

and so

, __ , 3 sin2 e(l-K) 2K2 -K-l f (K2 - 1) Wife = ————£3———— + ——Fi75—— + ~^7

(8.43)
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This completes the calculations of the boundary conditions. The results 

may now be incorporated into Einstein's equations applied to the internal 

source.

8.3 Einstein's equations

For this source, described by equation (8.10), there are three non trivial 

Einstein's equations which need to be solved. The first condition T^ = 0 = T? 

gives the equation

(8 . 44)
sin

while the second T^ — T% produces

+-

0.

Ve - 2W9 } _ Hog + Weo U -V _ h2 sin2 6
. o I . o ._c

sinO
(8.45)

The final equation (T33 + p) (T% +p) = T43T34 becomes

+ 

(Hee

= 0. (8.46)
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Differentiating equation (8.44) with respect to f and multiplying by ^f, 
subtracting equation (8.45) differentiated with respect to 9 and adding equa 
tion (8.46) gives rise the the following equation, which is free from any second 
order derivatives w.r.t. £. This condition reads

COS I
(U9 - H9 ] e\s (A, - ̂ ) (A,

cos 6

COS i
~ 2W<>

cosO

cos

(A^ + fj.f) + sin2 6

= o,

- He)

(8.47)

and is important as it allows for the definition of the boundary /.
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8.4 Pressure and density

The internal supporting pressure is given by

(8.48)

and the fluid density, given by equation (7.6) by

(8.49)

The angular velocity may be calculated as

Note that the expression for the angular velocity L (^, 77) is only valid 
when (A^ + y^) 7^ 0. However, the case A^ + ^ = 0 is an unlikely contender 
for an internal source, and is therefore not considered. Consider

+ 2'
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but A^ = —jj,£ giving

which implies
Ps + pa = 0.

for which the only solution involving non negative pressures and densities is 
ps = ps = 0, a condition very unlikely in any realistic fluid source, and more 
likely a vacuum solution.

There is only one unlikely case where this condition might occur. Let

and so expanding in Taylor's series gives 

/* + A = F (&, 77) + (£ -

If in the unlikely case, the internal solution has the form

then

and this case would require examination.

8.5 Boundary descriptions

The above equations may be evaluated at the boundary with the help of 
the expressions previously found. It may be shown that equation (8.44) is
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satisfied identically at the boundary, while equation (8.48) reduces to

{87rp} b = 0, (8.51)

as required for a valid system. Should A^ + ^ ^ 0, then at the boundary we 
may write

K-K + IjtQt (8.52)

and by using equation (8.47), we may evaluate at the boundary to find an 
expression for /(#). Explicitly, this expression may be written in its reduced 
form as

2 cos 0 sin OK J (4£0 {^}b K (K - 1} + 7K2 - WK - l) - (8.53)

= 0.

Rearranging, and integrating the above with respect to #, we see then the 
form of solution for / is given by

= /o + /i sin2 0, (8.54) 

where /o is simply a constant, and f\ is found by using equation (8.53).

8.6 Generating a solution

Let us consider the condition A^ + ^ ^ 0 provided that {U^} b and {V^} b 
simply depend upon terms up to and including sin2 0. Under these conditions

0. (8.55)
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A series solution to equations (8.44), (8.45) and (8.46) can be found by 
writing

^"(£>0) = Ub +(£ — £0){Ut} b +———-—{U^},+ ... (8.56)

and it may be useful to write

V (|, tf ) = G-2 (0 + G3 (0 sin2 e,

W (C, 0) = G2 (0 + G5 (0 sin2 0,

H (e, ff) = G6 (0 + G7 (0 sin2 0, (8.57)

and then rewrite each of the equations in equation (8.56) in terms of the 
Gi (£) and obtain a series solution in that way. In a physical sense, the 
solution starts at the surface of the body, and the Taylor's series solution 
gradually "works its way in" from the surface to the core of the body.

Substitution of equation (8.57) into equations (8.44), (8.45) and (8.46) 
give rise to four equations in Gi (£) . Explicitly, these are

- G3? = 0, (8.58)
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8GV2"

= 0, (8.59)

2Gr7 AI - '-*- - n^ ~ 9.+^ - -^ +
V s 4 4 ? /

A \ 
\ + { ~ 3^ J

7\ ^ , ^-3AC - - + ^ J + ^

= 0, (8.60)

Gr

2 (G7 + 3G5 - G3 + G2 - Gi - G0] e

= 0. (8.61)

The first three of these equations only contain GI (£) , G^ (£) , G5 (^) and 
G? (£) . The fourth equation contains each of the unknown Gi (£) . Impos 
ing an equation of state will close this system of undetermined equations.
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If evaluated at the boundary, it is possible to obtain the following relations

o So

,
So

1-~ "^
- ^£, (8-62)

So

and

73 '
So

3/Q Mb , /o , 2

75- (8-63)
SO
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In the above relationships, GO$ and GI^ are the obvious missing compo 
nents. Hence any constructed solutions will be in terms of GO$ and GI$. It 
will be seen that other unknowns such as {^} b become known once an initial 
stationary source metric is chosen.

8.7 Generation of solutions

The previous section talks about methods of obtaining solutions, with the 
two methods of obtaining series solutions by writing either

u&e) = ub + (e - o {u( }b + (e ~° {flg>6 + - (8 - 64)
v (£, 9} = vb + (t -

W (£, 9} = Wb + (£ - 

H (£, 0) = Hb + (£ -

or by splitting each of the above into the form H (£, 6} = Gi (£) + Gj (^) sin2 ^ 
and using the resulting ordinary differential equations obtained on substitu 

tion to generate solutions of the form

, + tf - O {G*} b + (t - U + ----- (8-65) 

From the information already given by matching the boundary conditions,
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the current explicit individual G'? may be formed as far as

Go = {G0 } b + ...

G, = {G3 }b

G7 = {G7}b + (C -

8.7.1 Construction of a solution when A^ + //£ 7^ 0

Evaluation of the boundary when A^ + /^ ^ 0 requires the use of

(8.66)

(8.67)

and equation (8.53) as mentioned earlier in the boundary descriptions section. 
Evaluation of the differential consequences equation (8.47) at the boundary 

using the substitution
J + K-l

gives the solution

q2 sin2 d
£o

" K*{h\} b ( v
4J2 (1 -K) ' " (8.68)

where /0 is simply a constant. Further, to ensure physically realistic shaping 

due to rotation, it can be stipulated that

4J2 (1 - X)
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resulting with an inequality in {^| },

Properties of this boundary

This boundary has two interesting properties.

Black holes Black holes correspond to the case of setting £ = 2m in

£'
resulting in K — 0. Substitution of K = 0 into

sin2 0 _______ 
/0+ ' 4J2 (1 - K)

simply results in / = /o and any deformation in shape due to rotation is 

removed. In other words, the boundary is returned to one displaying spherical 

symmetry, as required for a Kerr black hole.

Infinitely extended bodies For an infinitely extended body, £ —»• oo it 

can be seen that K —»• 1. Substitution of K = 1 into equation (8.68) results 

in an indeterminate boundary, as expected for an infinitely extended body, 

which by definition has no boundary.

Calculations using Einstein's equations

Using Einstein's equations evaluated at the boundary, namely equations 

(8.45) and (8.46), it is possible to solve the first to gain an expression for 
and the second to gain an expression for {V^} 6 . Explicitly, these
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expressions may be shown to be

-2/i2 (2 - 2K - J) UK 9J
I V 1 ,4

(8.69)

and

~ 2)

2J , 5/o , 13 , /0J2 + ^/oJ J

3/o
} |

5/0J J 3/o
|

3 5/Q 3

(5J ~ j2 ~ 6

- UJK + 26K - J2 + 5J - 6 + 13J/T2 - 22K2 ~\
j

(8.70)

Differentiating the differential consequences equation with respect to £,
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and evaluating at the boundary gives the following expression

0 = t {W&}b - {Uso}b ) (1 - K) (8.71) 
. a [22J h\
ill 0 —— *- — -rr-te0 &

32K2 13JK

a . a 22J h\ 2h\ Qht 52
COS 0 Sill 0 —— *- — -rr- + -5-=- — —— 7T ~ -0j* e3 e

J2 £ £ f3 T2 f3 f3 f2 Ju <*o So $ 0 J So So So 0*

l3h2K 5h2K QhsK 72K 2J^_ _ _9J_ 12 2J2 ^

(8.72)

which is immediately integrable with respect to B to give an expression for 
, which, written explicitly is

[22J hl , 2fc? 6^ 52- -lp--^

32K2 13JK

ISA? K 5hlK QhfK 72K 2J2 9J 12 2J2 1
I £ _ s I g _j_ ____ _|_ ____ _ ____ _j_ ____ _ ___

+const, (8.73)

where const is a constant of integration. Substitution of the above expres 
sion into equations (8.69) and (8.70) gives expressions for {V^}6 and {H^}b 
independent of {W^} 6 , and hence a set of expressions, purely in terms of 

and it is these equations that form a basis for a solution construction.
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Explicitly then

h\K (2K2£ (A^£ + 3) + K (13£ J - 10£ - 4) - (2 J - 4) (f + 1)) 

2£J2 ( J (2J - 9) - 4 (13K -3)-JK (13K + J + 11) 

2^2K2 (2K - 1) - 8K2 (4K - 9))]

_ 8J _ 3J2K + ^2^ _ 28JJft:) 6 + C,

(8.74)

and

\ f hi (2 - IK - J) ^

8) + 5^3 (5/oC + 6) + 3K (3/0£ - 2)

(2 - /00 - 5/T2 (5M + 13) - /o^2^ (^ - 4) - 6 (/0£ + 1) + 2 J]

- 22 J + 52)

(3 - K2^2) + 8K£ (2-J-5K) + 13JK2 (4f - 

+2K2 (13 - 5K) + JK (14 + J) + J ( J - 5) - 11£T + 6) 

(6J2K - h^K - 6J2) - 8 J£ (8K + 3J (3 J - 4))]

j2 - 5 J + 6 - 13J^2 + 22
(8.75)

Repeated differentiation of equations (8.45), (8.46) and the differential 
consequences equation with respect to £ and repeating the above process 
gives the next terms in the solution i.e. {ff^}b , {V&£}(, > {W«£}b e^c. It is 
seen that this process is ideally suited to computer implementation.
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Further calculations at the boundary

With the above knowledge, and knowledge of the metric component terms at 

the boundary, it is now a simple task to calculate the density at the boundary, 

up to and including second order terms in rotation. Substitution of known 
boundary values into

-2u 2*

-, (Wee + 2V + 2Uee + Hee} +
(8.76)

gives

J , J /o (2/^rX2 - 4fiT2 - 8 JK + QK - J2 + 3 J - 2)
x^

cos2 9K (4^2K2 + 2X2 + UK - J2 + J - 2)
4£4 J2 (A" - 1)

h\K (2^2K2 - 4K2 - 6JK + 6K - J2 + J - 2) 
' 4£4 J2 (X - 1) 
Jif cos2 OK (6JK - h^K - 6 J)

- 32K3 - 13JK2 - 2^CK2 + 48K2 - 2J2K + JK-6K + 2J-2

(8.77)



Chapter 9

The Schwarzschild interior 
solution endowed with rotation

9.1 Introduction

Here, the matching of the Schwarzschild interior solution to the Kerr metric 
will be considered, using the general results obtained in the previous chapter. 
The Schwarzschild interior solution has no equation of state, hence A^ + /^ 7^ 
0.

This well known solution has metric components

(9.1)
So

where K = I - p.
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9.2 Boundary calculations

It can easily be shown from equation (9.1) that

and hence

This gives for the boundary

sin2 0 K-

36(l-Ky 

with the constraint for physical reality purposes being

which is clearly satisfied.

9.3 Metric components
It is a simple task to substitute {/^} 6 , /, and J into equations (8. 74), (8. 75) 
and (8.73) to obtain {V^f}6 , {H^}b and {W^}6 for the interior Schwarzschild. 
It is to be noted that the resulting expressions are in terms of two unknown 
constants /0 and C, and three unknown functions U^, h$ and h^, about which
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more will be said later.

sin2 e (297 Jf4 - 1170X3 - 3ft2 Jf2 + IQ20K2 + ±h\K - 918K + 17 1)
~ + (K - I) 2 K

cos2 9 3 - 216K3 -
(K - I) K
s:2 - 36/C2 + 2/ilK" - IQShfK + 21QK - 90] + C,

(9.2)

/fec (18^T2 + %^ - 3QK + 18) _ h\ (ZIK + 2) _ (AT+ 1) (Jf - 5)\ 
V 6^(AT-l)a 36^(A:-1)2 2^K ;

-2K-1 + /Q (K - 1) (19^ - 9)

(9.3) 

+ h^K - 36K + 18) h2 (31K + 2)
-1) 36^ (K - iy

+ C. (9.

9.4 Density at the boundary

The substitution of the newly found values for J and /^ into equations 
(8.77) gives an expression for the density at the boundary for the interior
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Schwarzschild rotating source, in the form

_ - 0 - 0 19K - 4/0£ - 4

(9.5)

In order that the solution is physically realistic, it is important that the 
density is free from any quirks and anomalies when evaluated at the bound 
ary. To ensure the density is bounded, consider the two extreme cases for 
K:

• K = 0, which corresponds to a body with the Schwarzschild radius

• K = 1 , which corresponds to a body of infinite radius

Consider firstly then the case when K — 0. To avoid singularities appear 
ing in the density from q2 component

•7K3 + 2&CK2 - 26f0£0K2 - 30K2 + 30M0K + I9K - 4/0£ - 4

the constant /0 must be set to equal ^ in order that the numerator is set to
?o

zero.
The setting of K = I requires the writing of K = 1 — ^p and limits 

being taken. This approach does not lend itself neatly for analysis, and the 
corresponding finding of values for /o and C.
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9.4.1 Finding the values of /0 and C in the limits of
K = Q and K = 1

Providing the structure of the constants /0 and C are not changed, then 
rewriting the density equation (9.5) in a different format is of no consequence 
to their values. It has been seen that

A- = 0 =i> /„ = -j-
So

in order that the density at the boundary does not contain any anomalies 
and singularities. Generally it could be said that

f° = ~t'

with fc = 1 in the case K = 0.
Using this generalisation, the boundary / may be written

fc sin2 <9 T0 + ~^~
36 (1 -

(9.6)

Now, in order to assist in simplification, allow the following substitutions 
to be made

(9.7)
(1 - K)

C = -£4 '

o
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Equation (9.6) then becomes

f== _fc sin2 0 
C Co 36

(9.8)

This equation may be rearranged to show

36/c
(9.9)

Substitution of this expression, together with equation (9.7) into equation 
(9.5) together with some rearrangement allows the writing of the density in 
the form

(l-K) - 18K + 18)
- h\K - 36)

(h*K2 - h*K - 36) ' (9.10)

where

A = (1 - £T) 2 #4 - 3888^ (1 - *T) 2 # (K - fc ) + W8hf (K - I) 3 , 
, ___._t /& (1 - A") A-2 (K - /c ) - ̂ 4 (K - I) 3 ^3 (31/C + 4) 

+648 (T^3 + 2C0K2 - 26fcK2 - 30K2 + 30fcK + 19K - 4/c - 4) 
~~*~°(1-K)K (55K3 - 2C0K2 - 22fcK2 - 24K2 + !8fcK - 27K

The expression for A may be rearranged to allow solution for fc .
It is reasonable to assume that should the boundary / = 0, the source is 

not rotating and the density should revert to its stationary value. It follows 
then that should this be the case, A = 0. Setting the expression for A equal

4/c + 4) . 
(9.11)
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to zero gives the solution of /c ,

fc =

- 990/if ) K5

+ (36h£C0 + (216^ - Gh*3 ) h*a - IQhl - 324/if + 1422/if + 3888^) K4

- (3Gh*2 C0 + 216/i*^ + 4/i*4 - 108/if - 54/i*2 + 7776^ + 4536) K3

- (1296C0 + 558/if - 3888/1* - 19440) K2 + (72/if - 12312) K + 2592]

-=- [L332h*2K4 - (ZIGh^ + 2736/if - 3888/i|) ^3 

+ (216^/i^ + 1476/if + 7776/1* - 16848) K2

- (Tlhf - 3888/1^ - 19440) K - 2592] .

(9.12)

This solution for fc holds regardless of the value of K. With the value of /c 
found, endowing the source with rotation still results in A — 0.

It follows then that the boundary / can be denned from the density by 
the expression

- K} (4,h^K2 - h^K - Ih^K - 18K + 18)
eo £ (h^ - h\K - 36)

(9.13)

The case when K = 0

Letting / = 0 then, and setting K = 0, equation (9.12) may be solved to 
give a value for /c , being

giving a boundary of

_J_ sin2 0f ~~To + ~7T
36

(9.14)



9.4 DENSITY AT THE BOUNDARY 105

which becomes

indicating that the boundary for a body with the radius of the Schwarzschild 

singularity is spherical. Note that this result is independent of the value of 
C0 .

The case when K = 1

Setting / = 0 (=> A = 0), but now setting K = 1, the resulting expression 
for fc becomes undefined owing to a division by zero. This then requires 

the numerator to be equal to zero in order that fc be bounded. Setting the 
numerator of equation (9-12) equal to zero, and solving for the other constant 
CQ, it is found that

C0 = 4.

Substitution of CQ into equation (9.12) followed by setting K — 1 and then 

solving for fc gives
fc = 0, (9.15)

so that
sin2 6>

/ ~~ —7-—
36

+ K = 0.

Hence, for an infinitely extended body, the boundary / is mathematically 
equal to zero. This result does require some consideration as it points to the 

fact that the boundary is not rotating, should there exist a boundary for an 

infinitely extended body.
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9.5 Behaviour of the boundary

The boundary is given by the equation

= So

with
/c sin2 0 

7 to to 36

It can be seen that the — £ is equivalent to a flattening at the poles and the 
sin2 6 component is the bulging at the equator, both effects being caused by 
the rotation. It is obvious that the greater the value of q the more exaggerated 
the effect. Note that it is an assumption throughout this work that the 
parameter q is small.

9.6 Angular velocity

The angular velocity L is given by

u

which may be written

Upon evaluation at the boundary this becomes
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and upon substitution of components for the Schwarzschild Interior solution 
becomes

l-K(Kh-6
(9-16)

This equation raises some interesting points for discussion.
When K = 0 (Schwarzschild singularity) then L is mathematically nega 

tive. As a star cannot change its direction of rotation arbitrarily this would 
seem to suggest that L is mathematically negative for all K values. This 
then would require the condition

Hence at K = 0, any {/i|}, value would suffice, but at K — 1, {^} fc < 6. 
Earlier it was discussed that when K = I the boundary is zero indicating no 
rotation. Hence the condition fo < 6 is automatically satisfied.



Chapter 10

General second order metrics

10.1 Introduction

This section will seek to generalise some results found earlier for rotating 
systems of second order, with the intention of reproducing the results found in 
the earlier specific case. This reproduction of results will serve as a validation 
prior to further research aimed at producing a full set of general equations 
for the system.

10.2 Metrics and coordinates

The Kerr metric may be expanded using Taylor's series up to and including 
second order terms in the rotational velocity parameter. The metric may be 

written as

da2 = vf44dll2 - #ud£2 - #22d02 - ̂ 33 sin2 Odtf - 2*43? sin2

(10.1) 

where,

108
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1
-i 2m 1 ~5~

q2 cos2 0 q2
1 E2 E2 (1 - ^p)

2mg2 sin2 0 ~ 9
1 >^ J *"/

2m

where q is an angular velocity parameter.
The transformation of coordinates1 is given by

n = IT (£, 77) + <? 2rr (£, 77),
0, 0 remain unchanged, 

and on using transformation of coordinate rules

dfi

S +

0

0

0 0

1 0

0 1

0 0

+

0

0

(10.2)

(10.3)

1 lt is easy to show that the transformation of the form £ = Es (£,77) + (j2Er (£,77, 6>) 
and II = IIs (£, 77) + q2Ur (£,rj, 9) does not work by seeking continuity of the gab .
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it is seen that

f + (2- + 92

Substitution of these components, together with the ty sab and \I/£6 nota 
tion above into equation (10.1) allows the Kerr metric to be written in the 
(£, 9, (f), 77) coordinate system. The following notation is used.

= 2

= 2

(10.4)
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where

*ii = ^>

__ ((1 - K)£s Sr + 1 - Kcos2 0)
W-i-i = ————————————————— _ —-———————————————

\&22 — ^S >

,2= 2Es£r + cos2 0,
— \L/ S — V*2— ^22 — ^ 5

= 2SsEr + (1 - K) sin2

COS2

^43 = 1 - K. (10.5)

It is important here to note that the ^> sab and ^rab bear little resemblance to 

the terms in equation (10.2), and are explicitly written where K — 1 — ^.
In this notation, the transformed version of the Kerr metric may be writ 

ten as

drj2 - (Z^ + q2Zrn ) d - (VS22 + g2 v^2) d92 

33) sin2 6d4? - 2qV43 sin2 0 (U^dr) + 

-2 Zas4 + ^2Z[4) d£dr). (10.6)

up to and including second order rotational terms. The form of metric in
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equation (10.6) suggests the following form for the internal source metric

da2 = e2X (1 + q2Q) drf - e^ (l + q2 U) d£2

-r2 (1 + q2 V) d92 - r2 sin2 9 (l + q2 W) d</>2

-2Xr2 qsin2 Odfidr] - 2Yr2 qsin2 0dfd0,

(10.7)

where A = A (£,r?) , /x = p (£,r?) , r = r (£,77) , X = X (£,77) , Y = Y (£,r?) , 
V = tf (6*7,0), V = V(S,ri,0), J = J(t,r,,0), Q = Q(£,ri,0), W =

10.3 Continuity of the metric tensor

At the boundary
tb ^ £o + 92/ (W , (10.8)

continuity of the gab of the external Kerr metric and internal source metric 
is given by

q2 cos2

and so
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Similarly it may be shown that

sin2 9 {r2 (I + q*W) }^ = sin2 0 

to give

and

+ ^p^ + ^ + 1}& - (io.il)

For the remaining terms then

Splitting this into non-rotating and rotating components, using equations 
(10.4) and (10.5) and seeking continuity at the boundary, the following rela 
tionships must hold

(10.12)

For
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using a similar approach gives

Ef

Co

and

Seeking continuity of the components

and using equations (10.4) and (10.5) gives

and _

I- ' £o

K
* - (10.15) 

Ef - K2Uf v ;

| = o, (10.16)
>• ' €o

with, finally
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10.4 Einstein's equations

It has been mentioned earlier that one of Einstein's equations requiring so 
lution is Tg = 0, equation (6.35), with the result given in equation (6.36). 

Also, the equation of isotropy T/ = T| gives rise to the condition

2M-2A , 2 2M-
^

75" ( 10 - 2°)

10.5 Continuity of the extrinsic curvature

To calculate the extrinsic curvature components, it was necessary to rewrite 
the Kerr metric of equation (10.6) into a form more amenable to computer 
calculation.

10.5.1 The boundary

The boundary for the internal source metric is assumed to be of the form 
£ — b — q2 f(9, TJ) = 0. The corresponding boundary for the external Kerr 

metric is S — S6 = 0.
Using the coordinate transformation

E - Sfc = (Ss + q2^) - £* + <7Sr 2 = 0, 

0 = R + q2 YT -b + q2f R -

Hence following coordinate transformation, the Kerr boundary may be 

shown to be of the form £ - b - q2 [f(8, rj) + |] =0 where E = Er (£, rj) b -
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^r (£> 7?) • It can be shown that the use of this boundary condition will result 
in the need to evaluate the term E at the boundary. This is easily seen to 
be zero as

{E} b = 

{E} b = 

{E}b = 0.

Hence, as all evaluations of the calculated extrinsic curvatures will take place 
at the boundary, E can be initially set to zero prior to any extrinsic curvature 
calculation. Thus the boundary can be taken as that of the internal metric, 
£ - b - q*f(0, 77) = 0.

The full expressions for the external Kerr metric extrinsic curvatures axe 
rather lengthy, and need not be displayed here. However, they do simplify 
a great deal when evaluated at the boundary. It should be noted that the 
manner in which the components of the extrinsic curvature are given is not 
in their simplest algebraic form, but in a form that lends itself to matching at 
the boundary, especially when a piecewise (or term by term) approach must 
be used.

10.5.2 Simplification and matching of the Kab

• Consider first the continuity of K\\

(10.21)
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therefore

and using the boundary conditions found earlier, this results in the condition

This result may be used to update earlier results such that

^ ' ' J 4o

and

I 1 y£ y

In the case of the continuity of K\i

It can be shown directly that

For continuity of

KE -"is

sin2

£ = 22e 44)
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Direct evaluation gives

VTf TTS 1 2 * 43-*"V£ I
no -rvr-- mT, ^ .

Continuity of /C23 is readily seen since

Kg = 0, (10.25) 
KL = 0.

Continuity of K^

2

K24 =

{2r3 cos 0 sin BXY - r3 Je +

(10.26)

Evaluation is completed piecewise (or term by term) until the following
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condition remains

L - {-••
Evaluation at the boiuidary leads to

which implies that

r -) i K^SS - K
\ zu<\ l =0, (10.27)I- € J6, (Ar-iiEjmn? _./„.„,„,„ vi

£nl + ^n«)} £|i
+ : 

which may be used to update an earlier result to

{J}<-~ {§*}«/ (10 - 28)

• For the component K^

T^E qsirfe ' T " ^ ~"

(10.29)

(10.30)
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with continuity requiring

Evaluation using the boundary conditions and equation (10.22) gives

- 1 II n^)
;/

< qe~*r ————— + 
I V r

thus

n;\ f
; € 1

Using equation (10.16) it may be shown that

which gives on substitution

or 3ES
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• The extrinsic curvature components for K^ are

,nf

an2
|

( ( 2(Zf1 )*'
+ e^Vr J

sin2 ^y2e- 3Ai - e^^rr, sin2

(10.32)

Continuity when evaluated at the boundary is done piecewise. The re 
maining components with no direct match are then equated to give

hence

-2Sf
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giving on evaluation

2r^ 
r

(10.33)

For .££33 the extrinsic curvature components are

= <j2 sin2 0
sine +

sn
+

+-
2Z|4 (Zfx

- +

+ snr"

-fVoo ==

— +

+ + +

sn sin 0JTF + + sin

%J

(10.34)

The structure of K^ is the same as that of 
the terms is the same, giving an end result of

The process of matching

(10.35)

+

17 /Vs
— v ff r \ «
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• For continuity of KM

— ^— q
sin

L 2(Z1-1 ) S
sin 7S'11,

r?? sin2
+ 4—*• +

r2 sin2 0F2e2A A<

sin

(10.36)

Firstly, the non rotational terms are matched. This gives

i f >
»2

therefore

(1 — fc)S| 2

K I /
2e2A

or
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a very useful result.

The matching of the rotational components is achieved, again in a piece- 
wise manner, with the remaining terms giving

|
ft) 2(Z{1 )

_L^,+q

<?2 2

J2-q Q e \
L 'J S

resulting in

The fully explicit term for 
pendix.

• And finally

(10.37)

is rather lengthy, and is given in the ap

sn

sin sin sin

sin r2 sin2

-r2 sin2 XsY - 2rr^ sin2 OXY] .
(10.38)
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Using the results found earlier, this extrinsic curvature may now be 
matched piecewise. There are no new mathematical results gained 
from this matching.

10.6 Continuity conditions summary

Using the isotropy condition T* = T$

2 2/Z-

r r 

and T3X = 0, which gives

Q2

(10-40)

The continuity conditions at the boundary may be summarised as

(10.42)

r 2A-i _ i KU*2 _ ±2_ k (10.43) 
i e Jfn i »/ ^ f '

j

(10-44)
^0

(10.45)
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~ZT

_r~~ 1
I

(HUT,

dO.48)

£o

- (io -5o)

}« 6 = 0, (10.54) 

= 3SS (1 - K] or 3ES (/C - 1), (10.55)

2/

(10.56)
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2/ K - 4

(10.58)

Where not given, the full expansions for the continuity conditions are avail 
able in the appendix.

The above boundary conditions are a generalisation of those found in the 
earlier work - see sections 8.1.1 and 8.2. If the transformations

are used together with a stationary metric

these boundary conditions do reduce to those found in sections 8.1.1 and 8.2 
for the non transformed case.



Chapter 11

Robertson Walker fluid sources 
endowed with second order 
rotational parameters - analytic 
solutions

11.1 Introduction

The previous sections revolve about creating solutions to Einsteins equations 
using a series technique, built around the boundary where both metrics have 
been matched. It has been shown that it is possible to match the boundary 
conditions of a second order rotational Robertson Walker metric to the Kerr 
metric using Darmois conditions. Here it is the intent to show an approach to 
finding analytic solutions, although unfortunately specific solutions presented 
later do not match due to a non zero pressure at the boundary. It is plausible 
that earlier more general solutions presented could be engineered to satisfy 
a zero pressure boundary condition, hence an obvious candidate for future 
work. All equations will be worked to second order in rotational parameter, 

using Taylor's series.

128



11.2 METRICS

The following notation will be used throughout this section

129

Gah = -87TT? rj-ia 
J_ j. uaub - 5abp (11.1)

where uaua = 1.

11.2 Metrics

The standard non rotating Robertson Walker metric will be taken as

= drf - + £2 sin2 Od4? (11.2)

where R = -R (f?) • The pressure and density for this metric will be denoted 
by PRW and pRw respectively.

The perturbed metric will be characterised by terms involving a rotational 
parameter g, up to and including q2 . Allow the perturbed Robertson Walker 
metric to be written in an extended form of the static case thus

da2 = (1 + £ V) drf - —-2 (1 + t/
J. — rC£j

-£2R2 (1 + V*q2 ) d92 - eR2 sin2 0 (l + W*q2 ) d<f>2

-2£2 sin2 6R2 q (Yd£d<t> + Xd^dr]) , (11.3)

where each of the rotational functions J*,Q*,U*,V*, W* are all functions of 
£, 9 and rj while the functions X and Y are dependent upon £ and 77.

11.3 Einstein's equations

Calculation of the Einstein tensor for equation (11.3) shows that both G\ 
and G\ components are indentically equal to zero. As this metric represents 
a rotating body about the polar axis, the velocity four component u3 and its
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contravariant partner w3 cannot be zero. Therefore, the components u2 and 

u2 must be equal to zero. Hence, the following conditions must hold up to 
and including terms in q2

T2 = Q = T2\ (11.4)
T4 = 0 = T42 ,

T22 + p = 0.

In addition to these, the following relationships must also hold

(T}+p)(Tf+p)-T?I* = 0,

(T}+p)(?t+p)-TiT* = 0,
(T33 + p) (T4 + p) - T*T% = 0. (11.5)

Further calculation of the Einstein tensor gives the following dependencies 

on q. G?f , G\, G4 , G\ depend on linear terms in q, with Gf , G\, G\, G\, G% and 

G\ dependent on q2 . In addition when q — 0, each of these components 

is zero. Using this information with respect to those equations in equation 

(11.5), it can be shown that the second equation reduces to

since as both T\ and T4 are of order q2 then their contribution to the expres 

sion is of order q4 and is therefore discounted, as working is only carried out 

up to and including terms of order q2 . This means that either (T/ + p) = 0 

or (T£ + p) = 0. As the velocity four components u4 and u4 cannot be equal 

to zero, then it must be the case that (T/ + p} = 0. Choosing the velocity 

four component ul equal to zero up to second order terms, it follows that 

for the rotational Robertson Walker metric, solutions of Einstein's equations
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must satisfy

T11 +p = 0, 

Tj+p = 0,
(Tl+p)(Tt+p)-T*T% = 0,

Tl = 0, 

Tl = Tj = 0, 

T24 = T| = 0, (11.6)

The internal pressure may be calculated using either the first or second 
of the above, whilst the density may be found from

p = T2 + 3p. (11.7)

It is important to note that the above set of Einstein's equations are only 
valid for solving the system expressed up to and including second order terms 
in angular velocity parameter. The set of equations requiring solution for 
systems including higher orders of q are significantly different. 

The angular velocity, L (£, 77), may be found by

expanded in a Taylor's series. The condition T$ — 0 may be solved immedi 

ately to give

where h (£) is an arbitrary function of £. This expression may be substituted 

into equation (11.8) to give

(pRW + PRW)
- qX, (11.10)V ^
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where Sir (pRW + Pftw ) = -2*2* + 2*p + at _ If the component w3 is equal to 
zero then any particle moving in the field will have a zero angular momentum,
so that

2

would also be zero for the particle. This would lead to the conclusion that 
the induced angular velocity of the inertial frame is given by

(11.12)

and the angular velocity of the particle moving in the field being

h^ . . / r i ——— r- (11.13) 
(PRW + PRW)

The angular velocity is therefore determined by h%, with h$ = 0 defining 
a non rotating system. Therefore it is h (£) which determines the angular 
velocity of the system. Note that h = const does not define a non rotating 
system, as the the particle is still subject to frame dragging. Note that if 
h = 0 then

* = *„ , y = *€ (11.14)
for some $ (£, 77) .

11.3.1 Simplification of Einstein's equations
Using the second equation of equation (11.6) it is possible to form the fol 
lowing equations

G\ - G\ = 0, (11.15)

(G\ - G22) (GJ - Gi) - GJGJ = 0, (11.16) 

G? = 0, (11.17)
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G\ = 0. (11.18) 

Simplification of these equations may be aided with a change of time variable

r(n}= I -^, (11.19)
/ JL

the creation of functions S (T) and T (r) where

5 (r} = Wr = 87r (PW + PW) = -*jr + ^ + §>

and the following substitutions

J* =

U* = £2 (1 - fcC2 ) y* sin2 e + U + W, 

V* = V + W,

W* = W, (11.21) 
Q* = -£2R2X

where, obviously, each of U, V,W,Q, and J are again functions of £, 6 and r. 

With the transformations and substitutions discussed, it is possible to 

rewrite the metric equation (11.3) in the form

+ W) q2) d92 - Wq2 sin

- sin2 0 (d(f>
(11.22)

and it is interesting to note that the entity dcf> + qYd£ + qR3Xdr is an exact 

differential only in the case h = 0 , the non rotating case, when equation
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(11.14) applies.
Einstein's equations may now be written in the following manner. Equa 

tion (11.15) becomes

0 = -e (1 - k?) (Uf + Vfc) - TT ~ TT +2(U + V) (11.23)ri*

t sin0 £4 #4 ' 

The second equation, (11.16), has the form

0 = (1 - k^2) % - 3A£3 Vfc + 2£Vs - - + Uee + Qoe (11.24)

The third equation, (11.17), becomes on substitution

_ V = Q

The last equation, equation (11.18) is the only equation to contain terms in 
W

sin = o. (n.26)

It is these four equations that are the final forms of the perturbation equations 
which determine the functions C7, V, W, Q and J for any given fo (£) for the 
rotational metric.
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The internal pressure can be calculated using &7rp = G?>, giving

2Q-W) _ (2W 
R2

R7 

+ Q«) -

q2 h2 sm2 9

(11.27)

with the internal density found using equation (11.7). This expression is 
found to be

8-rrp = q' Uee + Q60

2VTT - UrT 3R2 (W - Q) Rr (WT + VT + UT )
2R6 R8 ____ R7

3k(U + W) 2(U-V)
R

Q2 (Q<> 2Ve - 2W0) cos 0 q2 h2 sin2 0 STTP

(11.28)

It is interesting to note that the equations for both pressure and density 

are free from any terms in X (£, r) or Y (£, r) but explicitly contain terms 
in h(£). This would be expected, since it is not expected that any internal 

pressure or density changes to be dependent upon the frame dragging term 

X but rather on the function that represents the true angular velocity of the

source,
The three equations (11.23) to (11.25) contain the four unknowns J,Q,U
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and V and may be used to determine families of solutions for extended sources 
for a range of physical conditions.

11.4 The search for analytic solutions

Careful consideration of equations equations (11.23), (11.24) and (11.25) 
leads to the conclusion that potential solutions may be found in principle 
by setting

0 + C2 , (11-29)f
ifsin2 0 + C4 , (H-30) 
£

J (£, 0, r) = y1 - ke (C5 sin2 0 + C«) , (H-31)

+ C8 , (11.32)

where each of the (^i are functions of £ and r only.
Substitution of the above into equation (11.24) gives, after some simpli 

fication

-*o
2

- Ci,

and
C4 = 0- (H-34)

Direct substitution into equation (11.25) shows that this equation is satisfied 
if

C5r = Aitf4T + Astf4 + As, (H-35)
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where

I "" 43C3

60C3

, ,
l

A3 = (n.38) V ;

Expressions (11.33) and (11.35), together with £4 = 0 may be substituted 
into equation (11.23) producing a rather lengthy relationship having the form

A4 sin2 9 + A5 = 0,

where

Ai = (1- f
,+

\3h\T
[W

+

,

360C3

15C3TT 
~r J.A. „! i ^4 ^^ x i

456C3j_48Ci

Cl

4.

(11.39)

4.

,

( U .40)
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and

24C

h
R*

(11.41)

Examination of A4 shows that it may, in general, be only solved numeri 

cally for Ci in terms of any given C3 (C, T) and h (0- However, what can only 
be described as "Divine Intervention" has led to at least one case where some 
simplification is possible, namely when

(11.42)

where n is a constant. Substitution into equation (11.40), and use of sepa 

ration of variables reveals that

Ca(C.T) = nW3 , (11.43)

where •0 1 ,^2 anô ^3 ^e purely functions of r, which in turn satisfy the 
following relationships

_ 24k 44)

For most values of k it seems that a numerical approach is best, but



11.5 RESULT DEVELOPMENT 139

setting k = 0 yields a set of conditions for which the following is a solution

V> 2 = 0. (11.46)

Using equations (11.19) and (11.42) in equation (11.13) it can be seen 
that the angular velocity becomes purely time dependent in the form

(11.47)
(pRW + pRW )

that is, the body is in stiff rotation, very much like a 3 dimensional wheel. 
The frame dragging effect is given by

ft/ = -qR3X, (11.48)

where X (£, T) is determined through equations (11.9) and (11.19) thus

R3 X<: = YT - n£.

11.5 Result development

This section will develop some of the previous results for special cases, namely 

k = 0 and time dependent angular velocity.
Using the results from the previous section with k = 0, that is equation 

(11.46), it can be shown that corresponding solutions of equations (11.29) to
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(11.32) take the following form.

Q (£, 0, r} = n

( O'/ \ A ft 
1/J 1 *^ tr i n ^?

s sin 0 + n ze,

C* fWi 25T 25r2>\s { 7 4 7 ;
?6 (i/> lTT +2)

14fl2

(11.49) 

(11.50) 

(11.51)

sin2 ^ + n2zs , (11-52)

R R ' (11.53)

where z$ (£, r) , z$ (^, r) and zg (£, r) are determined in terms of ̂  (r), z^ (^, r) 
and Zg (£, r) via the following equations

(11.54)

(11.55)

(5r (11.56)

The remaining function zw (£, r) is arbitrary. The supporting internal pres-
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sure equation (11.27), based on the above solutions, is now determined by

"r , £4+ n2 g2 sin2

+ + 2) +

+n"

+n'

25T 95r2
+

+ + +

+

with

and the internal density

STT/O = W0 •^ + 5r2

6z9

+ 2R7T

'Irr

+

+ 2)

+

(11.57)

(11.58)

<>)-^

»}-±(-
U &\
).'

+

+ )
(11.59)
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11.6 A subclass of solutions

It is now of course possible to choose particular cases of solutions, and create 
subclasses of solution. Consider the following case

V>i = -T , z2 = w 2r , za = w8£2 , (11.60)

where u)2 and u)8 are functions of r. It is possible to show that in this instance, 
the equations (11.54) to (11.56) become

where = R* + 10r2 , (11.61) ar 4

ze = where —— * + + , (n.62) 

and
(11.63) 

with

.dr 2 dr 4 \ 4 y

This subclass of solution will be developed in due course, but there is an 
important point that affects the solution, and therefore needs discussion.

11.7 Particle radial velocity
Consider again the equations at the beginning of this chapter, namely
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Hz, (11.65)
r|,

T%+P = 0,

and

(7* + p) (T33 + p) - TJT? = 0, (11.66)

(Tj1 + p) (T44 + p) - T^T-f = 0,

(T33 4- p) (T44 + p) - 2}I? = 0.

As mentioned earlier, calculations of the Einstein tensor gives the fol 
lowing dependencies on q. G\ , G\, G|, G\ depend in linear terms in g, with 
Gl,G\,G\,G\, G\ and G\ dependent on q2 .

Working to the second order in g, this gives rise to

and the deduction therefore that

Using this in the first of equation (11.66) gives rise to the condition
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and therefore

=> ul = 0.

Since T3X is linearly dependent on terms in q, and also has a requirement of 
being 0, then ul = 0 for terms up to order q only. The consequence of this 
is that since

with u1 being zero up to order q and G\ being of order q2 , the above expression 
for Tl does not mean that T\ = 0, and hence G\ ^ 0. Similarly, it can 
be shown that G* 7^ 0. So while G\ plays no part in the main equation 
development, it does result in the fact that the radial velocity of a particle, 
^, is not equal to zero. Calculations show that

ul

which can be written

where, using metric equation (11.22) 

G\ = -a

(11.67)
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Note that a similar method can be used to find ^. It can be shown that
T14

in2 BY Vl - k?sn <7 2 Jfl cos0

2UT -VT

Jee + 4 J (11.68)

Note that particular attention should paid to the Y term in the expression, 
as this is linked to the frame dragging effect discussed earlier. A simple 
selection of Y = 0 removes this.

11.8 A subclass of solutions continued

Substitution of the expressions found in the previous sections show that the 
radial velocity can be expressed as

22 (11.69)

+nq2 sin2 6 [§(*«- \ 3z5 (r

Assuming that any radial velocity of the dust particles is due to centrifu 
gal 1 forces induced by the rotation of the dust cloud, it is sensible to deduce 
that there would be no radial velocity along the axis of rotation (when 0 = 0). 

This condition would require

1 centrifugal - a fictitious force, derived from Latin and meaning 'fleeing from centre'
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which may be achieved by setting

- (2z5 - z2r (11.70)

Further development of this subclass of solution may be found by sub 
stitution of the conditions of equation (11.60). It is possible then, to find 
that

where

(U.72)

The supporting internal pressure and densities are respectively

8-jrp = +
'0 /25T a2 \ 

\8R2 2R7TJ
25 2r2

75T

10-T

2.R6 R7
(11.74)
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and

*+ n sin* 0

R

4R2 2R7

(11.76)

(o;2T - 3r2 4a

It should be noted that at £ = 0 both the density and pressure are well 
behaved, represented by the following

and

STTP (0, r] =

, r) =

2 2
(11.78)

(11-79)

For this subclass of solution, it is possible to write the radial velocity ^

(11.80)

Since it is reasonable to assume that the radial velocity will be unable to 
change from positive to negative, that is the particles would either stay put or 
move in an outwardly direction. The possibility of them suddenly changing 
direction must be excluded, a further condition may be written that

or

as it is as yet unknown which sign an outward radial velocity would take.
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11.9 A specific example

Consider the case of dust endowed with rotation. A standard dust cloud 
based on the Robertson Walker metric has the property that[l]

which becomes

on assumption that k = 0 and A = 0. This may be solved to give

(11.81)

where x is a constant. It should be noted here that this is an invariant 
solution, as it gives a zero pressure to the non rotating dust cloud as re 
quired. Hence the solution will have the same form, regardless of variable 
choice/transformation for time coordinate. 

This solution for R gives
4 •

Supposing also that STTP (0, T] = 8npRw and STT/O (0, r) = 8npRW in equations 
(11.78) and (11.79) then it is possible to show that

*, (11.82)

(11.83)

272
n2^ . 2 /. /-,-. O A\ -vn2 8, (11.84)

. sin - 1088
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with

with, finally

64
sin2 6

17 J 1088
-, (11.86)

5sin2 0 /159r§ 7715T3

)
3sin2 fl 2915T2

V 136

sin
272

(11.87)

(11.88)

(11.89)

which can be seen to remain < zero as required earlier. It should be noted 
that in this case, a negative radial velocity is taken to mean a movement 
away from the centre of the body.



Chapter 12

Results, conclusions and future 
work

The idea of developing models that describe rotating bodies in general rel 
ativity is extremely important. Rotation forms a major characteristic of all 
interesting cosmological objects, for example pulsars, quasars, neutron stars, 
binary systems etc. Rotating systems are also being targeted as prime sources 
of gravitational waves (should they exist - see [42] and [16]), an increasingly 
fashionable topic in astrophysics as can be seen with the amount of funding 
being set aside to develop gravity wave detectors such as LIGO and LISA. 
It was also mentioned during the course of this work that the Kerr metric is 
also of extreme importance, as it is the only known solution that describes 
an asymptotically flat rotating gravitational field outside a body. To date, 
this body has always been referred to as a black hole or special source. Not 
much is known about this special source. This is primarily due to the on 
going problem that there has been very little (if any) development in finding 
a physical source to the Kerr metric. It was the intention of this work to aid 
in the development of finding a physical source to the Kerr metric.

The results presented in this work do not provide a specific physical source 
for the Kerr metric. Rather, they provide a step by step guide on the con-
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struction of such a source solution, based upon the initial chosen stationary 
metric - it should be remembered that the foundation of this work is pertur 
bation theory, in which a stationary solution is chosen, and made to rotate 
slowly. It should also be noted that nowhere does the solution creation de 
pend upon an equation of state. The boundary pressure is equal to zero as 
required, but little is known about the density, although the density at the 
boundary was used to provide specific information regarding the values of 
constants. Expressions for both the pressure and density may be created, in 
addition to the rotational components of the metric tensor. The absence of an 
equation of state allows certain degrees of freedom within these expressions.

The search for a source to the Kerr metric is still an ongoing task. It is 
hoped that the presented work may provide a pathway that leads to such a 
solution.

There is much work still to do in this area. This includes

• Analysis of the solution obtained for the internal Schwarzschild metric 
when matched to the exterior Kerr metric. At present, the derived 
solution terms are free from any equation of state, and consequently, 
degrees of freedom are given by two unknown parameters U and h. It 
is possible to impose an equation of state, constructed with the use of 
Taylor's series, onto these solutions, thus providing the parameter U. 
The results in respect of the boundary do however behave as expected: 
there is widening at the equator and a flattening of the poles

• Further generality of the continuity conditions obtained for the general 
second order metric. Yes, these more general continuity conditions may 
be transformed to give the result for the internal Schwarzschild metric 
above with zero pressure at the boundary, but this needs to established 
in its own right with a full set of generalised equations for the generation 
of solutions and boundary. This work is on going, with the results to 

be published soon.
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• The method used to generate the general Darmois continuity condi 
tions for the second order system, transformation of coordinates first 
to find the transformed metric, followed by calculation of the extrinsic 
curvature, is not the most elegant, but proves to be functional. The al 
ternative, more elegant method of calculating the extrinsic curvatures 
first, then preforming a transformation of coordinates would be pre 
ferred. This would require the heavy use of computer algebra, as the 
terms involved are somewhat lengthy.

• A detailed consideration of the analysis presented regarding analytic 
solutions to second order rotational Robertson Walker metrics. The 
final solution given is not only one of many possible solutions, but also 
does not have a zero pressure boundary condition. Examination of 
the equations leading up to this solution may give insight as to any 
requirements and limiting factors that would need to be present in 
order to have a zero pressure boundary. Any limitations could then 
be examined as to if they cause any hindrance to a physically realistic 
solution.

• In section 4.4, a remark was made to the work of Manko et al.[34]. 
Their work on the external field of a neutron star appears to have 
a very interesting solution. Under certain conditions their solution 
reduces to the Kerr metric. It should be noted however that little 
attention is seemingly paid to junction conditions, with no information 
as to the neutron star structure and tensor used to create the solution. 
Interestingly though, it appears that Manko uses a double complex 
function method, very similar to a method outlined by Zhong [43]. 
This method of solution, in conjunction with Ernst equations does seem 
worthy of future investigation especially when applied to a rotating 
system. A question that is raised by examination of the work by Manko 
would be that if this solution 'reduces' to the Kerr metric, is it possible
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that the Kerr metric is a member of a larger family of solutions of the 
Einstein(-Maxwell) equations for rotating electro-vac spacetimes ?

Inclusion of the effects of electromagnetic fields in the modelling of cos- 
mological bodies could be of vital importance.



Appendix 

Expansions of terms

This appendix contains the full expansion for the general second order terms 
from section 10.6
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This is given by
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